
Modeling in Physics

Bruno Uchoa
Department of Physics and Astronomy 

University of Oklahoma



Lecture 1
The scientific method and its application to very hard 

problems



Symmetries in nature



Crystals

Solids with a periodic pattern



Bad news: nature can be quite complicated!

Scientists try to make sense of patterns in nature.



Good news: there is a systematic method to 
uncover the reality of nature...



Scientific Method



Do all four feet of a galloping horse ever off the ground? 

Posing a question:



Answer: Yes!



Solid crystals can have a variety of properties, for instance 
the way they conduct electricity

metals semiconductors



Metals dissipate when they conduct electricity

resistance



Drude model
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Ŝ =
~
2
~�

~� = �

x
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Conductivity

Hypothesis: the electrons form an ideal gas of classically 
impenetrable particles, with the scattering rate set by the 

mean free path between ionic collisions.



Drude model
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ĵ + �

z

ẑ
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ẑ

S

x

=
~
2

✓
0 1
1 0

◆
, S

y

=
~
2

✓
0 �i

i 0

◆
S

z

=
~
2

✓
1 0
0 �1

◆

S

z

=
~
2
(|+ih+|� |�ih�|)

S

y

=
~
2
i (|�ih+|� |+ih�|)

S

x

=
~
2
(|+ih�|+ |�ih+|)

�p�x � ~
2

� =
h

p

|+i
x

=
1p
2
(|+i+ |�i)

|�i
x

=
1p
2
(|+i � |�i)

|+i

|�i

J =

✓
ne

2
⌧

m

◆
E

�

1

Conductivity (Ohm’s law)

The motion of the electrons is governed by the classical 
equation: 
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ẑ

S

x

=
~
2

✓
0 1
1 0

◆
, S

y

=
~
2

✓
0 �i

i 0

◆
S

z

=
~
2

✓
1 0
0 �1

◆

S

z

=
~
2
(|+ih+|� |�ih�|)

S

y

=
~
2
i (|�ih+|� |+ih�|)

S

x

=
~
2
(|+ih�|+ |�ih+|)

�p�x � ~
2

� =
h

p

|+i
x

=
1p
2
(|+i+ |�i)

|�i
x

=
1p
2
(|+i � |�i)

|+i

|�i

J =

✓
ne

2
⌧

m

◆
E

�

dp
dt

= e

✓
E+

p⇥B

m

◆
� p

⌧

1

Lorentz force Mean free time



Drude model

Hall effect
DC and AC conductivity

of metals

Thermal transport



But we know that electrons are not classical objects. They 
interact strongly with ions and with other electrons 

by long range Coulomb interactions. 

Why can we successfully describe them in metals as classical 
particles bouncing between the ions?



Lesson 1:  Models are effective descriptions of reality.

Bare in mind that sometimes, they hide our ignorance 
about the underlaying physics. 



Lesson 1:  Models are effective descriptions of reality.

One way to learn about the underlaying physics is
to explore limits where these models break down. 



Lord Kelvin predicted that the resistivity 
of metals should diverge at very low temperature 
due to the freezing of the electrons at the atoms. 

In 1909, he convinced a dutch physicist, K. Onnes to 
make the experiment.



This property is known as superconductivity!

Onnes found that Drude’s law indeed fails at low temperatures 
but in a rather unexpected way...





100 years of superconductivity



100 years of superconductivity

A superconductor expels external 
magnetic fields!



Meissner effect



Phase diagram of superconductivity

Superconductivity occurs only if one cools down the material 
below Tc.



Why does superconductivity exist?

When an experiment challenges our 
understanding, physicists have to work hard 

to understand why it happens.

A successful theory must explain the 
current experiments (can be falsified) and 

should make valid predictions about 
future experiments!



Why does superconductivity exist?

molecular   chains   where   electrons   undergo   continuous   cyclic   exchanges”. Even though no 
further justification for the existence of such conduction paths was given, the approach was 
based on the view that superconductivity is deeply rooted in the specific chemistry of a given 
material and based on the existence of a state that connects the outer electrons of an atom or 
molecule with those of its neighbors. Einstein also suggested an experiment to falsify his theory: 
bringing two different superconducting materials in contact, no supercurrent should go from one 
superconductor to the other, as the molecular conducting chains would be interrupted at the 
interface. Again, it was Kamerlingh Onnes who performed the key experiment and showed that 
supercurrents pass through the interface between lead and tin, demonstrating that Einstein's 
theory was incorrect, as was stated in a post scriptum of Einstein's original paper[10]. For 
historical accounts of Einstein's work on superconductivity and his impact on condensed matter 
physics in general, see Ref[13] and Ref[14], respectively. 

 

 

Figure 1: Einstein, Bohr, Kronig, Landau, Bloch, and Brillouin.made proposals for microscopic theories 
of superconductivity prior to the ground breaking experiment by Meissner and Ochsenfeld in 1934. 

        While Einstein's concept of molecular conduction chains did not turn out to be the right one, 
he was correct in insisting that a theory of superconductivity cannot be based on the concept of 
non-interacting electrons in solids. It is also remarkable to read the introductory paragraph of his 
paper on superconductivity, where he states that “...nature is a merciless and harsh judge of the 
theorist's work. In judging  a   theory,   it  never  rules   ‘Yes’   in  best  case  says   ‘Maybe’,  but  mostly  
‘No’. In the end,  every  theory  will  see  a  ‘No’.”  Just like Einstein, most authors of failed theories 
of superconductivity were well aware that their proposals were sketchy and their insights of 
preliminary character at best. Einstein's theory should not be considered as a singular intuition, 
on the spur of the moment. Joseph John Thompson, who discovered the electron in his famous 

cathode ray experiment[15], had already made a proposal to explain superconductivity in terms 
of fluctuating electric dipole chains in 1915[16]. In 1921, Kamerlingh Onnes proposed a model 
of superconducting filaments[17]. Below the superconducting transition temperature, conduction 
electrons would “slide, by a sort of association, through the metallic lattice without hitting the 
atoms”. In judging these early ideas about superconductivity, one must appreciate that even the 
normal state transport properties of metals were only poorly understood. In fact the bulk of 
Einstein's paper is concerned with a discussion of the normal state electric and heat 
conductivities.  

 

Figure 2: Between the second world war and the formulation of the BCS theory, unsuccessful attempts 
to formulate microscopic theories of superconductivity were made by Bardeen, Heisenberg, London, 
Born,  Fröhlich, and Feynman. 
    After the formulation of quantum mechanics, motivated to a large extent by the properties of 
single electrons and atomic spectra, it soon became clear that this new theory explained 
phenomena that were much more complex. Heisenberg's important contributions to the theory of 
magnetism[18] and Felix Bloch's lasting work on the theory of electrons in crystals[19] were 
already published during 1928. Soon after, an understanding of ordinary electrical conductors 
and of the peculiar thermal properties of solids was developed using the new quantum theory 
(see Ref.[20] for an historical account). The main tools needed to formulate the theory of 
superconductivity were now or would soon become available. Given the swift success in other 
areas of solid state physics, the inability to formulate a theory of superconductivity demonstrated 
the need for conceptually new insights that were required to solve this problem. 

    Of  the  “failures” to explain superconductivity during the early post quantum mechanics days, 
two theories are noteworthy for their elegance and the distinguished participants involved. Those 
are the spontaneous current approach independently proposed by Felix Bloch and Lev 

Over 50 years, they all had failed attempts to explain 
superconductivity.

J. Schmalian, arXiv:1008.0447v2
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I. INTRODUCTION

In October 1920, the inventor of special relativity, Al-
bert Einstein, traveled to Leiden to meet with the dis-
coverer of superconductivity, Heike Kamerlingh Onnes.
A photograph of a blackboard !Fig. 1" records one of
their discussions. The two physicists had much to dis-
cuss, but they would have found little common ground
in the two topics closest to their hearts, since supercon-
ductivity is essentially a nonrelativistic phenomenon.

Relativistic contributions to the superconducting pair
potential, studied by Capelle and Gross !1995, 1999a,
1999b", are a small correction of order !vF /c"2 !Fermi
velocity over speed of light squared". Fully relativistic
phenomena such as particle-to-antiparticle conversion
by a superconductor have remained pure fiction. Some
of this fiction is now becoming science in a material first
isolated a few years ago by Andre Geim and his group at
Manchester University !Novoselov et al., 2004".

The material, called graphene, is a monatomic layer of
carbon atoms arranged on a honeycomb lattice. Upon
doping, electrons and holes move through the layer with
a velocity v=106 m/s, which is only a small fraction of
the speed of light. And yet, this velocity is energy
independent—as if the electrons and holes were mass-
less particles and antiparticles moving at the speed of
light. As demonstrated in transport measurements by
Novoselov et al. !2005" and Zhang et al. !2005", and in

FIG. 1. Albert Einstein, Paul Ehrenfest, Paul Langevin, Heike
Kamerlingh Onnes, and Pierre Weiss at a workshop in Leiden
!October 1920". The blackboard discussion, on the Hall effect
in superconductors, has been reconstructed by Sauer !2007".
See also Van Delft !2006" for the historical context of this
meeting.
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Superconductivity was discovered 15 years before the advent of 
quantum mechanics...



In 1922, Einstein proposed a classical model of closed 
molecular conduction chains, where the electrons would 

carry the supercurrent. 
FIG. 13: The fluctuating strings in a string liquid.

FIG. 14: A “density” wave of oriented strings in a string liquid. The wave propagates in

x-direction. The “density” vector E points in y-direction. For ease of drawing, the arrows on

the oriented strings are omitted in the above plot.

field ⇢(x, t). Thus the waves in a liquid is described by the scaler field ⇢(x, t) which satisfy

the Euler equation (2). Similarly, the strings in a string-net liquid also have a random

but uniform distribution (see Fig. 13). A deformation of string-net liquid corresponds to a

change of the density of the strings (see Fig. 14). However, since strings have an orientation,

the “density” fluctuations are described by a vector field E(x, t), which indicates there are

more strings in theE direction on average. The oriented strings can be regarded as flux lines.

The vector field E(x, t) describes the smeared average flux. Since strings are continuous

(i.e. they cannot end), the flux is conserved: @ · E(x, t) = 0. The vector density E(x, t)

of strings cannot change in the direction along the strings (i.e. along the E(x, t) direction).

E(x, t) can change only in the direction perpendicular to E(x, t). Since the direction of the

propagation is the same as the direction in which E(x, t) varies, thus the waves described

by E(x, t) must be transverse waves: E(x, t) is always perpendicular to the direction of

the propagation. Therefore, the waves in the string liquid have a very special property: the

waves have only transverse modes and no longitudinal mode. This is exactly the property

of the light waves described by the Maxwell equation. We see that “density” fluctuations of

strings (which are described be a transverse vector field) naturally give rise to the light (or

15



Prediction

A supercurrent cannot be transmitted across a junction between
different superconductors, since the junction behaves and the 

termination of classical chains. 



Prediction

Experiment: the supercurrent does travel across 
the junction. Einstein’s theory is wrong! 

A supercurrent cannot be transmitted across a junction between
different superconductors, since the junction behaves and the 

termination of classical chains. 



Lesson 2: solving a problem can be very hard (if not 
impossible) if you don’t have the right tools. 

Make sure you have them.



Other attempts

successfully used to describe the critical point of water, liquid crystals, the properties of complex 
magnets, the inflationary cosmic evolution right after the big bang, and many other systems. 

 

Figure 3: (a) Sketch of Einstein's molecular conduction chains. (b) Kronig's electron crystal that was 
supposed to slide as a whole in an external electric field. (c) Landau's expansion of the free energy 
with respect to the equilibrium current. 
    Felix Bloch did not publish his ideas about coupled spontaneous currents, which were, just 
like Landau's theory, motivated by the theory of ferromagnetism. Yet, through his efforts he 
became highly knowledgeable about the status of the experimental observations in the field. 
During the early 1930's Bloch's infamous, somewhat cynical, second theorem, that every theory 
of superconductivity can be disproved, was frequently cited among theorists[20]. It reflected the 
degree of despair that must have existed in the community. His first theorem, which was, in 
contrast to the second one, perfectly serious, was concerned with the energy of current carrying 
states. The theorem contained the proof that Bloch's own theory of coupled spontaneous currents 
was in fact false. A summary of Bloch's first theorem was given by David Bohm in 1949[28]: 
Suppose a finite momentum 0PP z<< in the ground state< of a purely electronic 

system, which leads to a finite current me /Pj  . Let the Hamiltonian  
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interaction )( jiV rr � . One then finds that the wave function <� ) ¦i ii )/exp( !rpG  has a 

lower  energy  than  Ψ  if  the  variational  parameter pG points opposite to P . Thus,< cannot be the 

Hypotesis: at low temperatures, the electrons crystalize in a 
lattice and move coherently in a electric field

Neils Bohr Ralph Kronig
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lattice and move coherently in a electric field

Neils Bohr Ralph Kronig

Bloch showed that this state cannot be the ground state 
unless if the current is zero. 



After the discovery of the Meissner effect (1933), it was realized that 
superconductors are NOT perfect conductors, but perfect diamagnets! 

Meissner effect

A superconductor is a non-trivial 
macroscopic quantum coherent state!



Other attempts

Heisenberg: Finding bound states near the Fermi energy due
to Coulomb interactions

Meissner effect? No

Feynman: Perturbation theory. No

And several others...



Bloch’s (in)famous second theorem, that “every theory
of superconductivity can be disproved” was often cited by 

other theorists.

In 1956 (47 years after the Onnes experiment) Feynman 
declared that physicists could not figure out 

superconductivity because of lack of imagination.



Why does superconductivity exist?

As the electrons diffuse in a metal: 

Coherent motion (T<Tc)Dissipative motion (T>Tc)

Coherent motion requires that a macroscopic fraction 
of the particles occupies the same quantum state!



Superfluidity

Something similar happens with liquid helium:
superfluidity = flow with zero viscosity

Helium 4 phase diagram



Bose-Einstein condensation

When the lowest quantum 
state is occupied by a 

macroscopic fraction of the 
particles, there 
is superflow!

Condensate

Temperatu
re



In quantum mechanics, a state of a free electron 
is defined by its “velocity” and spin 

Coherent motion (T<Tc)spin down
state

spin up
state



The problem is that electrons satisfy the Pauli exclusion principle: 
“Two electrons cannot occupy the same quantum state”

A given state with 
velocity v can only have 

two electrons! 

Free electrons cannot form a condensate!

spin downspin up



Coherent pairs of electrons can condense!

-v v

when the center of 
mass of all pairs is 

at rest,

Work around: Electron pairs

v + (-v)=0
macroscopic condensate of pairs!



-v v

The glue to form the pairs comes from 
lattice vibrations of the solid crystal where 

the electrons diffuse!

Coherent motion (T<Tc)



Meissner effect follows from diamagnetic supercurrents
which expel the magnetic field!





BCS theory (1957)

Experimental discovery (1911)

(superconductivity for metals)



BCS results

Explained the energy required to break a Cooper pair
(gap energy) as a function of temperature



BCS results

Explained the gap energy as a function of the critical temperature 
as well.



Explained the specific heat jump at the phase transition

BCS results



BCS results

Explained the exponential scaling of the specific heat at low temperatures



BCS results

Also explained the Meissner effect...



Time line of superconductor temperatures (Tc)

Experimental
discovery Theoretical explanation



Discovery of high temperature superconductivity
in insulators!

Time line of superconductor temperatures (Tc)



YBCO

BSCCO





The standard theory does not explain 
superconductivity in insulators!

BCS theory

Metals: yes Insulators: no

BSCCO



Phase diagram of cuprates



Applications for superconductivity?

Ultra sensitive magnetic sensors

Powerful electromagnets



This is a hard problem. Physicists have a 
lot of work ahead...



Sometimes wrong theories can inspire successful theories in
different contexts!
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A theoretical &n ~lysis of the excit ~tion spectrum of long-chain polyenes is presented. Because
of the twofold degeneracy of the ground state of the dimerized ch ~in, element ary excit~tions
corresponding to topological solitons «re obt ~ined. The solitons c'~n h'~ve three ch;urge st &tes
g =0. + &. The neutral soliton h'~s spin one-h;~lf while the ch;urged solitons h;ive spin zero.
One electronic state is loc'&lized;~t the g ip center for e;~ch soliton or &ntisoliton present. The
soliton's energy of form ~tion, length, mass, activation energy for motion, ~nd electronic proper-
ties «re c calculated. These results «re compared with experiment.

I. INTRODUCTION

Because of the degenerate ground state of the
bond-alternated polyene chain, one expects excita-
tions to exist in the form of a topological soliton, or
moving domain wall. In an earlier paper, ' we sug-
gested the possibility of such soliton formation in the
conjugated organic polymer (CH)„, polyacetylene,
and we outlined some of the implied experimental
consequences. Related theoretical studies have been
carried out in a Ginzburg-Landau' scheme as well as
in a continuum approximation. ' '
Magnetic-resonance studies of undoped Izn»s-

(CH)„have shown the existence of highly mobile
neutral magnetic defects in the polymer chain.
Since a charge neutral soliton in a long-chain polyene
would have an unpaired spin localized in the wall, it
was suggested that the motionally narrowed spin res-
onance might arise from bond-alternation domain
walls induced upon isomerization. Moreover,
analysis of the transport" and magnetic properties' in
lightly doped samples led to the suggestion that dop-
ing may proceed through formation of charged
domain walls. Thus, the concept of soliton formation
and the detailed evaluation of properties are of direct
interest to the continuing development of this novel
class of conducting polymers.
Our theory assumes the existence of bond alterna-

tion along the polymer chain (i.e., alternating "single"
and "double" bonds) and relatively weak interchain
coupling (i.e. , quasi-one-dimensional behavior).
There is experimental evidence that both these as-
sumptions are valid in (CH)„. Raman studies""
have detected the splitting of the carbon-carbon bond
stretch vibrations resulting from bond alternation
consistent with the normal mode analysis. " Weak
interchain coupling is suggested by the observation of
considerable anisotropy in physical properties after
polymer orientation. " Moreover, recent nuclear-
magnetic-resonance studies have' demonstrated

one-dimensional electronic spin diffusion in the poly-
mer, both undoped and heavily doped.
In this paper we present a detailed theory of soliton

formation in long-chain polyenes in the one-electron
approximation. The model Hamiltonian is described
in Sec. Il and solved for the perfect dimerized ~h ~in
in Sec. III. Soliton excitations and their properties
are derived in Sec. IV, and doping effects ~re con-
sidered briefly in Sec. V. Section VI includes a brief
comparison with experiment il results.

II. MODEL HAMILTONIAN

To simplify our description of (CH)„, we assume,
as described above, th ~t to lowest order one can
neglect interchain electron hybridization. Also, we
assume that the o- electrons can be treated in the adi-
abatic approximation since the gap between the cr
bonding and antibonding states is large (—10 eV)
compared to the phonon and soliton energies ( & 0.5
eV). Furthermore, since we are interested primarily
in the dimerization structure of Iza»s-(CH)„, we tre tt
only that configuration coordinate zI„ for e hach CH
group» which describes translation of the group
along the symmetry axis ( v) of the chain, ~s shown
in Fig. 1. For the structure shown in Fig. 1(a)
zz„& 0, while z.z„+~ and zz„~ & 0, leading to a short
("double" ) bond between groups n —l and n, and a
long ("single" ) bond between» and» +1. These dis-
placements have the reverse signs if double and sin-
gle bonds are interchanged, as in Fig. 1(b). Let a be
the equilibrium spacing between the x coordinates of
successive CH groups in the undimerized structure
(i.e., all bond orders equal to 1:5). iz is approximate-
ly l.40 x d3/2 A = 1.22 A. Because of symmetry,
the remaining five coordinates for each CH group are
not coupled into the dimerization structure to first
order in phonon coordinates «nd will be neglected,
Since the change of 'oond length due to dimeriza-
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FIG. 13: The fluctuating strings in a string liquid.

FIG. 14: A “density” wave of oriented strings in a string liquid. The wave propagates in

x-direction. The “density” vector E points in y-direction. For ease of drawing, the arrows on

the oriented strings are omitted in the above plot.

field ⇢(x, t). Thus the waves in a liquid is described by the scaler field ⇢(x, t) which satisfy

the Euler equation (2). Similarly, the strings in a string-net liquid also have a random

but uniform distribution (see Fig. 13). A deformation of string-net liquid corresponds to a

change of the density of the strings (see Fig. 14). However, since strings have an orientation,

the “density” fluctuations are described by a vector field E(x, t), which indicates there are

more strings in theE direction on average. The oriented strings can be regarded as flux lines.

The vector field E(x, t) describes the smeared average flux. Since strings are continuous

(i.e. they cannot end), the flux is conserved: @ · E(x, t) = 0. The vector density E(x, t)

of strings cannot change in the direction along the strings (i.e. along the E(x, t) direction).

E(x, t) can change only in the direction perpendicular to E(x, t). Since the direction of the

propagation is the same as the direction in which E(x, t) varies, thus the waves described

by E(x, t) must be transverse waves: E(x, t) is always perpendicular to the direction of

the propagation. Therefore, the waves in the string liquid have a very special property: the

waves have only transverse modes and no longitudinal mode. This is exactly the property

of the light waves described by the Maxwell equation. We see that “density” fluctuations of

strings (which are described be a transverse vector field) naturally give rise to the light (or
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