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ABSTRACT

Conrad, Kyle M.S.E.C.E., Purdue University, May 2015. A Physics-Based Compact
Model for Thermoelectric Devices. Major Professor: Mark S. Lundstrom.

Thermoelectric devices have a wide variety of potential applications including as
coolers, temperature regulators, power generators, and energy harvesters. During the
past decade or so, new thermoelectric materials have been an active area of research.
As a result, several new high figure of merit (27") materials have been identified, but
practical devices using these new materials have not yet been reported. A physics-
based compact model could be used to simulate a thermoelectric devices within a full
system using SPICE-compatible circuit simulators. If such a model accepts measured
or simulated material parameters, it would be useful in exploring the system level
applications of new materials. In this thesis, the ground work for such a compact
model is developed and tested. I begin with a discussion of thermoelectric transport
theory within the Landauer formalism. The Landauer formalism is used as the basis
of the tool LanTraP, which uses full band descriptions to calculate the distribution
of modes and thermoelectric transport parameters, which can serve as the input to a
compact model. Next, an equivalent circuit model is presented, explained, and tested
using a simple BiyTes thermoelectric leg. The equivalent circuit is shown to perform
well under a variety of DC, transient, and AC small signal operating conditions. With
the equivalent circuit it is easy to determine the maximum cold side temperature drop,
the maximum cold side heat absorbed, the temperature profile within the leg, the
temperature response to a pulsed current, and impedance over a range of frequencies.
Finally, Sentaurus®, a computer program that solves the thermoelectric transport
equations numerically, is used to compare and benchmark some of the results of the

equivalent circuit when considering Si as the thermoelectric material. The equivalent



x1

circuit and Sentaurus® simulations produce similar results in DC and transient cases,
but in the AC small signal case the two simulations produce slight differences. The
results of this work establishes a baseline compact model for thermoelectric devices

whose accuracy and capabilities can be extended.



1. INTRODUCTION

Thermoelectric materials are able to create an electric potential from a temperature
difference, or create a temperature difference from an electric current. Thermoelectric
effects are present in every solid-state material, but in good thermoelectrics, the
coupling between thermal and electrical characteristics is appreciable and may be
used in devices to achieve a variety of goals [1]. Historically thermoelectric devices
were limited to niche applications due to their low electro-thermal energy conversion
efficiency compared to other technologies. Recently there has been a great deal of
interest and progress in increasing the efficiency of thermoelectric devices. With
increased device efficiency, thermoelectrics have the potential to be used in a wide
variety of applications and make a large impact on the advancement of society as a
whole.

Many applications of thermoelectrics are in conjunction with electronic systems,
so a consistent design approach would be valuable. For electronic systems, compact
models succinctly describe the physics of a device in a way which is compatible with
circuit simulation programs like SPICE. Such models not only enable system design,
but can also illuminate device physics if they are strongly grounded in physics. Ac-
cordingly, a specific goal of this thesis is to develop a physics-based compact model
for thermoelectric devices. More generally, this thesis aims to provide a general study
of thermoelectric devices in an end-to-end approach, spanning materials and applica-

tions.

1.1 Thermoelectricity

Thermoelectric effects refer to a combination of a few phenomena, the discovery

and understanding of which began in the 1800s. Thomas Johann Seebeck was the first
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Fig. 1.1. Illustration of the Seebeck effect in an n-type material. Elec-
trons diffuse from the hot side to the cold side, developing a voltage
difference.

to present the discovery of a thermoelectric effect in 1820. Seebeck used a loop created
by joining two different metals and held the junctions at different temperatures [2].
When a compass needle was brought close to this loop, the needle deflected causing
Seebeck to believe that the temperature difference created a magnetic field [3]. Un-
derstanding of Ampere’s law brought the realization that the temperature difference
created a voltage (this phenomena is called the Seebeck effect), which drove a current
that induced the observed magnetic field [4].

By maintaining the temperature difference between the ends of a material the
more energetic charge carriers on the hot side diffuse to the cold side, which creates
the Seebeck voltage (see Fig 1.1) [5]. The ratio of the open-circuit voltage to the
applied temperature difference is defined as the Seebeck coefficient (s), an intrinsic

material parameter [6].

AV = —sAT (1.1)

The sign of the Seebeck coefficient depends on charge carrier type in a material: a
positive s for holes, and a negative s for electrons. The Seebeck effect is the basis for
temperature measuring thermocouples as well as thermoelectric generators (TEGs).

A second important thermoelectric effect was discovered in 1834 when Jean Charles

Athanase Peltier found that when a current flowed between two dissimilar metals, heat



was emitted or absorbed at the junction [7]. For a pair of materials heat is emitted
when current flows in one direction, and heat is absorbed when current flows in the
opposite direction. The rate of heat is proportional to the current flowing through
the junction.

Q= (ma—mp)l =1A7 (1.2)

The constant of proportionality between the rate of heat absorbed/emitted at a junc-
tion (()) and current is the difference in Peltier coefficients (7), or the difference in
the amount of heat carried per charge, for the two materials. If a current is applied
in the appropriate direction, the Peltier effect can be used to create a thermoelectric
cooler (TEC).

In 1851 William Thomson (who was eventually named Lord Kelvin) observed
another thermoelectric effect, which is often referred to as the Thomson effect [8]. As
current flows through a spatial temperature gradient within a homogenous conductor,
heat is absorbed or released along the length of the conductor. Using thermodynamics
Thomson showed how all of the thermoelectric effects can be expressed in terms of
the Seebeck coefficient using a set of expressions called the Kelvin relations. The

Peltier and Seebeck coefficients are simply related by the temperature.
7="1Ts (1.3)

The Thomson effect is a continuous form of the Peltier effect, caused by the temper-
ature dependence of the Seebeck coefficient. The Seebeck coefficient is temperature
dependent in most materials, though the Thomson effect is often insignificant [9].
The thermoelectric effects are not the only phenomena occurring within ther-
moelectric devices. Other processes that often need to be taken into account in a
thermoelectric include the Joule effect (also referred to as Ohmic or Joule heating)
and heat conduction as described by Fouriers law [8]. Joule heating is the generation
of heat as a current I flows through a material of resistance R (where o is electrical
conductivity, L and A are the length and area of the material respectively).

L
2 2
Q=PR=I—" (1.4)



Fourier’s law relates the applied temperature gradient to the heat current density (q)

via the thermal conductivity k.

§=—kVT (1.5)

Joule heating and Fourier conduction aren’t often considered as thermoelectric effects
as they exist appreciably in every electronic material, unlike the thermoelectric effects.
The effects described above can be condensed into a few equations that describe
thermoelectric transport in bulk materials for the 1D case [10]. By forcing a current
I, = AJ, (J, is the current density) through a thermoelectric leg which has a tem-
perature difference between the two ends, a voltage difference can be measured and

related to the electric field.
o=ty sl

5— 1.6

o dz (1.6)
The heat current density can be expressed as a combination of the heat carried by the
current (the Peltier effect), and Fourier’s law, where the overall thermal conductivity

(k) is the sum of the lattice (k;) and electronic (k) thermal conductivities (1.7).

dTl
G = TJp — (K + ﬂe)@ (1.7)

These basic equations of thermoelectricity (Eqgs. (1.6) and (1.7)) demonstrate how
temperature differences produce voltage differences through the Seebeck effect, and
how current flow produces temperature differences through the Peltier effect. Another
take away is that the thermoelectric equations are all reversible: if the temperature
difference or the current flow direction is reversed, the contribution from these effects
is reversed as well. Though Eq. (1.7) does not show it, it is important to include the
Joule effect contribution to heat flow. When the Joule effect is included, Eq. (1.7) is

no longer a linear equation and is no longer reversible.

1.2 Thermoelectric Devices and Applications

Thermoelectric devices are created by connecting a p-type and an n-type thermo-

electric legs (also called thermoelements) electrically in series and thermally in parallel
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Fig. 1.2. Tllustration of basic thermoelectric devices. (a) A TEG op-
erates by the Seebeck effect creating a current which, when connected
electrically in series to a load, allows power to be generated. (b) A
TEC utilizes the Peltier effect where a current drives the charge car-
riers which carry heat from the top (cold side) to the bottom (hot
side).

to form a thermocouple. Combining multiple thermocouples together (again electri-
cally in series and thermally in parallel) creates a thermoelectric module (TEM),
which is the common design for most practical devices [5]. In a TEG (Fig. 1.2(a))) a
heat source produces a voltage due to the Seebeck effect between the p- and n-type
thermoelements. By connecting a resistive load in series with the electrical circuit,
the Seebeck voltage delivers power to the load [3]. In a TEC (Fig. 1.2(b)), an exter-
nal source drives current through the thermoelements. Due to the Peltier effect, the
hot side emits heat (often connected to a heat sink) while the cold side absorbs heat
(causing cooling).

Simple expressions for device efficiency may be developed by examining a general
thermocouple, neglecting the electrical and thermal resistances due to the metallic

interconnects, and assuming constant material parameters [11]. The coefficient of



performance (COP) for a TEC is the ratio of heat removed at the cold side (Q¢) to

the input power (P;,), which can be expressed as

T2
QC removed ZTI - (T2 - Tl)
COP = == =
P 21T

(1.8)

where T is the temperature shown in Fig 1.2 and Z is dependent only on the p-type

and n-type material parameters when the leg dimensions are optimized.

e "
N

Using the same assumptions, the efficiency (1) of a TEG is the ratio of output

power (P,,;) to the input heat (Q;,) which can be shown to be

= Lo _ (T, —T) W1+ 2T, 1) (1.10)

Q L (VIH 2T, + B)

where T,, is the mean temperature between the hot and cold side. It is important to
notice that both the efficiency of a TEG and the COP of a TEC are related to the same
quantity Z. Z is typically multiplied by temperature and Z7T" is called the unitless
thermocouple figure of merit [11]. In order to increase device efficiency it is important
to maximize ZT. Often times research focuses on improving a single material at a
time, rather than both the p- and n-type materials that make up a thermocouple.
For a single material a unitless thermoelectric figure of merit is defined as 27", which
is independent of the other material in the thermocouple.

820'

T=—T 1.11
= (111)

After the discovery of the thermoelectric effects, the initial device application was
for temperature measurement. It wasn’t long before TEGs and TECs were envi-
sioned, and focus shifted to realizing these applications. A first macroscopic model of
thermoelectric devices was developed by Edmund Altenkirche by assuming that the
Seebeck coefficient, electrical conductivity, and the thermal conductivity were con-

stant values throughout the device [8]. With this assumption Altenkirche was able



to predict the efficiency of a TEG (in 1909) and the COP of a TEC (in 1911). Using
transport parameters of metals (the only available material at the time) Altenkirche
predicted low efficiency for generators and an inefficient COP for cooling [3]. Because
they are solid-state devices and therefore incredibly reliable, durable, and scalable,
TEGs were especially desirable devices [12]. Despite the low generator COP metallic
thermoelectric generators were being designed for military applications by the 1920s,
though the efficiencies never exceeded 0.6% [3].

In 1929 Abram Fedorovich Ioffe (the developer of modern thermoelectric theory
based around the figure of merit shown above) proposed using semiconductors as op-
posed to metals as thermoelectric materials [8]. At the time semiconductors were a
new class of material, and Ioffe predicted an efficiency of 2.5 to 4% by using semicon-
ducting thermoelements in a TEG [3]. PbS was an initial candidate material and in
1940 a PbS TEG reached 3% efficiency. The first application of the PbS TEG was
powering a USSR military radio station, supplying 12 W for 400 hours.

Ioffe also showed that using semiconductors TEC efficiency became large enough
for practical application. In the 1950s Ioffe organized a group to develop and success-
fully manufacture TECs by exploring applications with PbTe. The TECs developed
by Toffe’s group would last for 20 years before failing [8], an early demonstration of
thermoelectric reliability. Along with the development of PbTe in the USSR, in Eng-
land Julian Goldsmid developed BisTes materials which are still a standard material
for thermoelectric devices [13].

Goldsmid and Ioffe used materials with initial 27"~ 0.5 and developed them (often
through alloying with other metals) to have 2T < 1, creating optimism for the appli-
cation of thermoelectric devices. But with no increases beyond 27T = 1 and material
discovery lacking, the field stagnated by the 1970s [1]. Although thermoelectrics were
not efficient enough to replace their established commercial counterparts, they were
used in certain niche applications. The advent of sub 0 °C cooling [4] created some
use in home refrigeration as well as coolers for infrared sensors [1]. TEGs found some

use in places where a constant reliable power generation was required. One of the



most common and consistent uses for TEGs since the 1960s has been in Radioisotope
Thermoelectric Generators (RT'G). In RTGs thermoelectric legs surround a radioac-
tive element (typically plutonium) and create a steady source of power from the heat
emitted. RTGs have been used a great deal in satellites and rovers for space explo-
ration, such as the Voyager satellite missions (1977) and the Mars Curiosity Rover
(2009) [14].

Present day thermoelectric devices are used to keep laser diodes at constant tem-
peratures, thermally cycle enzyme reactions for DNA testing, vehicle seat climate
control, and powering remote data systems [7]. Using thermoelectric generators in
automobile exhaust has been prototyped and is considered to be one of the most
promising advances for cars in the future [15]. As higher 27" materials become avail-
able, existing device applications become more efficient, as well as new applications
becoming practical.

Standard semiconductor processing techniques allow small scale thermoelectric
fabrication with short thermal response times, creating unique applications to be
explored. Thermoelectric devices may be included in integrated circuits as hot-spot
coolers, which can provide thermal management allowing for faster clock speeds and
longevity in microprocessors [7].

Another potential application for thermoelectrics is in biomedical devices. Ther-
moelectrics have already found biomedical applications in DNA testing, portable
medicine coolers, and imaging devices. The previously pursued biomedical devices
used thermoelectrics for their solid-state advantages, not necessarily thermoelectric
efficiency. Now the efficiency of thermoelectric devices and advances in biomedical
engineering are at a place for thermoelectric energy harvesters to power wireless sen-
sors and implantable devices [16]. Using the temperature difference between skin and
the air, for example, a TEG is able to create an output of 1.2 V [17].

Developing higher performance thermoelectric energy harvesters for a sustainable
energy future is a major focus of present day materials research. About 78% of

energy production in the United States is from fossil fuels [18] and over 60% of en-



ergy produced from these sources is lost as waste heat [19]. Applying thermoelectric
devices to recover waste heat from energy generation, home heating, or other indus-
trial processes could provide a clean source of alternative electricity. Other proposed
energy applications are to use thermoelectric devices as co-generators, such as in a
photovoltaic/thermoelectric system.

Though high 2T materials have been achieved, few have made impact on mass
produced thermoelectric devices. Most of the delay in moving high 27 materials to
market has been due to difficulties in scaling materials, which are often thin films,
to bulk [1]. While industry waits for high 27" material production and application to
be profitable, another method to increase device efficiency is to optimize design to
reduce parasitic losses [7]. By creating efficient materials and devices, thermoelectric

devices may find widespread application in the modern, and future, world.

1.3 Modern Thermoelectric Materials

It is easy to examine (1.11) and realize that increasing electrical conductivity
and Seebeck coefficient, or decreasing thermal conductivity will increase the figure of
merit. As simple as it sounds, improving 27" is actually a difficult task, as s, x, and
o are all interrelated [12]. Parameters such as effective mass, carrier concentration,
and electron thermal conductivity need to be balanced to create an optimum ther-
moelectric material. To illustrate these issues, consider the expression for Seebeck

coefficient in a parabolic band degenerate semiconductor
8m2kim*T ( T )2/3

s=—"——|(—

3eh? 3n

where m* is the effective mass and n is the carrier concentration [12]. The Seebeck

(1.12)

coefficient is large with small carrier concentration, and increases with effective mass.
Examining the Drude expression for conductivity (Eq. (1.13)) shows an opposite
behavior compared to s: increasing the carrier concentration and/or decreasing the

effective mass increases the electrical conductivity [20].

TL627'

(1.13)

o =
m*
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The other parameter to consider in 27" is thermal conductivity, which is the sum
of lattice and electronic thermal conductivities. Electrical conductivity and the elec-
tronic thermal conductivity are related by the Wiedmann-Franz relationship, showing
that both are related through the temperature and the Lorenz number L, which is

nearly constant in many cases [6].
ke = LooT (1.14)

Typically in semiconductors, the lattice thermal conductivity (due to phonons)
is larger than the electronic thermal conductivity. By minimizing the lattice contri-
bution to thermal conductivity the overall material 27" increases, but it is important
not to hinder electron transport too much in the process. This leads to the idea that
an ideal thermoelectric material behaves as a ”phonon-glass electron-crystal”, where
phonon transport is difficult (as in a glass) while the electrons are easily transported
(as in a crystal) [21].

After decades of stagnation thermoelectric research received a boost in 1993 when
Hicks and Dresselhaus predicted large increases in 21T by creating quantum-well su-
perlattices [22]. This prediction focused on improving the electronic performance by
utilizing quantum confinement effects. While a high 27T material originating from
this idea has not been conclusively demonstrated, nano-structured materials have
shown great advances. This success has been mainly achieved through a reduction in
thermal conductivity [12], which is prominent in small-material structures. The tone
of thermoelectric research had changed: rather than exploring traditional bulk ther-
moelectric materials, nano-engineering could be used to design better thermoelectric
materials.

Though not as effective, bandstructure engineering to improve the electronic per-
formance has still increased 27" in some materials. Current methods of bandstructure
engineering include converging multiple valleys, distorting the density of states near
the Fermi level with dopants, and by minimizing bipolar transport. The goal of these
methods is to increase the power factor (s?c) through modifications of the electronic

structure [19].
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A common feature of high 2T materials is a low lattice thermal conductivity. The
lattice thermal conductivity can be further reduced by enhancing phonon scatter-
ing. The more phonons that are scattered, the lower the thermal conductivity will
become. The most common method of scattering is by point defects, such as dop-
ing or alloying, which scatters short wavelength phonons. Nanoparticles embedded
in a host thermoelectric material can also act as scatterers, and affect the low to
mid wavelength phonons depending on the coherence between the particles and the
lattice. Meso-scale scattering occurs at grain boundaries and scatters the long wave-
length phonons. Combining bandstructure engineering with phonon scattering at all
relevant length scales is called the panoscopic approach, and has lead to some of the
highest reported 27" values to date [19].

This panascopic approach was successfully demonstrated with a PbTe-based ther-
moelectric material. PbTe-based systems reached zT' = 1.8 purely through the band-
structure engineering techniques mentioned above, with no intentional reductions to
lattice thermal conductivity [19]. It has been shown that nearly 25% of PbTe lat-
tice thermal conductivity is due to phonons with less than 5 nm mean free paths,
55% by phonons with between 5 and 100 nm mean free paths, and about 20% by
0.1 to 1 pm mean free paths. By scattering phonons at these lengths, thus invoking
the panascopic approach, a PbTe-based thermoelectric material reached 271" of about

2.2 [19].

1.4 Discussion

The field is currently focused on creating high 27T materials at a range of tem-
peratures to enable a variety of applications. Recently a new high 27T of 2.6 was
experimentally demonstrated at 923 K in bulk SnSe crystals, a material which had
been overlooked as a thermoelectric until recently [23]. This work, like most other
experimental work, focuses only on the material itself. It is important to optimize

design and minimize the parasitic resistances that arise at the device level [7].
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It is important to note that thermoelectric material parameters are temperature
dependent, so certain materials are better suited for a certain temperature range than
others. The temperature ranges typically considered are the cryogenic range (4 to
250 K), near room-temperature (250 to 500 K), mid temperature (500 to 900 K), and
high temperature (those greater than 900 K) [19]. Thermoelectric material selection
for devices varies based on the temperature range the device will operate in. It is
important not just to have a large 27T, but a large 27T in the temperature range of
interest for efficient devices.

Theoretical work in thermoelectrics is often focused on first principles calculations
of material properties. First principle calculations are helpful to predict material prop-
erties and guide experimental research for new and existing materials. The benefits
of the theoretical calculations is evident, however such approaches are not commonly
connected to higher level device and system performance metrics.

Often times, thermoelectric devices are embedded within electric circuits. Espe-
cially in the cases of automotive exhaust generators (where the generator powers some
of the electronics of a car), optoelectronic coolers, microprocessor hot spot cooling,
and biomedical energy harvesters the thermoelectric device is linked with a poten-
tially complex circuit. To efficiently incorporate thermoelectric devices the device
and circuit should be co-optimized.

SPICE (Simulation Program with Integrated Circuit Emphasis) is a circuit sim-
ulation framework that is often used in system design as well as to check circuit
behavior. SPICE is an industry standard to verify performance before committing to
the cost of manufacturing a complex integrated circuit. A compact model captures
the complicated behavior of a device, and makes it simple to include into a SPICE
circuit simulation. A physics based, SPICE compatible, compact model for thermo-
electric devices would be useful to address the gap between current thermoelectric
research and system level device performance. Such a compact model would make
circuit and device co-design simple and predict how effective a variety of applications

may become.
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1.5 Organization of Thesis

In this Thesis, I will present a study of thermoelectric devices in an end to end
approach. The goal is to aid and expedite the transition from thermoelectric materials
research to device performance to overall system optimization. The organization of
this Thesis is as follows:

In Chapter 2, thermoelectric theory will be explained. The theoretical approach
used is based on the Landauer formalism which will be briefly described in the con-
text of an elastic resistor. Thermoelectric effects will then be considered within this
formalism. The overall thermoelectric performance will be explained in a physical
picture.

Chapter 3 will introduce the nanohub tool LanTraP, which is used to calculate
transport coefficients from a dispersion relation. LanTraP is similar to the program
BoltzTraP, though the calculation is done in the Landauer formalism. An advantage
of Lantrap is that it is free to use and can be simply accessed through a web browser.

In Chapter 4 a SPICE-compatible equivalent circuit which can model thermoelec-
tric devices will be presented. The individual components of the equivalent circuit
will be explained and related to the physical picture of a thermoelectric device. The
model will be tested using a BisTes thermoelement under DC, transient, and small
signal AC bias to prove its validity.

Chapter 5 will provide a benchmark for the equivalent circuit using Sentaurus®
device simulator. The equations Sentaurus® solves and how to prepare a constant
material parameter simulation is explained. Sentaurus® will be used to simulate a
thermoelement under the same biasing as the equivalent circuit, and the results will

be compared.
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2. THERMOELECTRIC THEORY

In this Chapter, we present a synopsis of thermoelectric theory within the Landauer
approach for electron and phonon transport [24]. There are many books and review
articles that discuss thermoelectric transport theory (e.g. [10] and [25]). The advan-
tages of the Landauer approach are physical clarity, applicability to both electron
and phonon transport, applicability from the diffusive to ballistic limits, and its clear
connection to other approaches to the Boltzmann Transport Equation for semiclas-
sical transport and to the non-equilibrium Greens function approach to quantum
transport [26]. Expressions for the thermoelectric parameters will be presented. The
origin of the thermoelectric effects and the physical significance of the expressions
for the thermoelectric transport parameters will be discussed. For a more extensive
discussion, see Ref. [24] and the online course, Thermoelectricity: From Atoms to
Systems [27]. The goals of this chapter are to help readers develop a clear under-
standing of the physics of thermoelectricity and the expressions used to relate the
thermoelectric parameters in the SPICE-compatible equivalent circuit (presented in

Chapter 4) to the properties of the thermoelectric material.

2.1 The Landauer Approach for Electrons

By considering a simple, elastic resistor and the Landauer-Boltzmann expression
for current, key concepts for thermoelectric transport can be explained. This ap-
proach is sometimes called the bottom-up approach, since the explanation begins by
considering a nanoscale device. After the picture of a nanoscale device becomes clear
the device is made larger so the concepts can be extended and applied to a bulk
device. The following discussion will focus on the conduction band electrons inside a

device, but it is important to realize that the same principles can be applied to valence
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Fig. 2.1. An electronic Landauer device. The two contacts are defined
by their equilibrium Fermi function which is determined by the Fermi
level and temperature within each contact.

band electrons (holes). (The expressions used to describe thermoelectric conduction
and valence bands are identical.)

The device to be considered in this chapter is a resistor (Fig. 2.1), with two
contacts on either side of a channel. The contacts are large and dominated by inelastic
scattering so that they maintain thermodynamic equilibrium. Each contact therefore
has a well defined Fermi level (Er; for contact 1 and Eps for contact 2) which, along
with temperature, defines the electron occupancy at an energy E through the Fermi

function f (kg is Boltzmann’s constant, and 7" is the temperature of each contact).

fo(E) = %ﬁ (2.1)
1+e #BT

Both contacts are assumed to be perfectly absorbing, meaning that any electron that
reaches a contact will enter the contact and instantly scatter to equilibrate with the
Fermi level in the contact.

The channel itself is dominated by elastic scattering: the electrons don’t change
energy as they travel from one contact to another. Changes in momentum may
occur, but the momentum changes do not change the total energy of the electron.
The channel is characterized by its band structure E(k).

The Landauer expression for current can be written as

_2q [ 4

1= [ TEME)(f - £)AE, (2.2)

where the symbol T(E) is the transmission and M (FE) is the number of modes. The

transmission is the probability that an electron entering the channel from one contact,
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leaves the channel through the other contact. With L being the length of the channel
and A(F) being the mean-free-path for backscattering (how far an electron travels
before scattering in the opposite direction), the transmission can be written as

. AE)

(E) = 5 pr T (2.3)

The transmission is a value between 0 and 1, and represents how diffusive or ballistic
the movement of electrons is at each energy level. In the ballistic case, the mean-
free-path is much larger than the length of the channel so T'(E) ~ 1. In the diffusive
case, the channel length is much larger than the mean free path, so the transmission
tends toward %, which is very small.

The number of modes (also called the number of conducting channels) is propor-
tional to the density of states (the number of available states per unit energy) and

the average forward moving velocity in the transport direction.

M(E) = 2 (vt (B))D(B) (2.4)

Both the density of states and the velocity are determined by the dispersion relation
in the channel. Qualitatively, the number of modes is analogous to the number of
lanes on a highway. The more modes, the more channels for electrons to flow at an
energy E. The number of modes is also the number of electron half wavelengths that
can fit in the dimensions perpendicular to transport. With this last explanation of
the number of modes, it makes sense that larger devices will have a larger number
of modes, and that dimensionality (1D, 2D, or 3D) will also change the number of
modes.

Equation (2.2) shows that current flows due to a difference in Fermi functions
between the two contacts. This can be interpreted as follows. The contact with the
higher Fermi energy has a larger, or equal, Fermi function at the energy of interest,
E. This contact tries to fill states at energy E, in the channel up with electrons.
The other contact, which has a smaller Fermi function, also tries to fill the channel

according to its Fermi function. Since the second contact has a smaller Fermi function
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at certain energies, this contact empties the states in the channel. Current occurs
from the constant filling of states from the first contact and the emptying of states
into the second contact. In the case where the difference in Fermi levels is due to
an applied voltage (and temperature is held constant), and the voltage is small, the
difference in Fermi levels may be approximated by Eq. (2.5).

dfo

fi— fa= _5’_Eqv (2.5)

Similarly, the difference in Fermi functions may be approximated for small tem-

perature difference by Eq. (2.6).

dfo\ £ — EF
—for—| — == | ——AT 2.
fi— 1 ( aE) - (2.6)
In both these approximations the so-called Fermi window ( — %) replaces the

difference in Fermi functions in Eq. (2.2). The Fermi window represents the energy
range within which electrons are able to flow. The difference between good and bad
conductors is the number of modes that are available within the Fermi window.

Plots of Fermi function difference as a result of an applied voltage is shown in Fig.
2.2(a), while the difference as a result of a temperature difference is shown in Fig.
2.2(b). By applying a voltage the Fermi level of one of the contacts moves relative to
the other. The sign of the difference in Fermi functions between the two contacts is
therefore always either positive or negative in the applied voltage case. By applying a
temperature difference, the width in energy of the Fermi function transition between
one and zero is different for the two contacts. As a result the difference in Fermi
functions changes sign on either side of the Fermi energy. The sign of the difference
in Fermi functions is what causes n-type materials to have a negative, and p-type to
have a positive, Seebeck coefficient.

The Landauer formalism gives an accurate view of how current flows. Thus far no
assumptions need to be made about dimensionality or transport regime. The number

of modes is impacted by the variability in dimensionality (1D nanotube, 2D thin film,
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Fig. 2.2. The Fermi function differences with applied voltage and

temperature difference.

(a) An applied voltage creates a constant

difference in Fermi functions, (b) while a temperature difference cre-
ates both a positive and negative region for Fermi function difference.

or 3D bulk material). The transmission captures the type of transport, ranging from

ballistic to diffusive. With this established formalism, expressions for the transport

coefficients can be determined.

2.2 Thermoelectric Transport Parameters for Electrons

Within the linear response regime (i.e. f; = f3) the conductance (G), Seebeck

coefficient (s), and the electronic thermal conductance (K.) can all be written in

terms of an integral H of order j [28].

2q°
G =—H
5, 1o
kg Hq
§=———
q Ho

(2.7)

(2.8)

(2.9)
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H; = /(Ekaf) (E)M(E)( g];)dE (2.10)

The inclusion of the integral H, though different orders are used, illustrates how

interrelated these coefficients are, which is a major reason for the difficulty of making
high 2T thermoelectric materials.

Besides the transmission and the number of modes, the integral H is affected by
the location of the Fermi level. Depending on the location of the Fermi level, both
the heat carried by electrons and the position of the Fermi window changes. When
the Fermi level is a few kg7 below the conduction band (or above the valence band)
the material is non-degenerate (this is often the case for a semiconductor). When
the Fermi level is deep inside a band, the material is degenerate (this is the case for
a metal or a heavily doped semiconductor). In a semiconductor, the location of the
Fermi level can be set by doping or by controlling the density of various defects (e.g.
vacancies, anti-site defects, etc.). The location of the Fermi level can be deduced from
carrier concentration measurements (e.g. Hall effect measurements). It is important
to remember that it is the Fermi level that is fundamentally important in transport
calculations, not the carrier concentration.

Examining a band diagram (Fig. 2.3) is useful to explain the Peltier effect, and
consequently the Seebeck effect. Assuming an n-type material, then the states that
are important to conduction, as defined by the Fermi window, are those near the
bottom of the conduction band. In a non-degenerate semiconductor, the conduction
band lies above the Fermi level, so for an electron to leave the contact, it must absorb
energy. The energy absorbed by the electron is the difference between the average
energy in the channel which current flows in and the Fermi level of the contact.
This energy absorption is Peltier cooling, because energy is being drawn from the
environment to allow a current to flow. At the other end of the device, the opposite
effect occurs; the electrons are at an energy above the Fermi level in the 2nd contact

and so they emit energy, therefore heating the surroundings. This is Peltier heating.



20

Ea

E-Er, E-Er
Heat Absorbed Heat Emitted

/" Ec
Er

Ers

Peltier Cooling Peltier Heating

>
X

Fig. 2.3. The Peltier effect. Electrons need to absorb energy to move
from the left contact into the channel of energy E. The electrons travel
in this energy channel until they reach the right contact where they
will emit energy to the contact.

Note that the effect is reversible if we change the sign of the applied bias, the location
of the Peltier cooling and heating switches.

Examining Eqgs. (2.8) and (2.10) shows that the Seebeck coefficient is the energy
of electrons relative to the Fermi level, weighted and normalized by the conductance.
The Seebeck coeflicient is thus a measure of the average energy at which current flows
relative to the Fermi level. The Fermi level is therefore important in determining the
magnitude of the Seebeck coefficient, while the sign is dependent on the material
type (n or p type). It is important in a thermoelectric material for current to flow
predominantly above or below the Fermi level, which explains why metals are poor
thermoelectrics. Metallic bands are degenerate, so the states available for transport
are near the Fermi level, and the magnitude of the Seebeck coefficient is small as a

result.
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This discussion of the electronic contribution to thermoelectric parameters, has
assumed electrons in the conduction band. Electrons in the valence band (holes)
would behave in a similar way, the major difference being that the sign of the charge
(and, therefore, the sign of the Seebeck coefficient) changes. In a case where both the
electrons and holes contribute, Eqs. (2.7)-(2.10) still apply because the integrals are
taken over all energy. Just as the density of states has an energy gap where no states
exist, the number of conducting channels does as well. It is therefore mathemati-
cally equivalent to consider all energies at once, or to consider the conduction and
valence bands separately, and then add the effects. The difference in sign between the
two bands brings to light an important criterion in enhancing thermoelectric mate-
rials: bipolar transport must be suppressed. With both bands conducting, the total

conductance increases and the total Seebeck coeflicient decreases.

2.3 The Landauer Approach for Phonons

Thus far we have neglected the lattice in the thermoelectric effects. The lattice
carries heat due to the lattice vibrations, which are treated as particles called phonons.
For metals, the electrons carry most of the heat (k. >> k;), but for semiconductors
and insulators it is the phonons which are responsible for the majority of the heat
transport.

An important difference between electrons and phonons is that phonons are not
fermions, and so the equilibrium occupation function is a Bose-Einstein distribution,

1

e*BT — 1]

Since phonons are bosons, there is no Fermi level in the occupation function, in-
stead the distribution is only modified by temperature. Both electrons and phonons in
a crystal are defined by a dispersion that is periodic in a Brillouin zone. The electron
dispersion is a plot of electron energy vs. wavevector, and the phonon dispersion is a

plot of phonon frequency vs. wavevector. The two are equivalent because F = hw.
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Similar to electron transport, phonon transport can be treated within the Lan-
dauer approach. Again the ideas will be made clear by thinking of a thermal resistor.
The two contacts on both sides of the channel are each in equilibrium with their
respective temperatures and can be described by the occupation functions, njandns.
The heat current for phonons is similar to electrical current for electrons, but rather
than charge, the energy of oscillation (hw) is transported. The lattice heat current,

analogous to the electric current in Eq. (2.2) is given by

Q= %/thph(hw)Mph(hw)(nl — ng)d(hw). (2.12)

where () depends on the phonon transmission and number of modes, which are
functions of frequency (or energy). The electron modes are determined by the electron
dispersion, and the phonon modes are determined by the phonon dispersion, which
is different from the electron dispersion. Both electron and phonon transmission can
be described by Eq. (2.3), but the mean-free-paths for electrons and phonons are
different because they are, in general, determined by different scattering processes.

As for electron current, the heat current is driven by the differences in equilibrium
occupation functions of the two contacts. In the linear response regime (n; ~ no,
which means T} & T5), the difference in Bose-Einstein distribution of the contacts

can be approximated in a similar method as for electrons. We find

hw ong

The linear response regime for phonon transport also involves a window function,

Ong
O(hw)

in this case | — This is the frequency range in which phonon conduction
will occur. By normalizing the window function (resulting in the term within curly
brackets in Eq. (2.14)) and writing @@ = K;AT, the thermal conductance for phonons

(K;) can be expressed as

K — w2§%T / Tph(hw)Mph(ﬁw){%(kz—wT>2( - a?;?))> }d(hw). (2.14)
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One of the major differences between phonons and electrons is the width of the
dispersion in energy. For electrons, the dispersion is several tens of eV wide, while
the dispersion for phonons is several a tens of meV wide. The width of the window
functions are very similar, so the window function for electrons at 300 K only involves
states near the band edge while the window function for phonons at 300 K typically
involves phonon states across the entire bandwidth. The number of channels available
for conduction can often be accurately approximated for electrons with a parabolic

band, but for phonons, a full band dispersion is often required.

2.4 Relating to Devices

Thermoelectric devices are typically composed of bulk materials where the length
is many times longer than the mean free path. The transmission function for a
diffusive material reduces to A(E)/L, and rather than thinking of conductances,
G, K.,and K}, it is easier to think of conductivities, o, k., and k;. The bulk transport

parameters can be written in terms of the differential conductivity, o’(E), as

o (E) = Q—fA(E)@ < - %) (2.15)

o= G% = /a’(E)dE (2.16)

s = —qin(E f_f{;;f)w (2.17)

Ke = Ke% =-Tos* + qQLT (E — Ep)*0'(E)dE (2.18)

= Kl% _ % / (h;)zx,,hmw)Mp’;(lhw) ( - 8‘?”5))«%). (2.19)

Equations (2.16)-(2.19) are the thermoelectric transport parameters in a form that

is typically used by the thermoelectric community.
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The results presented here came from a Landauer formalism, though typically
thermoelectric parameters are found by solving the Boltzmann Transport Equation.
The Boltzmann Transport Equation relies on integrals similar to Eqgs. (2.15)-(2.19),
but uses a transport distribution function that lumps together the band structure
information as well as scattering effects. In the Landauer approach, the transport
distribution is replaced by the number of modes and the mean-free-path for backscat-
tering. In the diffusive transport regime, under the relaxation time approximation the
results from these two methods are equivalent, but the Landauer approach provides a
simple, physical interpretation of the transport distribution is it simply the product
of the number of channels at energy E, and the mean-free-path for backscattering
at the same energy. It is particularly easy to compute M (FE) from a given band-
structure (either an analytical one or an ab initio calculation). See Chapter 3 for a
description of LanTraP, a tool for calculating Modes and transport paramaters from a
bandstructure, that has been developed by the author and deployed on nanoHUB.org.

As shown in Chapter 1, thermoelectric device performance is determined by the
efficiency of the materials used in the device. The material figure of merit, 27", was
defined in Eq. (1.11). Examining the material figure of merit in the context of the
transport parameter definitions above, we can specifically identify the factors that
lead to better thermoelectric materials.

The power factor (s?c’) should be maximized to increase zT. Both conductivity
and Seebeck coefficient are determined by the location of the Fermi level. In order to
obtain a large conductivity, the Fermi window should overlap in energy where there
are a large number of modes. For the Seebeck coefficient to be large, there should be
a difference in the energy that the current flows at and the Fermi energy. Therefore
the ideal location of the Fermi level to be just below (for n-type) or above (for p-type)
the band edge. A qualitative plot of the power factor, Seebeck coefficient squared,
and conductivity is shown in Fig. 2.4. In general the best band structure will have a

large number of channels near the band edge without decreasing the mean free path.
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Fig. 2.4. A qualitative plot of power factor vs. Fermi level in the
conduction band. The conductivity increases as the Fermi level gets
further into the band, while the Seebeck increases as the Fermi level
goes deeper into the band gap. Overall the power factor is maximized
near the band edge.

Reducing dimensionality has been suggested as a method to ensure that there
are a large number of modes near the band edge. By switching to lower dimensions,
the maximum power factor occurs with a lower Fermi level, translating to a larger
Seebeck coefficient. A 1D nanotube is able to increase s? by 40% compared to 3D,
though in order for this to be realized the conductivity needs to be maintained [29].
To maintain a high conductivity the nano tubes would need to be densely packed,
which is a difficult task. The advantages of reduced dimensionality have been difficult
to realize in actual materials.

Since the total thermal conductivity is the sum of both the electronic and the
lattice contributions and is typically dominated by the lattice contribution, increases
to the electronic thermal conductivity that occur due to power factor enhancements

are relatively unimportant. As discussed in Chapter 1, large enhances to 27" have been
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recently realized due to reductions in lattice thermal conductivity. For electrons, the
transport parameters are highly influenced by the location of the Fermi level, but
this isn’t an option for the lattice. Instead the mean-free-path is lowered at different
frequencies which creates an overall lower lattice thermal conductivity [19], [12]. By
scattering phonons at a variety of frequencies it is possible to reduce the thermal

conductivity without affecting that electronic transport.

2.5 Summary

In this chapter the basics of thermoelectric transport theory have been discussed.
Using the Landauer formalism, a nanoscale resistor was used to explain concepts like
Modes, Transmission, and Fermi level to describe why current flows. From this picture
if current flow definitions for Seebeck coefficient, conductivity, thermal conductivity
for electrons, and thermal conductivity for phonons were developed and their physical
basis described. The transport definitions were then rewritten and described in a
more common bulk form that is used for realistic devices. The next chapter will
describe the online thermoelectric calculator LanTraP. LanTraP was developed to
calculate transport properties of a material using several definitions presented within

this chapter.
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3. LANTRAP

Landauer Transport Properties (LanTraP) is an online tool developed to aid research
and education. The tool utilizes band structure information to calculate the distri-
bution of modes as well as the thermoelectric transport properties for both electrons
and phonons. LanTraP is similar to BoltzTraP, but where BoltzTraP is based on the
Boltzmann Transport Equation, LanTrap uses the Landauer formalism to perform
calculations. Because LanTraP is built on the Landauer formalism, it is very easy
to calculate the transport/TE parameters for ballistic, quasi ballistic, and diffusive
transport [30]. The tool is available online at https://nanohub.org/tools/lantrap and
may be used for free in an internet browser. This chapter will present a brief overview
of the tool and its potential uses. For more information on LanTraP, the user manual

is included in Appendix A.

3.1 Distribution of Modes

In order to perform any calculation, LanTraP must have information about the
material in question. The user must upload either a dispersion relation or a distribu-
tion of modes. The distribution of modes (DOM) shows how the number of modes
are distributed in energy. If a dispersion relation is uploaded the tool will calcu-
late a distribution of modes via the band counting method before continuing. The
band counting method examines the band structure in dimensions perpendicular to
transport, and sums up the number of bands or branches with positive velocity, as

expressed in Eq. (3.1) [27].

ME)=Y 6 (E - EEJ (3.1)

El,n‘i’
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Fig. 3.1. The band counting method for counting modes. At each
energy, the number of branches with positive velocity states adds one
mode. The number of modes at a given energy is the distribution of
modes.

In Eq. (3.1), © is the Heaviside function, showing that each branch contributes one
mode (or conduction channel) for all energy within its range, as seen in Fig. 3.1.
Computationally, the band counting method is very quick, as can be seen in Ref. [31].

For electrons, the band structure is often approximated to be parabolic near the
bottom of the conduction band (or top of the valence band), and is fit by an effective
mass. In the simple case of a 3 dimensional parabolic valance and conduction band,

the distribution of modes is can be calculated analytically using Eq. (2.4):

M(E) {(gomg@— EC)@(E—EC)> + (gvm*V(Ev _E)O(Ey —E))} (3.2)

B 2mh?

where go and mg, are the degeneracy and effective mass in the conduction band
(gv and mj, are the valence band counter parts). Analytically it is apparent that the
modes will increase linearly with energy above the conduction band (or below the
valence band). Since the number of modes is proportional to the product of density
of states and velocity, both of which increase as the square root of kinetic energy,
it makes sense for the result to increase linearly with energy. The results from a
distribution of modes calculation in LanTraP confirms this result (as seen in Fig.

3.2). The distribution of modes is clearly linear, and the slope is dependent on the
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Fig. 3.2. The distribution of modes for a 3D parabolic conduction
and valence band calculated by LanTraP. The band gap is 1 eV, the
effective masses of the valence and conduction bands are 1.5 mg and
1 my, respectively. The valence band has a heavier effective mass, so
the number of modes has a larger slope than in the conduction band.

effective mass of the band. In the examples shown in Fig. 3.2 mj, = 1.5 X my and
mg = 1.0 X my.

The parabolic band is simple and analytic results are easy to calculate. The
electronic structures of materials is often more complex, such as that for Biy Tes shown
in Fig. 3.3(a). The band-counting method used by LanTraP is able to accurately
determine the distribution of modes of this material in a matter of minutes. The
resulting distribution of modes (Fig. 3.3(b)) shows that even though Bi,Te; has a
highly non-parabolic electronic dispersion, the distribution of modes is roughly linear
near the band edges. Thus, an effective mass can be fitted from the full numerical
solution, but should be done with care (the fit should be decent over several kgT
around the energy of interest). The full band method on the other hand is reliable
for all energies.

The method to compute the distribution of modes of phonons is identical to that
of electrons. Phonon dispersion relations are often approximated within the Debye

model, where a linear dispersion is assumed. Phonons are not treated differently
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Fig. 3.3. The band structure and distribution of modes of BisTes.
(a) The dispersion is incredibly complex but (b) with LanTraP the
complex dispersion is analyzed into a much simpler distribution of
modes.

than electrons in calculating the distribution of modes, and the Debye model has an

analytic solution (Eq. (3.3)) [10].

3(hw)?

Mph(hw) = W

(3.3)
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Fig. 3.4. The distribution of modes for Debye phonons. The disper-
sion is linear, but the distribution of modes is parabolic, until the end
of the band.

In Eq. (3.3) vp is the Debye velocity (or group/sound velocity), which plays a similar
role to the effective mass in the parabolic band approximation.

The linear Debye phonon branch results in a parabolic distribution of modes as
seen in Fig. 3.4. Using the full phonon band structure is important since the band
width is on the order of kT, as was discussed in Section 2.3, and is often much more
complicated than a simple Debye dispersion. The phonon band structure for Si is
shown in Fig. 3.5(a), and the corresponding distribution of modes is shown in Fig.
3.5(b). It is clear that the Debye model does not capture the entire phonon dispersion
(though it may work for the 0-10 meV range), and that a full band treatment is

necessary to correctly determine the number of modes.

3.2 TE Coefficients

Once the distribution of modes is known by LanTraP, the transport coefficients
are calculated by using the equations from Sections 2.2 - 2.4. LanTraP determines
the transport parameters for a range of Fermi levels specified by the user. The
transmission (Eq. (2.3)) is the last piece that needs to be determined before the

transport parameters are calculated. Depending on the transport regime (ballistic,
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Fig. 3.5. The (a) band structure and (b) distribution of modes for
phonons in Si. Note that the distribution of modes is similar to that
of a Debye model for energies less than roughly 15 meV.

quasi-ballistic, or diffusive) the transmission requires different information. In the
ballistic regime, A\(E) >> L so the transmission is 1 and only the distribution of
modes needs to be specified. For diffusive and quasi-ballistic transport the mean-free-
path, in addition to the distribution of modes, is needed to calculate the transmission.
LanTraP allows energy dependent mean-free-paths for a conduction and a valence

band, which are expressed as a power law:
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AE) = A\ (51:27”> (3.4)

In Eq. (3.4) r is the scattering parameter and Ej;, is the kinetic energy of a
particle in a band.
To account for different scattering mechanisms, the mean free path at each energy

can be obtained using Mathiessen’s rule:

1 1 1

NE) ~ M(E) " %a(E)

Note that the energy dependent mean-free-path for the valance and conduction bands

+ ... (3.5)

are treated separately from each other.

In the case of phonons, the mean free path can vary by many orders of magnitude.
Under common conditions, the phonon mean-free-path can often be approximately
described using a power law for the energy dependence. If a particular mean-free-path
distribution is needed, then it is recommended that the TE coefficients be calculated
by modifying the distribution of modes file to correctly include the scattering that
occurs at each energy and then performing calculations in LanTraP under ballistic
transport conditions. This method is also applicable to electrons.

For electrons in the ballistic regime, conductance, Seebeck coefficient, electronic
thermal conductance, power factor, and electronic 27" are calculated. For electrons
in the quasi-ballistic or diffusive regime, conductivity and electronic thermal conduc-
tivity are calculated rather than conductance and thermal conductance. For phonons
only the lattice thermal conductance in the ballistic regime and lattice thermal con-
ductivity in the diffusive and quasi-ballistic regime are calculated. The results are
plotted within the tool and may be downloaded in .txt format to be readily used in

programs such as MATLAB.
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3.3 Relating to SPICE

When running a SPICE simulation for a thermoelectric device, all the material
parameters calculated by the TE LanTraP simulator can be used as input param-
eters for the SPICE model. It is therefore easy to check all of the inputs that are
used in SPICE when verifying results. As well, if a temperature dependent material
parameter SPICE simulation were needed, LanTraP could be used to determine all
parameters at a variety of temperatures.

LanTraP could prove to be extremely useful when developing new thermoelectric
materials. By only knowing the band structure information and the mean-free-path,
the thermoelectric performance can be quickly and easily determined. Rather than
relying on band edge approximations, LanTraP utilizes full band dispersions, leading
to more accurate results.

The next chapter will be a discussion of a SPICE-compatible thermoelectric equiv-
alent circuit. The information in this and previous chapters have presented the basic
mechanisms and theory of thermoelectric materials and devices. Understanding the
thermoelectric equations and how to determine material parameters will allow an easy
transition into developing the equivalent circuit. In theory, LanTraP may be used as
a first step toward simulating thermoelectric devices based on newer materials. The

following chapters will focus on thermoelectric device simulation.
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4. A THERMOELECTRIC EQUIVALENT CIRCUIT
MODEL

This chapter will explain a thermoelectric equivalent circuit which is compatible with
SPICE, initially developed by Mitrani et al. [32], [33]. The benefit of this physics-
based model is that not only can it be used in conjunction with an electronic circuit,
but also to help predict performance in unique or difficult situations. The chapter will
begin by explaining the circuit and how it relates to the actual device physics. The
model will then be tested against analytic results with DC bias. Two transient test
cases are then simulated and the results discussed. A final set of simulations will be
with an applied AC small signal as is done in impedance spectroscopy. All test cases
were simulated using XYCE, an opensource SPICE-compatible circuit simulator [34].

Netlists for all test cases are included in Appendix B.

4.1 The Equivalent Circuit

A single thermoelement will be considered when initially developing the equivalent
circuit, though it will be explained later how this simple case can be expanded to a
full device. It is assumed that there are no sources of thermal or electrical resistance
from anything but the thermoelectric material. These assumptions are only made
to reach analytic results, though if desired other resistances may be easily added. It
will also be assumed that the length is much larger than the width and thickness, so
that the problem is one dimensional and that all heat and current flow are along the
length of the leg.

The general expressions for energy balance (Eq. (4.1)) , heat flow (Eq. (4.2)),
and electric field (Eq. (4.3)) are:
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B oT () J? Os(z) _ OT(x)
%(KJ(%) d(z) ) - o(z) () o PTor (4.1)
o(e) = Js(2)T(@) - w(x) 2L, (4.2
E(x) = % + s(m)ag—gj) (4.3)

There are usually approximations that must be made to solve these equations ana-
lytically, and even then they may still be difficult or impossible to solve, depending
on the problem in question. These equations will be translated into the equivalent
circuit, as will be seen in the DC case.

One of the benefits of this equivalent circuit is that it could easily be incorporated
into another SPICE simulation, to simulate an entire circuit. This is particularly
advantageous when a thermoelectric is incorporated into a complex circuit, such as
a temperature regulator. It is easy to incorporate the equivalent circuit into other
SPICE simulationss because the thermoelectric is modeled in a three port system as
shown in Fig. 4.1. The bottom port connects to the electrical circuit, while the two
side ports are thermal connections to the cold and hot sides. Each of these ports
represents a necessary boundary condition for a working simulation. For the hot and
cold ports the temperature or heat flow must be specified, and for the electrical port
the voltage or current is needed.

The equivalent circuit is shown in Fig. 4.2. In order for the thermal effects to be
represented in an electronic circuit, analogies are made to relate the two as summa-
rized in Table 4.1. Voltage and current are used in the thermal circuit to represent
temperature and heat flow respectively. Resistors, which are characterized by elec-
trical conductivity, are used as thermal resistors to prevent heat flow (characterized
by thermal conductivity). Capacitors are used in the thermal circuit to represent the
storage of heat by the material, and is determined by the heat capacity (or specific

heat and density) and volume of the material.
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Te Three Port Model T,

+ V-

Fig. 4.1. Three port system. The equivalent circuit has three ports
that connect the thermoelectric device to the environment. These
ports are the hot side and cold side thermal ports, and the electrical
port. All of the thermoelectric effects are included inside the box.

The equivalent circuit separates the electronic and thermal effects into two circuits,
which influence each other through current and voltage dependent sources. The
electrical circuit is the simpler of the two to understand. A current or voltage is
applied at the electrical port and then experiences a resistor in series with a voltage

L

source. The resistor is the resistance of the leg (R = =%). The voltage source

represents the Seebeck voltage that arises from the temperature difference (Vg =
sAT).

One issue to remember when simulating a thermal circuit in SPICE is that ground
corresponds to 0 V, which is 0 K for a thermal circuit. At the edges of the thermal
circuit are current sources (Qpc and Qpy. The (Qp current sources represent Peltier
heating and cooling with Qpc = sIT¢ and Qpy = sITy. The direction of the current
sources represent heat being added (Qpy) or taken away (Qpc). The other current
source in the thermal circuit is the Joule heating source Q; = I?R. The Joule heating
arises throughout the entire length of the thermoelectric leg, and half of the heat goes
to the cold side, while the other half goes to the hot side. The two resistors represent

the thermal resistance of the leg Rry = %, each resistor representing half of the
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Thermal circuit analogies and the units associated with each. Each
circuit element has an analogous meaning in a thermal circuit, which

is summarized in this table.

Thermal Variable Electrical Variable
Heat Flow | W Current | A
Temperature | V Voltage | V
Thermal Resistance | K/W |  Resistor |
Thermal Mass | J/K | Capacitor | F

Qe Ro/2 Ron/2

=AM
. Qec _|Cri6 Cri6|
RO

Q, “T2c./3

o= S
= WN—
V

Vs

Fig. 4.2. The thermoelectric equivalent circuit.

The circuit has a

thermal circuit which connects the hot and cold sides (top), and an
electronic circuit (bottom). The two circuits are related through cur-

rent and voltage sources.

total resistance. All of the thermal capacitors (Crg = ¢,pV) cause a time delay to

temperature changes resulting from the heat sources heating the thermoelectric.
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The equivalent circuit has been developed with an understanding of the physics
of a single thermoelectric leg. If a thermocouple, or an entire thermoelectric device,
were to be simulated, this model could still apply. If it is assumed that the ceramic
shell and metal contacts between the thermoelectric legs add no electrical or thermal
resistance, or thermal capacitance, then an entire module may be simulated with one
circuit. The model can be expanded to a TEM by multiplying the Seebeck voltage,
electrical resistance, thermal resistance, and thermal capacitance by the number of
legs in the module. This also assumes that the n-type and p-type legs are of the same
material, and that the only difference is opposite signs of the Seebeck coefficient.
These assumptions are made to allow for simple simulation, but this method could
also be applied to nearly any other situation. The approach used in this chapter can
be used in nearly all cases: the material parameters don’t need to be constant, n-type

and p-type legs could be made of different materials, and other resistances may be

added if desired.

4.2 DC Bias Simulation

The first, and simplest, case that the equivalent circuit will be tested against is
the case of an applied DC bias. The leg will be operating as a cooler, so a current is
applied. It is assumed that the material parameters do not change with position in
the leg or with temperature.

As mentioned before, the DC case allows for analytic solutions. When assuming
steady state and constant material parameters, Eqgs. (4.1) - (4.3) can be arranged

into the equations which describe a single thermoelectric leg [32].

0T (z) J?
5 = o (4.4)
J2L Ty — T,
qc:q(x:O):———l—JsTC—w (4.5)

20 L
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(4.6)

V= 7 - S(TH - Tc) (47)

where T = T'(0) and Ty = T(L). The names "cold” and "hot” are fixed to these
positions, though in some cases the cold contact may reach a higher temperature than
the hot contact.

Equations (4.4)-(4.7) are the leg equations. Equation (4.4) can be solved for a
temperature profile, while Eqs. (4.6) and (4.5) solve for the heat flux at the cold and
hot ends. The voltage across the leg (Eq. (4.7)) is found by integrating the electric
field, Eq. (4.3), across the length of the leg. These equations are all in terms of the
material parameters and the current density, but it is the bulk parameters (such as
current, and resistance) that are directly used and solved for in circuit simulations.
Fortunately it is easy to change from the material parameters to bulk parameters
using the dimensions of the leg. In the simple case that has been presented so far
multiplying by area and the number of thermoelements, N, Eqs. (4.4)-(4.7) can be
transformed into the module equations. The module equations (Egs. (4.8)-(4.11))
apply in the specific case of constant material parameters, similar n-type and p-type
legs, and no contact resistance or capacitance between thermoelements. Again, these

are not necessary assumptions, but they are made to simplify the problem.

O*T (z) I’R
o2 K (4.8)
I’R
Qo = -5 t ISTe — K(Ty — Tc) (4.9)
I’R
Qu = N + 18Ty — K(Ty — Tc) (4.10)

V =IR- S(Ty — Tc) (4.11)
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where S is the module Seebeck coefficient, R is the module resistance, K is the

module thermal conductance, and Crg is the module thermal capacitance.

S =Ns (4.12)

L

kL
K =N=Z (4.14)
Cru = NeppV (4.15)

The module equations directly relate to the equivalent circuit. By using Kirchoff’s
laws, it can be easily verified that Eqs. (4.9) and (4.10) are exactly described by the
thermal equivalent circuit in the DC case. Equation (4.11) can be verified by the
same method, but in the electrical circuit. The circuit is therefore not only laid out
in a physically significant way, but it also clearly replicates the analytic expressions.

The first exercise of the model will be to calculate how the cold side temperature,
Tc, varies with current. Since Peltier cooling increases linearly with current, and
Joule heating increases as the current squared, there is guaranteed to be a minimum
T occurring at a current I7c ain. The goal of the first exercise is to find T s, and
Irc avin-

In order to perform this simulation, the leg is assumed to be made of p-type
BiyTes, with material parameters and device dimensions shown in Table 4.2 [35].
The hot side is assumed to have a perfect heat sink such that Ty = 300 K, and the
cold side is assumed to absorb no heat from the surroundings so that Q¢ = 0 W. The
DC electrical current is swept, so that at each current a cold side temperature can be
determined. A netlist for this example to run with XYCE is included in Appendix
B.1. An analytic expression for T (Eq. (4.16)) and Ircain (Eq. (4.17)) can be
solved by using Eq. (4.9) and the cold side boundary condition, Q¢ =0 W.
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Table 4.2.
Material parameters for single BisTes leg simulations. These are the
values assumed for the material parameters and device dimensions.
These values completely specify the thermoelement in the equivalent

circuit.
s = 245 “V/K
k=14 W/m.K
1/0 =20 #Q/m

p="T75x10° *&/.s
¢, =0.158 7/,.x

L=5 mm

A=1 mm?

I’R+2KTy
To(l) = ——— 4.1
o) =25k (4.16)
KR(KR+252T) - KR
Irc pin = VIR 73 ) (4.17)

Using the material and device parameters (see Table 4.2) in Eqs. (4.16) & (4.17)
it is predicted that for this device Irc arin = 0.585 A, which produces T¢ prin = 238.85
K. The simulation results are plotted in Fig. 4.3 along with the analytic expression.
There is clearly good agreement between our simulated results and the analytical
expressions. Physically, Fig. 4.3 shows that as current is applied, the cold side
temperature drops until T¢ azin. At these currents, Peltier cooling is greater than the
Joule heating. With larger current the Joule heating increases until eventually Tt is
greater than Ty. This occurs because Ty is fixed at 300 K, and so any additional heat
produced must go to the cold side, causing T to become hotter than the denoted hot
side. The Joule heat still goes to both contact equally, but the Fourier heat going to

the "cold” contact increases to keep the "hot” contact at 300 K.
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Fig. 4.3. Minimum 7. The dark blue line is the analytic result, the

light blue is the XYCE simulation results. The red line shows ambient
temperature.

Another test case considered is to find the maximum heat absorbed at the cold
side, Q¢ amap- Similar to the previous example, the combination of Peltier and Joule
effects causes Q¢ to change with I, with Q¢ aas Occuring at Ioe aas. Equation (4.9)
shows that ()¢ e Occurs when the temperature difference between hot and cold side
is zero. Under these conditions, Q¢ ares and Ige aae can be solved for.

I’R

Qc(l) = _T+ISTC (4.18)

STe

[QC,Maz - ? (419)

In order to run this simulation, the cold side boundary condition needs to be
changed from Q)¢ = 0 W to T = 300 K. The material and device parameters from
Table 4.2 are still used, and the netlist for this simulation is presented in Appendix

B.2. The results of the XYCE simulation are shown in Fig. 4.4, and it can be seen
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Fig. 4.4. Maximum @)¢. The dark blue line is the analytic result, the
light blue is the XYCE simulation results.

that there is good agreement with the analytic results. Solving Eqs. (4.18) and
(4.19) gives Igc mar = 0.735 A and that Q¢ e = 0.027 W, the same result which is
achieved by the equivalent circuit simulation. Examining Fig. 4.4 shows that as the
current increases, the ”cold” side is able to absorb more heat from the surroundings
as a result of the Peltier effect. Eventually the current becomes large enough that
the Joule heating within the leg begins to limit the amount of heat absorbed, and if
a large enough current is applied, will begin to emit heat to the environment.

This model only produces results for the heat flow and temperature at the ends
of the leg. In order to see the temperature within a thermoelement, the model needs
to be switched from a lumped to a distributed model. This is done by expressing
a thermoelement as smaller sections and then replicating the inside of the circuit
to match these smaller sections, as shown in Fig. 4.5. The Peltier heating and
cooling sources are not included in the sub-circuit because, with a constant Seebeck

coefficient, they are equal and opposite and will cancel each other out. If the Seebeck
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(b) Equivalent Circuit

Fig. 4.5. Creating a distributed model. (a) The thermoelement is
organized into sub-sections (in this case 3) which are reflected in (b)
the creation of sub-circuits.

coefficient changes, these sources should be included with each sub-circuit. With this
distributed circuit, the temperature and heat at the edges of each sub-section can be
resolved. This distributed model also produces more accurate results in non-steady
state cases, as will be seen in the next section.

Solving Eq. (4.8) for T'(z) gives the analytic solution for the steady state temper-

ature distribution as

I Ty —Te I
T(a) = -2 42 (H c, IR

okt I oKL

Equation (4.20) is compared against a 10 element simulation for the two DC cases

>:c + Tc. (4.20)

previously studied, and the temperature distribution is compared. The netlists for
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Fig. 4.6. Verifying the temperature distribution with 10 distributed
elements. (a) When the current is at Ire ann with no heat absorbed
at the cold side and (b) when the current is at Igc aree and To = Ty

the Tt arin and Qe arae simulations are found in Appendix B.3 and B.4 respectively.
The temperature distribution in Fig. 4.6(a) corresponds to the Q¢ = 0 W boundary
condition and the current is I7c arin, while Fig. 4.6(b) shows the temperature dis-
tribution corresponding to the T = 300 K boundary condition and the current is
Ioc maz- There is good agreement between the simulation and the analytic results in

both cases.

4.3 Transient Simulation

The next operating condition to test the equivalent circuit is under transient
conditions. This is an important test to understand how a thermoelectric will behave
during turn on and turn off conditions, or during situations of time dependent changes
to the thermal or electrical environment [36]. To start the model will be tested in
turn off conditions and a thermal time constant will be determined. Since this is
the first test where the thermal capacitance is important, this test is designed to be
certain that the capacitors are behaving correctly.

To simulate a thermoelectric under turn off conditions a variety of currents were

applied to a leg and then turned off. The T response depends on the current used,
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Fig. 4.7. A thermoelement under turnoff conditions at a variety of
currents. (a) The currents used, as shown on a plot of the steady
state T vs I. (b)) The T¢ response to turning off the current.

but will begin at a steady state temperature T¢ gs determined by the current. Then
when the current is turned off, all of the Peltier cooling present at the cold side will
immediately be gone while the remaining Joule heat in the body takes time to reach
the contacts. Due to the difference in time between the Joule and Peltier effects
reaching the cold side, T begins to increase. Eventually the thermoelement will
return to room temperature as the left over Joule heat exits the thermoelement.

The same device parameters from Table 4.2 are used in this simulation, with
Ty = 300 K and Qc = 0 W boundary conditions and using 25 distributions. The
currents used in this simulation are shown on a plot of 7> vs [ in Fig. 4.7(a) and the
Te response to turn off is shown in Fig. 4.7(b). An example netlist for this simulation
is provided in Appendix B.5 (note that only the I = Ir¢ apn netlist is provided). As
mentioned before, increasing the number of distributions creates more accurate results
when it is important to resolve the spatial dependence of the temperature profile. Fig.
4.8 shows how the number of distributions affects the results in this simulation.

The temperature response in Fig. 4.7(b) resembles a capacitor discharging, and
that analogy is used to analyze the results. Modifying the common expression for a

capacitor discharging to this situation results in
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Fig. 4.8. The effect of the number of distributions on simulation re-
sults, only showing the I = I arin case. For this case 25 distributions
was a good balance of simulation accuracy (more distributions didn’t
affect results much) and simulation time.

AT(t) = AT(0)e~ . (4.21)

The temporal response of the thermoelectric is determined by a characteristic
thermal time constant 7, which is related to the thermal diffusion coefficient o and
the device length [37]

412 4L
r= =2 9P (4.22)

<o ™ K

To find 7, %ln(ﬁg((é))) is approximated from the results of each simulation and
compared to Eq. (4.22) with the input material parameters used. Each current has
the same time constant, 7 = 8.9 s, which matches the analytic time constant.

An application which requires transient thermoelectric device operation is pulsed

cooling. With pulsed cooling the cold side of the leg becomes colder than possible in



49

steady state, but only for a short time. This enhanced cooling effect can be used to
treat hot spot cooling when used in conjunction with microelectromechanical systems
(MEMS) [38], or in any case where increased cooling is only necessary for a short
period of time. A summary of studies on pulsed cooling can be found in Encyclopedia
of Thermal Packaging [36].

With pulsed cooling an initial current of Irc asy is flowing through the device,
and is then increased in a square pulse to Ipyse (which is much larger than Ire ain)
for a short time, and then returns to Irc asin, as shown in Fig. 4.9(a). The result
is a temporarily lower cold side temperature than could be achieved in steady state,
followed by a large rise in T which eventually decays back to the steady state value.
The reason for this response is that the Peltier cooling (which increases linearly with
current) instantly cools the cold side. Joule heating (which increases as the square of
current) occurs within the body of the leg and takes time to reach the cold side, but
greatly increases the cold side temperature when it does.

The T response is determined by a few factors, and can be analyzed by looking at
a few terms, which are labeled in Fig. 4.9(b). The difference between the steady-state
minimum, 7 ss, and the minimum 7¢ as a result of the current pulse is ATpy;se, and
occurs at a time t,,;,, after the pulse. The time that it takes for T¢ to return to
the steady state temperature is t,.;. The maximum temperature achieved after the
current pulse is ATpyst puise-

The pulsed cooling problem has no closed form analytic solution, but there are
analytic approximations as well as experimental evidence provided by Snyder et al.
[37]. Assuming constant material parameters, no heat absorbed at the cold side, a
perfect heat sink at the hot side, and making a linear approximation to Eq. (4.1),

ATpyse can be approximated using ATss = Tampient — L0.55-

ATgs (P —1
ATpyise = —_— 4.2
uze = <p+1> (4.23)
where
]Pulse

(4.24)
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Fig. 4.9. A qualitative sketch of pulsed cooling. (a) The squarewave
current pulse causing pulsed cooling. (b) The temperature response,
with the points of interest that will be used to characterize the tem-
perature response labeled.

The time constant and pulse magnitude predict t¢,,;, and t,.; by

tret L2 T
tmin = = = 4.25
4 da(P+1)2 (P+1)? (4.25)

The time constant in Eq. (4.25) is not the same as the time constant used in the
turnoff case, though they are related.

To accurately model problems beyond steady state, a distributed model must be
used. Fig. 4.10 shows how the number of distributed elements used in the simula-
tion changes the results, with 25 elements seeming to be nearly as sufficient as any
simulation using more elements. A p-type BisTes leg is simulated using the material
parameters from Table 4.2, assuming Q)¢ = 0 W and Ty = 300 K, the netlist for
which may be found in Appendix B.6. The pulse width is set to be ¢, (which is de-
termined from previous simulations where the pulse width is very long) and P = 2.5
in order to match previous experimental and simulation results. Indeed Fig. 4.11
showing T~ vs. time has a similar response to the experimental results shown in Fig.
2 from Ref. [37].

Using Eqgs. (4.23) - (4.25) the predicted To pin = Toss — AT puse after pulse is
225.75 K and occurs at t,,;, = 0.356 s after the pulse, with .., = 1.42 s after the
pulse. From the simulation T i, = 224.93 K, t,,;, = 0.451 s, and ¢, = 2.13 s.
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Fig. 4.10. The effect of the number of distributed elements on simu-
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270

2601

2501

T, K

2401

2301

220

0 10 20 30 40
time [s]

Fig. 4.11. Pulsed cooling simulation using 25 distributed elements.

ol



52

4.4 AC Small Signal Simulation

Impedance spectroscopy will be explored in order to test the model under AC
small signal conditions. Impedance spectroscopy is a measurement method that has
been used to characterize a variety of materials and devices including photovoltaics
and fuel cells [39]. When a small AC signal is applied at a variety of frequencies, pro-
cesses within the device are distinguished from each other by the impedance response.
The impedance spectrum is visualized on a plot of the real impedance against the
imaginary impedance in a Nyquist plot. Faster process are able to occur at high fre-
quency while slower processes are not, and so the impedance at each frequency varies
based on the processes occurring. Impedance spectroscopy has recently been used
to characterize thermoelectrics in a number of papers (such as Refs. [39] and [40]),
making it an interesting case study for the equivalent circuit.

The impedance is given by the ratio of voltage to current across the thermoelectric
leg.

1% s(Ty — Tc)

Z:—:
1 e 1

Solving the heat equation (Eq. (4.1)) in the frequency domain, while neglecting the

(4.26)

contacts, and the Joule effect (which is a reasonable assumption if the current is

small) results in [39]

N /
Z(jw) = R+ SZ;L (%) v tanh{ (%) v } (4.27)
where
wrg = 2 frg = 42_024‘ (4.28)
Since low currents are used T ~ T, = T. A thermoelectric resistance
Rpp = L (4.29)
KA

is defined, which has units of resistance and accounts for energetic losses due to the
Seebeck effect. Examining the limits of Eq. (4.27) shows that at high frequency, the

impedance is only due to the electrical resistance, R. As the frequency goes to 0, the
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impedance is the sum of the thermoelectric resistance and the electrical resistance.
This separation of effects in the frequency spectrum will be used in analyzing results.

One of the benefits of Impedance spectroscopy is that it allows for direct measure-
ment of 2T, similar to that of a modified Harman method. In the modified Harman
method the resistance of device is measured under DC and AC conditions, and the
ratio of the two results in 1+ 27". Since impedance spectroscopy involves a sweep of a
wide frequency range, it is simple to know the impedance at low frequencies (similar
to a DC resistance measurement) and high frequencies (the AC resistance) [40]. Di-
viding the low frequency real impedance by the high frequency real impedance results
in

R+ Rre s?TL/KkA 2

S0
=1 =1+—T=1 T 4.
I + LjoA +— + z (4.30)

Using Q¢ = 0 W and Ty = 300 K, the same Bi;Tes thermoelement with parame-
ters listed in Table 4.2 is simulated using Xyce with a 10 mV AC signal at a range of
frequencies, the netlist for which is included in Appendix B.7. Again, this simulation
requires a distributed model to improve the accuracy of the results (Fig. 4.12). The
Nyquist plot is shown in Fig. 4.13. From the plot it can be determined that R = 0.1
Q and Rrgp = 0.0643 €2, which are the same as the predicted results using the material
parameters. Using these values of R and Ryp, 2T = 0.643 by use of Eq. (4.30), the
same as would be expected from the material parameters.

Experimental validation for this method was demonstrated by Canadas and Min in
Ref. [41] using a full thermoelectric module. This paper also provided the parameters
of the device, and so can be used as inputs to the equivalent circuit and the results can
be compared. As mentioned before, there are assumptions that are made in order to
expand this single leg equivalent circuit to an entire module. The information about
the TEM is displayed in Table 4.3.

A XYCE simulation of this TEM was performed using the material parameters
in Table 4.3, Q¢ = 0 W and Ty = 300 K boundary conditions, and a 10 mV AC
voltage swept from 1 pHz to 1 MHz as described in the experiment (the netlist is
found in Appendix B.8). Comparing the Nyquist plot created by the simulation
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Fig. 4.12. The effect of the number of distributed elements on simu-
lation results for AC simulation.

Table 4.3.
Material parameters for BiyTes module simulations. These are the
values assumed for the material parameters and device dimensions.
These values completely specify the TEM in the equivalent circuit.

s =200 MV /g
1/, =9.62 K/

P = 77 g/cm:s
Cp = 0.17 J/g.K
L=15 mm

A=1 mm?

N =245 Number of thermoelements
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Fig. 4.13. The Nyquist plot from XYCE simulation of the equivalent
circuit. The signal frequency increases from right to left, and the real
intercepts are R (on the left) and R + Rrpg (on the right).

(Fig. 4.14) and Fig. 2 in Ref. [41], there are obvious differences. The simulation plot
looks nearly identical to that of a single thermoelement, while the experimental result
is nearly a perfect semi-circle. The differences in plots is attributed to the lack of
ceramic plates and contacts, which have similar specific heats to the BisTes legs, in the
simulation causing the imaginary impedance to increase. There is a small difference
in experimental and simulated Ry g, but since the ceramic and contacts have larger
thermal conductivity this difference is not as great as the imaginary impedance. The
simulation gives R = 3.66 {2 and Ryg = 3.05 €2, which are the same as those predicted
while ignoring the contacts and ceramic. This shows that in order for a full module

to be simulated, both the ceramic and the contacts should be included.
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Fig. 4.14. The Nyquist plot from XYCE simulation of a full module.
This plot can be compared to Fig. 2 in [41] to see the differences

between experimental data and the simulation which neglects metal
contacts and ceramic casing.

4.5 Conclusion

The equivalent circuit spice model has been tested under a variety of conditions.
In DC the model was able to produce the same result as predicted by analytic expres-
sions for cold side temperature and cold side heat absorbed at a variety of currents.
Using a distributed model, the temperature within a thermoelement could be de-
termined, and the result matched analytic expressions. Under transient conditions
the model was able to match the turn off time constant for a variety of currents.
As well, pulsed cooling was demonstrated, and showed similar results to published
experimental results. Impedance spectroscopy was examined to test AC small signal
operation, and the results were used to determine the material parameters used in
the simulation. Experimental evidence of a full TEM was compared to simulation

results and though similarities existed, it was determined that the model would need
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to include the metal contacts and ceramic case to fully replicate results. Overall the
model has stood up well to all of the test cases considered.

There are other envisioned tests for this model that have not been shown in this
chapter, but have been considered. A simple test to perform would be to use the
model in energy harvesting and power generation. Rather than applying a voltage or
driving a current through the device, observe the electrical behavior resulting from a
temperature difference.

The model presented in this chapter is a base for a variety of simulation con-
ditions that could be used to model a variety of problems or to improve accuracy.
To make the model more accurate, an n and a p leg could be modeled separately
so that the assumption of identical legs (besides the Seebeck coefficient) would not
be needed. Another problem that could be simulated would be to vary the material
parameters throughout the leg (as performed in [42]). An important possible variant
on the simulations performed thus far would be to consider temperature independent
parameters [32]. Non-uniform heating of a module could also be modeled by changing
the boundary conditions for different legs in the simulation.

The physics-based equivalent circuit model provides a fast and easy to understand
model which may be used in system level design thanks to the XYCE simulation
platform. In order to provide further benchmarking of this model, a thermoelectric
leg will be simulated using Sentaurus, a widely used simulator for electronic devices,
in the next chapter. Several of the tests performed on this equivalent circuit will be

performed again, and the results will be compared.
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5. SENTAURUS® SIMULATION OF A
THERMOELECTRIC DEVICE

In this chapter a thermoelement will be simulated using Synopsis’ Sentaurus® Work-
bench [43]. Sentaurus® Workbench is a collection of programs that can be used to
design and simulate a variety of semiconductor devices. There are few examples of
using Sentaurus® for thermoelectric devices (such as Refs. [44] and [45]), but it has
been used to successfully model and simulate a variety of semiconductor devices in-
cluding lasers, photovoltaics, and MOSFETs. The chapter will begin by describing
the device setup and material parameters used in the simulation. Then the equations
solved by the simulator will be presented, and the setup required for DC, transient,
and AC small signal will be discussed. The simulation results from Sentaurus® will
be presented and compared to the corresponding equivalent circuit results. The re-
quired files needed to run a simulation as discussed in this chapter are provided in

Appendix C.

5.1 Device Setup and Parameter Definition

This section will describe the setup for the device used in simulation. First a
device is created using Sentaurus® Structure Editor, and material parameters will
be specified using Sentaurus® Device. Each of these programs has a command file
associated with it, and will be referred to throughout this section.

A thermoelement is created using Sentaurus® Structure Editor [46]. With this
tool, the physical device is defined, along with the real-space mesh and contacts. The
mesh is used to break a structure into smaller sizes for an accurate solution. Devices
may only be defined as 2D or 3D structures, but by defining the mesh properly, the

simulation will act as though the properties don’t change perpendicular to the direc-
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tion of transport, similar to a 1D structure. This is important in order to correctly
compare the results from the Sentaurus® simulation to those of the equivalent circuit
simulation. Contacts are created to allow electrical (where the contacts are called
electrodes) and thermal (where the contacts are called thermode) stimuli, and act as
boundary conditions in the simulation.

The device is a 5 mm x 1 mm? block of Si with a constant B doping of 1 x
10~¥em=3. Silicon was chosen as the material since it is the most thoroughly doc-
umented material within Sentaurus®, and more work is required to simulate higher
efficiency thermoelectric materials. In order to decrease computation time, the simu-
lation is performed on a 2D rather than a 3D object. In order to calculate values like
current and resistance (quantities which are not densities and are bulk in nature) an
area factor is used to multiply 2D results by. For this simulation, the area factor is 1
cm (the device is 5 cm long and 1 cm tall), and is defined in the Sentaurus® Device
command file. A cold contact at x = 0 and a hot contact at x = L are also defined
in the Sentaurus® Structure Editor. In the structure editor, the contacts are only
defined, the values and boundary condition declaration occurs in the device editor
file. The structure editor command file may be found in Appendix C.1.

The Sentaurus® Device command file is where the physics to include in the sim-
ulation, the equations to solve, and various stimuli are all specified [47]. In order to
match the equivalent circuit simulation, the Sentaurus® simulation must have con-
stant material parameters. The material parameters are defined to be constant in a
variety of ways, depending on the parameter in question. Some parameters can be
made constant through the physics section in the Sentaurus® Device command file,
while others require writing a custom parameter file that can be read by Sentaurus®.

The Sentaurus® Device command file and the parameter file (only the modified
parts, not the entire file) are included in Appendix C.2 and C.3 respectively. The
boundary conditions are specified in the device command file, and are associated
with the contacts defined in the structure editor. The cold side of the device has

an electrode with a voltage (the voltage changes depending on the simulation) and
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a thermode with temperature of 300 K and 0 W power boundary condition. When
two boundary conditions are defined (as is the case with the cold thermode), the
temperature is taken as an initial guess when solving, and the power is the true
boundary condition [47]. The cold side voltage starts at 0 V, but changes with time
as will be discussed with the transient simulation. The hot side also has two contacts,
the electrode with a 0 V boundary condition and the thermode with a 300 K boundary
condition. Since only temperature is specified on the hot thermode, the temperature
is kept fixed at 300 K, where as the cold side is kept at 0 W heat absorbed.
Sentaurus® calculates the conductivity rather than directly defining as is done
in the equivalent circuit. Using the Drude expression for conductivity (Eq. (1.13))

along with the relationship between mobility and scattering time, p = 2% in order

for the conductivity to remain constant, the mobillity and carrier concentration must
be made constant. The carrier concentration is spatially constant as defined when the
device was created, and the band gap narrowing is turned off in the general physics
section as well. The mobility is kept constant with the constant mobility tag in the
physics section of the Sentaurus® Device command file. The constant mobility tag
references a line in the parameter file defining the hole mobility as 470.5 cm? /v.s. The
other parameters that need to be constant are heat capacity, thermal conductivity,
and Seebeck coefficient (called thermopower in Sentaurus®). Most of these material
parameters are dependent on temperature according to a set expression, which can
be made constant by setting some coefficients to 0.

The lattice thermal conductivity has two equations that may be used. Setting

Formula = 1 in the parameter file means that the thermal conductivity is given by
K= kg + kT + kT (5.1)

By setting s, = k. = 0, the thermal conductivity becomes independent of tem-

perature and K = k, = 1.5 W /emk- The heat capacity is given by

Co = Coa + ConT + CoeT? + coaT>. (5.2)
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Table 5.1.
Material parameters for a Si thermoelement used in Sentaurus®.

s =270 /g

k=15 V/mk
o =163 7/emsx
p=470.5 [y,

p=1x10"Y cm™3

L=5 mm

Height =1 mm

AreaFactor =1 mm

The heat capacity becomes independent of temperature by setting c,, = ¢y = cpg =0,
so that ¢, = ¢y = 1.63 7 /k.cms-

Unlike the other parameters, there is no simple way to define a constant Seebeck
coefficient using predefined expressions in Sentaurus®. Sentaurus® does allow user
defined expressions for physical models using a physical model interface (PMI) [47]. A
PMI was written that allows for a single value to be defined for the Seebeck coefficient,
with no dependence on any other parameter (the PMI is included in Appendix C.4).
Using the PMI, the Seebeck coefficient for Sentaurus® was set to 270 #V /x. Now all
important parameters are constant (summarized in Table 5.1) such that the device is

identical to the one simulated by the equivalent circuit.

5.2 Equations and Simulation Setup

This section will focus on the physics included in the simulation, and the equations
being solved. The physics options determine which phenomena occur in a device and
change some terms in the solved equations. The physics options chosen here are to

simplify the problem to be similar to the equivalent circuit model of the previous



62

chapter. Most of the physics is specified in a global physics section, such as constant
mobility and area factor, which are described above.

The most important physics to include for a thermoelectric simulation is thermo-
dynamic, which allows temperature to be included in calculations. The hole current

density with the thermodynamic command is calculated as

Ty = papy (V®, + sVT) (5.3)

where @, is the quasi-Fermi potential of holes. The continuity equation for holes is

given by
9p
ot

where R,.; is the net recombination rate, which for this simulation is 0, since no

-V j;: = qRuet +¢q (5.4)

recombination is allowed.
Both hot and cold contacts have additional physics to include the Peltier effect,
which is included in a contact physics section rather than the global physics section.

The MSPeltier command models the heat density from the Peltier effect for holes as

Q = J, (pAE, + (1 — a,)A¢,) (55)

where

AE, = By — By (D) +ps,T) + (1 ﬁp)% (5.6)

and oy, By, 7p and €, are fitting parameters, ®;; and ®, are the Fermi potential of
the metal and hole-doped TE material, respectively, and AE, is the energy difference
of holes across the interface [47]. With the fitting parameters set as a;, = 5, =7, = 1
and €,= 0 eV, Eq. (5.5) reduces to

Q = Jp (Par — (D), + 5,7)) (5.7)

Once the physics commands have been specified, the simulation begins to work
on solving the desired equations. There are a couple of equations that need to be

solved, and they are listed in the solve command in the Sentaurus® Device command
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file. Inmitially, only the Poisson equation is solved. Then the Poisson equation is
solved along with the electron and hole concentrations. Finally the Poisson equation
is solved with the electron, hole, and temperature equations. The reason that these
equations aren’t solved together at once is to help Sentaurus® converge on a solution
faster.

The Poisson equation is solved first as
AV <6ng5 + }3) =—q(p—n+ Ng— Na) — ptrap (5.8)

where ¢ is the electrostatic potential, P is the polarization, and pyqp is the trap
density. The thermoelectric simulation has no traps, and no polarization. Then

electron and hole concentration is solved using

n= Nce(_qq)’?T_EC) (5.9)
Ey+q®p
p= Nve< i) (5.10)

where N¢ and Ny are the effective density of states for electrons and holes. The final

equation to be solved is the temperature equation

9 - - 3 -
;L T=V VT = =V [(sn +T+®,) Jut(s, + T + @) Jp} - <EC + éka) v-J,

3 .
— (EV — §k‘bT> V- Jp + anet (EC — EV + Bka) + hWGopt (511)

which, using no recombination, no optical generation, the thermodynamic current

density, constant material parameters, and assuming steady state conditions can be

2Ty J, [, J T
o (7) s (?) ' (512

Equation (5.12) is the same equation that was being solved for by the equivalent

rewritten as

circuit in the DC case (Eq. (4.4)), showing that the two simulators are both solving
the same equation. Equations (5.8)-(5.11) are each solved during the simulation under
a variety of stimuli. The stimuli for each test will be described in the next section, as

well as the simulation results.
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Table 5.2.
Material parameters for a Si thermoelement used in Xyce

s =270 "/
k=150 V/nx

1)y =13.2657 +2/,

p=1x10" 8/,

c, =0.163 7/, x

L=5 mm

A=1 mm?

5.3 Results

In this section the results of the simulations will be discussed, as well as how the
stimuli for each simulation is created. All of the simulations are run using the same
Sentaurus® Device command file (Appendix C.2).

Since the Sentaurus® simulation uses Si rather than Bis Te3, new equivalent circuit
simulations must be performed as well. The only changes to the equivalent circuit
simulations from Ch. 4 are the material parameters, which are shown in Table 5.2.
The equivalent circuit netlists for Si are also included in Appendix C.

The first simulation is under DC bias, where the voltage on the cold contact
is ramped up. This simulation is similar to the DC case for the equivalent circuit
where the current is changed and the cold side temperature is examined. Voltage is
ramped rather than current because in Sentaurus® the voltage boundary condition
converges more easily than using the current as the boundary condition. The voltage
ramping occurs in the solve section, with the quasistationary command. The cold
side voltage is ramped from 0 to 0.2 V, and at each point during the ramp, the cold

side temperature and current is measured. The hot side is kept at 0 V and 300 K.
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Fig. 5.1. T vs I for a Si thermoelement for a DC simulation. The
analytic solution and both simulations have very good agreement with
each other.

For the XYCE equivalent circuit simulation (the netlist is included in Appendix
C.5) the voltage is also increased. The result of both simulations are shown in Fig.
5.1. Using Eqs. (4.16) and (4.17) predicts that Tc arn = 298.3693 K and Iy arin =
1.2146 A. The analytic predictions are in good agreement with those found in the
simulations (T arin = 298.3693 K and Ire an = 1.2146 A for both the Sentaurus®
and XYCE simulations).

The pulsed cooling simulation from 4.3 is performed again with the Si thermoele-
ment. The equivalent circuit netlist using 50 elements is presented in Appendix C.6.
For this transient simulation the voltage rather than current is pulsed. The initial
voltage is 0.081 V (the voltage that causes T¢ ain in the DC case) and is pulsed to
0.2025 V (2.5 x the initial voltage) for 0.027 s (the length of time for the cold side
temperature to return to 7¢ azn), then returns to the initial voltage. In Sentaurus®,
the voltage is pulsed within the contact definition by assigning a voltage to a time.

When the voltage changes over time, Sentaurus® ramps the voltage linearly between
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Fig. 5.2. T vs t for a pulsed cooling simulation. The two simulations
have similar shape, though the Sentaurus® simulation does reach a
higher temperature after the pulse is turned off.

the two points, which is undesirable when creating a square pulse. In order to make
a square pulse, duplicate voltages are defined before and after voltage changes, so
that no linear portions exist besides the rise and fall time. For both the equivalent
circuit and Sentaurus® simulations the time and cold side temperature are recorded
and plotted in Fig. 5.2. The shape of the temperature response is similar for both
cases, though the Sentaurus® simulation has a slightly larger ATpospuise (hottest
temperature reached after the pulse). The equivalent circuit simulation reaches a
minimum cold side temperature of 297.9247 K 0.007 seconds after the pulse begins,
while the Sentaurus® simulation reaches 297.9277 K 0.0065 s after the pulse begins.
The difference in the temperature after the pulse is more pronounced, with the equiv-
alent circuit reaching 299.1287 K 0.0512 s after the beginning of the pulse and the
Sentaurus® simulation reaching 299.2195 K 0.0505 s after the beginning of the pulse.
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"W\’ Thermoelement ﬁM

Fig. 5.3. The mixed mode circuit used in Sentaurus® simulation.
There is a single voltage source in series with the thermoelement.
The contacts have an included contact resistance.

The final test for the Sentaurus® simulation is under AC small signal conditions.
In order to solve an AC small signal problem, Sentaurus® must use a mixed mode
simulation. In mixed mode simulation, a circuit is created (see Fig. 5.3) and the
stimuli are applied to nodes within the circuit. Using the ACCoupled command a 10
mV signal oscillates from 1 pHz to 1 MHz at the circuit node connecting to the cold
contact. The same signal is applied in the equivalent circuit simulation (Appendix
C.7). In mixed mode simulation, Sentaurus® automatically adds resistance to the
contacts when they are connected to a circuit. By changing the default resistance, the
shape of the Nyquist plot changes, as shown in Fig. 5.4. The added contact resistance
must be subtracted from the real part of the impedance, but afterwards all Nyquist
plots show the same high-frequency value of the electrical resistance of 0.06633 (2,
though as the frequency decreases the impedance spectra have large differences in
both the real and imaginary components.

Using a contact resistance of 100 2/cm? (a total added resistance of 20000 €2,

the resistance doesn’t need to be this large, but as shown in Fig. 5.4 too small of a
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Fig. 5.4. A Nyquist plot comparison of how the contact resistance
affects the shape of the impedance response in Sentaurus®. In a
Nyquist plot the frequency increases from right to left.

resistance changes the shape of the impedance response) the Sentaurus® results look
most similar to the equivalent circuit (See Fig. 5.5). In the high frequency regime (the
left section of the plot), both simulations capture the same response (both find R =
0.06633 ), but as the frequency gets lower (moving from left to right in the plot) the
equivalent circuit becomes larger in both real and imaginary magnitudes. At the low
frequency real axis intercepts, the Nyquist plot is used to calculate the thermoelectric
resistance, Rrg as defined in 4.4. The equivalent circuit calculates Rrg as 729.0 uf2,
and the Sentaurus® simulation calculates Rrg as 684.2 uf). The difference between
the thermoelectric resistance in these two results is able to be explained with Eq.
(4.29). The Sentaurus® simulation calculates the correct thermoelectric resistance if
the Joule heating term is included, while the equivalent circuit is correct if the Joule
heating term is neglected. It is yet unclear why this is the case, but is a question

which is actively being examined.
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Fig. 5.5. A Nyquist plot comparison of the equivalent circuit and
Sentaurus® simulations. The high frequency response is similar be-
tween the two, though at low frequencies the plots differ.

5.4 Conclusion

In this chapter a Sentaurus® simulation of a thermoelectric element was described
and performed under a variety of operating conditions. The chapter began by de-
scribing how to set up the simulation such that the material parameters were constant
and the device was similar to the equivalent circuit simulation. Then the equations
solved in Sentaurus® were discussed, and shown to be the same as the equations
discussed in Chapter 4. Finally the Sentaurus® simulation is performed under the
same operating conditions as an equivalent circuit and the two are compared.

Under the DC case, the equivalent circuit and Sentaurus® simulations were exactly
the same as the analytic results. For pulsed cooling, the two simulations were similar,
though after the pulse ended there were slight differences, with the Sentaurus® sim-
ulation predicting a slightly larger AT pystpuise- The AC small signal simulation pro-

vided the largest difference between the two simulations. The Sentaurus® simulation
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predicted the low frequency response including Joule heating, while the equivalent
circuit predicted a result which did not include the changes due to Joule heating.
This difference requires further investigation to reconcile.

Though this chapter was intended as a method of checking the equivalent circuit
results, it also acts as a proof of concept for using Sentaurus® to model thermoelec-
tric devices. The devices were simulated using Si, but in principle any thermoelectric
material can be used. Since Sentaurus® contains a wide variety of options for simu-
lations, there are many more areas that may be investigated for new materials than
by just using an equivalent circuit simulation. More advanced simulations including
recombination, generation, stress, and non uniform material parameters could be en-
abled with relative ease. In principle, many of the material parameters, and how they
change with temperature and Fermi-level, could be known from LanTraP, and could
be used in Sentaurus® to provide a straightforward way to examine a new material

and easily perform simulation with that material.
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6. CONCLUSIONS

The goal of this work has been to develop and test a physics-based, SPICE-compatible
compact model for thermoelectric devices. The thesis began with an introduction to
thermoelectrics, examining the history, effects, and potential uses. A discussion of
thermoelectric transport theory followed where the Landauer approach was used to
explain the thermoelectric transport parameters. The Landauer approach was then
used as a basis for a tool LanTraP, which calculates the thermoelectric parameters
of a material from a given dispersion relation for electrons and for phonons. This
tool has been published on nanoHUB.org to serve as a resource for the thermoelectric
community.

Next, an equivalent circuit for thermoelectric devices was presented and discussed.
The required input parameters for the circuit model are the same as those that are
output from LanTraP to provide a convenient means to assess the system level perfor-
mance of new thermoelectric materials for which material parameter data is limited.
Next, results from equivalent circuit simulations were compared to analytic, experi-
mental, and other simulation results and was in good agreement in all cases. Finally
thermoelements were simulated in Sentaurus®, a numerical simulation program that
solves the thermoelectric equations was used as a computational benchmark for the
equivalent circuit. The equivalent circuit is a simplified, lumped circuit representa-
tion of the real, distributed system that Sentaurus® simulated. DC and transient
simulations using Sentaurus® were in good agreement with those obtained using the
compact model. We did find, however, that the small-signal AC case did not match
as well as other cases. This source of this difference is being investigated.

This thesis lays the groundwork for an end to end (atoms to applications) method
for assessing the performance potential of thermoelectric devices made with new ther-

moelectric materials. For a new material, the thermoelectric transport parameters
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can be calculated using LanTraP, and then directly input into the equivalent cir-
cuit. This capability should help transition new materials into real systems with the
objective of realizing newer, more efficient devices.

Though the equivalent circuit compared well to previously published results, there
are some areas that can be improved. As mentioned before, this work was focusing
on simple cases and making assumptions that simplified the problem. In future
work, these assumptions can be relaxed, and steps could be taken to work around
them. Rather than assuming that the only resistances and capacitances were from
the thermoelectric, it would be more accurate to add the external resistances and
capacitances especially for the contacts and ceramic casing. It was also assumed that
heat and current flowed parallel to each other, but that may not be the case. Heat
sources from convection, as well as non-uniform heating may need to be considered.
The temperature dependence of material parameters should also be considered, and
could be easily added using LanTraP.

Sentaurus® was used in this thesis to benchmark the results of the equivalent
circuit. There is a great deal of potential for improving Sentaurus® for use with ther-
moelectrics. For example, if Sentaurus® is to be used as a computational benchmark,
some work to include the temperature dependence of thermoelectric transport param-
eters in Sentaurus® is needed. In addition, Sentaurus® had difficulties converging
for high efficiency thermoelectrics due to large temperature changes. Sentaurus® is
able to calculate many things that are not considered in the equivalent circuit. For
example, with Sentaurus® mechanical stress and compositional grading can be in-
cluded. The equivalent circuit is simpler to implement and faster to run, but the
results should always be compared to an accurate and correct numerical simulation
such as Sentaurus®.

In summary, in this thesis I have demonstrated an end to end method for devel-
oping new thermoelectric materials. The central part of the process is an accurate,
physics-based compact model. Only simple examples have been considered in this

thesis, but more complex and difficult possibilities (such as temperature dependence,
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graded material profiles, and non-uniform heating) may be easily simulated in the
same manner. This compact model should help make developing thermoelectric de-
vices within electronic systems easier and help modern thermoelectric devices to find

widespread use.
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A. LANTRAP USER MANUAL

This appendix includes the LanTraP user manual to describe how to use the tool. An
updated version of this document may be found at https://nanohub.org/tools/lantrap
where the tool may also be accessed. The tool is free to use online, and may also be
downloaded as a MATLAB file from the website. Tutorial cases are also available for

download, and a step by step guide is provided for every tutorial case.
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LanTraP: User Manual

Kyle Conrad, Jesse Maassen, Mark Lundstrom

1. Introduction

LanTraP is an online tool aimed at assisting research and education. The tool
allows for a .txt file containing band structure information to be uploaded, from which the
thermoelectric (TE) transport coefficients for electrons and phonons can be calculated.
LanTraP supports any general band structure, from simplified parabolic/linear
dispersions to accurate full band descriptions, to perform thermoelectric calculations
within the Landauer formalism. In this manual, the basics of the calculation method are
outlined and all of the input parameters are described. For more information about
transport and the Landauer formalism, see Near-Equilibrium Transport: Fundamentals

and Applications, by M. Lundstrom & C. Jeong (World Scientific, Singapore, 2013).

2. Input Parameters

There are a few ways to use LanTraP. By uploading a dispersion relation (E(k)
for electrons or E(q) for phonons) the user may then decide to calculate (i) just the
distribution of modes or (ii) calculate the distribution of modes and the transport
coefficients simultaneously. Alternatively the user may upload a distribution of modes file
and proceed to calculate the transport coefficients directly. When the calculation is
complete, the tool produces plots and tables of the modes and transport coefficients
(which are available for download).

2.1 Load Data

When starting LanTraP this is first slide the user will see. This slide will allow the
user to upload the electron or phonon dispersion (to calculate the thermoelectric
properties and/or the distribution of modes) or a pre-calculated distribution of modes (to
calculate the TE properties only). The first input is the 'Upload' drop down box. This is

where the input data (in a .txt file) is uploaded. From the drop down menu select
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‘'upload'. This selection will prompt a pop up window allowing the user to select the
desired file. After selecting the file and pressing upload the data will appear in the 'Data
file' box.

&) Load Data

Upload:lUploaded data -

% Ek for = 30 parsholic conduction band set on the origin {0k, OE)

% Assuming that the effective mass is the eletron rest mass

% Box length is .5 rm in all dimensions, =and there are 51 k-points determined by the Mo
rnkhurst-Pack scheme

. 337140

LA

223706
115078
010987
911522
816683
126471
640284
E£5QQ25
433601
411883
344302
262348
224510
171317
122741
078791
030468
004771
874700 /

Data file (E-k or modes):

B9 L L3 L3 L0 G LI LI L LT LY L3 L3 L2 L3 60 o o o

What to calculate: |Modes and TE j

Modes Options » |

Figure 1: A screen shot of the 'Load Data' slide.

The 'Data file' text box shows what has been uploaded and allows the user to edit
the file (for example to remove a header from the data). Note that the user can simply
copy and paste data into the 'Data file' box. The uploaded data must have a specific
format, depending on the data type (described below). The final option on this page is
the "What to calculate' drop down box. The options here are 'Modes', 'TE', and ‘Modes
and TE'. Depending on the data file, only certain options should be chosen. If an electron
or phonon dispersion file has been uploaded choose either 'Modes' or ‘Modes and TE'
since a distribution of modes is required to calculate the transport coefficients. If the
uploaded data was a pre-calculated distribution of modes, the user should only select



81

'TE'. Once completed, select the '‘Modes Options' button in the bottom right corner to

move to the next slide.

2.1.1 Format for the electron or phonon dispersion file

The basic format of a dispersion relation file is the following: each row vector lists the
eigenvalues (in increasing order) corresponding to a specific Ky, k,, k, point, with the
rows iterating over all the k-points in the Brillouin zone. The k-grid mesh must be uniform
within the Brillouin zone along a given direction (—%to lE where [ is the box size in a
given direction), but the density may be different along ky, k, and k.. Note that the
simulation box must be rectangular, with one direction corresponding to the transport
direction. By labeling the k-points by the number from smallest to largest (ikc=1
corresponding to the minimum k, and ik,=n, corresponding to the max k) the order of k-
points in the dispersion file is as follows (see Figure 2):

e Each row corresponds to a list of eigenvalues.
e Therows iterate over all the k-points in the Brillouin zone.

e The sequence of k-points iterates over k, k;, K (in this order).
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k-point Row vector of

| | n eigenvalues
. P ik=1 Ik')"=1 ik,=1 £ & €n
Loop through all iky ik, =2 ik,=1 ik,=1 & & - &
: : £ & --- g
h— ikx=nx Iky 1 |kz—1 31 82 . En
Increment ik, (second), k=1 k=2 k=T ) E & - g
each time loop through : : : & & - &
. ike=n, k=2 ik=1 £ & --- &,
all Ikx (ﬂrSt) ik, =1 ik,=3 ik, =1 & € .- &
E : . E1 82 . En
—] ikx=nx Ik)':n)u Ikz=1 £ & -.- E
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each time loop through _k= k' 1 _k: , 21 22 - zn
- 1 X=nx 1 'J‘: | Z= 1 2 . n
all ik, (first) and ; ; ; R
Ik",r (SeCOnd) ik)(:n)( ik.),.:n_]‘_ ikz=2 E1 82 . EH
ik,=1 ik, =1 ik,=3 & & --- &,
E : - E1 52 . En
e ik,=n, ik,=n, ik,=n, € & ... &,

Only the eigenvalues
are included in the file

Figure 2: The proper format for an uploaded dispersion file.

2.1.2 Format for a distribution of modes file

For a pre-calculated distribution of modes the uploaded file has 2 columns, the first is
an energy vector (in eV) in increasing order, and the second is the distribution of modes
(in units of mM@Y where d is the dimensionality) at each energy. The output 'Modes
Table' from the tool automatically has the correct format.

2.2 Modes Options

If on the 'Load Data' slide 'TE' was chosen from the 'What to calculate' drop down
box, this slide has no options and prompts the user to select the TE Options' button. If
from the "What to calculate' drop down box either ‘Modes' or ‘Modes and TE' was
selected the user will need to specify a number of parameters to calculate the modes,
displayed on the 'Modes Options' slide.
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@Mudes Options

Al
Monkharst-Pack k-grid?: @ jmm yes
Dimensiunality:lS R
L (nm):|1
Ly (nm):|1
Lz (nm):|1
Mumber of kx points: |51 *[=]
MNumber of ky points: |51 ﬂj
Mumber of kz points: |51 *[=]
Mumber ofElands:|1 ﬂj
Transport direction: IZ M
Spin Degeneracy: I‘I M
Etin (ev): |-1ev
dE (eV): |0.001eV
Emax (eV): [1eV |
7]
Figure 3: A screen shot of the 'Modes Options' slide.
e 'Monkhorst-Pack k-grid?" (default = yes)
The 'Monkhorst-Pack k-grid?* boolean option allows for one of two uniformly
spaced k- grid organization schemes to be chosen. The Monkhorst-Pack k-grid is
chosen so that there are no duplicates in the Brillouin zone. If no is selected, the

tool assumes that the first and last points of the k-grid are duplicates at the edge of the
Brillouin zone, in ks, ky, and k, directions.
e 'Dimensionality’ (default = 3)
The user may select between 1, 2, and 3 dimensions from the drop down box.
The choice of dimensionality is important in determining the units of the distribution of
modes and the TE characteristics.
e 'Lx','Ly', and 'Lz' (default =1 nm)
These values correspond to the lengths of the simulation box used in creating the
dispersion relation (in nm). If the user selects less than 3 dimensions, the tool will
determine which lengths are used based on the number of k-points in each

dimension,  with the largest numbers being the dimensions used.
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e 'Number of k-points' (default = 51 for k, k,, and k;)

The 'Number of k-points’ (for ky, k,, and k;) are used to correctly interpret the
uploaded file. If there is no periodicity along any of the directions, set the number of
k-points along those directions to 1. Note that the distribution of modes may not be
accurate if the k- grid is too coarse. By increasing the k-point density, eventually the
modes will

converge to the correct values and will no longer change with further increases in
k-point density.

e 'Number of Bands' (default = 1)

Along with '"Number of k-points’, 'Number of Bands' is used to correctly interpret

the uploaded file. Note that the number of bands must be the same for all k-points.
e 'Transport direction' (default = Z)

The "Transport direction' drop down menu is used to identify the transport
direction, and assigns the other directions as perpendicular k-points when calculating
modes.

e 'Spin Degeneracy' (default =2)

The 'Spin Degeneracy drop down box allows for either 1 or 2 to be chosen. The

spin  degeneracy parameter is set to 1 (2) when each band should only hold 1 (2)

electron. This ensures that the calculated distribution of modes, for electrons, is per
spin (i.e. identical spin-up and spin-down states will count as a single mode). In the
case of phonons the 'Spin Degeneracy should always be 2 (different by definition

from electrons, the polarization of phonons is included in the calculation of the
distribution of modes).
e 'Emin’, 'dE', and 'Emax’ (default =-1eV, 0.001 eV, 1 eV respectively)

The next 3 options are 'Emin’, 'dE', and 'Emax’ which allow any value to be
entered in eV. These values determine the energy range (from 'Emin’ to 'Emax’) as
well as the resolution ('dE") for which modes will be calculated. There will always be O
modes where no band exists, so choose the energy range near the range of
eigenvalues in the  dispersion. Note that using a 'dE' that is too large may lead to
significant errors. Thus, it~ is good practice to decrease 'dE' to ensure the distribution
of modes is converged and accurate. Some suggested values are:

= Electrons 'dE' should be in the range of 0.01 eV to 0.001 eV
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= Phonons 'dE' should be in the range of 0.0001 eV to
0.000001 eV

After all of these options have been modified, the 'TE options' button in the lower
right will move the tool onto the next slide.

2.3 TE Options

@TE Options
Padicle:lEIectron i
Temperature (K): ﬁ:llBl]l]K
Transporttype:|Quasi—ElaIIistic M

Ef min (eV):I—I].Se‘.F

delta Ef (2V): |0.001eV

Ef Max (eV):|0.5eV

MFP CB inmi): {10

CB scattering parameter: Il]

Conduction Band Minimum: Il]e\.r‘

WMFP VB (nm):|1l]

%B scattering parameter: Il]

Yalence Band Maximum: |-1 eV

Conductor Length (nm): |1 1]

< Modes Options | Simulate » |

Figure 4: A screen shot of the TE Options' slide.

If on the 'Load Data' slide the user chose TE' or 'Modes and TE' this slide will have

options, otherwise the slide will show a message that there are no options to modify.

e 'Particle’ (default = Electron)
The 'Particle’ drop down box has two options 'Electron’ or 'Phonon'. This
determines what properties are calculated.

e 'Temperature (K)' (default = 300K)
The lattice temperature (in K).

e 'Transport type' (default = Ballistic)
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"Transport type' is a drop down box with choices of 'Ballistic', 'Diffusive’, and
'‘Quasi-Ballistic', where the last option allows the user to set the length of the transport

region.

The choice of 'Particle’ and Transport type' changes the options available, which are

detailed below.

2.3.1 Ballistic Transport

Electrons
e 'Ef min' (default =-0.5eV)
'Ef min' should be chosen such that 'Ef min' > 15 k,T + Emin where Emin is the
minimum energy of the distribution of modes.
e ‘delta Ef' (default =0.001 eV)
The value of 'delta Ef is the resolution of the Fermi energy range for which
transport coefficients are calculated over.
o 'Ef max' (default = 0.5 eV)
'Ef max should be chosen such that 'Ef max < Emax -15 k, T where Emax is the
maximum energy of the distribution of modes.

The reason for the restrictions on the Ef-grid is to insure the tool performs a proper
integration. If the Fermi energy range is too wide, an error will occur and the calculation
will stop without completion. For electron ballistic transport the tool will calculate
electrical conductance, Seebeck coefficient, electron thermal conductance, power factor,

and electronic zZT (where K| is assumed to be 0).

Phonons

For phonon ballistic transport there are no other options to modify and the tool will

calculate the lattice thermal conductance.

2.3.2 Diffusive Transport
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For diffusive transport there are more options, especially when the particle being
considered is an electron. The tool allows for an energy dependent mean-free-path, with
the form:

AME) = Ao(i;e;)r (1)

where E,.., depends on the case considered and is defined below.

Electrons

For electron diffusive transport, all of the options for ballistic transport still need to be
set in addition to the following scattering parameters:

e 'MFP CB' (default =10 nm)
The mean-free-path of electrons in the conduction band (1, in Equation (1)).
e 'CB scattering parameter’ (default =0)
The scattering exponent (r in Equation (1)) of the conduction band.
e 'Conduction Band Minimum' (default =0 eV)
The minimum energy of the conduction band. For the conduction band,
E,.f = E — E¢g in Equation (1) where E¢; is the ‘Conduction Band Minimum'.
e 'MFP VB' (default =10 nm)
The mean-free-path of electrons in the valence band (1, in Equation (1)).
e 'VB scattering parameter' (default =0)
The scattering exponent (r in Equation (1)) of the valence band.
e 'Valence Band Maximum' (default=-1eV)
The minimum energy of the valence band. For the valence band,
E,.s = E — Eyp in Equation (1) where Eyp is the 'Valence Band Maximum'. The
‘Conduction Band Minimum' and 'Valence Band Maximum' are required to be

different values, with 'Valence Band Maximum' being less than '‘Conduction Band
Minimum' for the calculation to occur.
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For electrons the tool will calculate electrical conductivity, Seebeck coefficient,
electron thermal conductivity, power factor, and electronic zT (where K is assumed to be
0).

Phonons
For phonon diffusive transport, only a single mean-free-path and scattering

parameter are required, since E,., = E in Equation (1).

e 'MFP Phonon' (default = 10 nm)
The mean-free-path of phonons (4, in Equation (1)).
e 'Scattering Parameter' (default = 0)

The scattering exponent (r in Equation (1)) for phonons.
For phonons, the tool will calculate the lattice thermal conductivity.

2.3.3 Quasi-Ballistic Transport

For quasi-ballistic transport, the options are the same as diffusive transport (including

the ballistic transport options for electrons), but with the following added parameter:

e 'Conductor length' (default =10 nm)
This is the length of the material (in nm) along the transport direction.

The tool will calculate the same values as diffusive transport when quasi-ballistic
transport is selected. However, transport in this case can be in between fully ballistic and

fully diffusive.

3. Simulate

After the 'TE Options' slide, the calculation begins after pressing the simulate button
in the lower right. On the screen, simulation information will appear, such as which
calculation is being performed or any errors that may occur. Commonly the most time
consuming part is the calculation of the distribution of modes. The computation time will
increase with the size of the uploaded data file and the resolution of the Fermi energy



39

grid. The tool will typically run for anywhere between a few seconds to several minutes
before completion.

Once the simulation is complete, the final slide will have a plot and the 'Result' drop
down menu. From the drop down menu all of the calculated values can be selected to be
plotted within the tool. If multiple simulations were run in the same instance of the tool,
the results may be compared against each other. If an output was not calculated due to
the choice of 'What to calculate’ the plot will only contain one point at (0,0). As well, the
‘Modes Table', TE Table', and 'Phonon Lattice Thermal Conductivity/Conductance’ show
the results in table form. Each output may be downloaded from the tool using the button
next to the 'Result drop down. The tables are designed to be downloaded and directly

loaded into programs, such as MATLAB.

@) simulate

Result: | Distribution of Modes j L@

] 0 |
o

dimensian)

2e+17 —

¢ J‘b
—

le+17 —

Mumber of Mades (1/m~{d-1) where d

I T T T T T T T 1
-1 05 ] 05 1
Energy (2%)

1 result

< TE Options |

Figure 5: A screen shot of the 'Simulate’ slide after calculation has completed.
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B. BI,TE; EQUIVALENT CIRCUIT NETLISTS

This appendix includes netlists for the test cases used in Chapter 4. Most of the
netlists are using the same material parameters (see Table 4.2), and all that changes

is the stimulus, Icool or Vcool, and the analysis performed. For more information on

XYCE and understanding the netlists, see the XYCE User’s Guide [34].

B.1 DC Lumped Model to Determine T y;,

*MATERIAL PARAMETERS # s s % s % s s % %

.PARAM S = 0.000245 ;Seebeck Coefficient [V/K]

.PARAM TK = 1.4 ; Thermal Conductivity [W/mK]
.PARAM ER = 2e—05 ; Electrical Resistivity [Ohms /m]
.PARAM CP = 0.158 ; Specific Heat [J/kgXK]
.PARAM DEN = 7.75e+06 ; Density [kg/m" 3]

*DEVICE PARAMETERS* s s % s % % s % s % % %

.PARAM L = 0.005 ; Device Length [m]
.PARAM A = le—06 ;Device Area [m” 2]
.PARAM N = 1 ;Number of Thermoelements

*SIMULATION PARAMETERS: # # # # # % % %
.PARAM TAMB= 300 ;Ambient Temperature K]
.PARAM NDIS= 1 ;Number of Distributions

*CALCULATED PARAMETERS: s s s s s % %

.PARAM LE = {L/NDIS} ;Length per Distribution [m]

.PARAM SE = {NxS} ; Device Seebeck [V/K]
.PARAM R = {N«LE«ER/A} ;i Electrical Resistance per Distribution [Ohms]
.PARAM K = {N«TK+A/LE} ; Thermal Conductance per Distribution [W/K]
.PARAM Rth = {1/K} ; Thermal Resistance per Distribution [K/W]
.PARAM Cth = {NxCP+DEN%AxLE} ;Thermal Capacitance per Distribution [J/K]

*INPUT /MEASURING NODES # #  # # % % %
* Thermal (nodes 1-3)
IC 010 ;Cold side heat absorbed (QC = 0)



VCmeas 1 2 DC 0

VH 3 0 DC {TAMB}

x Electrical (nodes 4-5)
Icool 0 4 DC 10

VEmeas 4 5 0

FTHE CTRCUIT # s s s s % % s ok sk o %k sk ok ok % %k 5k
BQPC 2 0 I={I(VEmeas)*SE«V(1)}
X1 2 3 5 0 TEELEMENT

BQPH 0 3 I={I(VEmeas)*SExV(3)}

*THERMOELECTRIC SUBCIRCUIT s s # %

* These nodes define the X elements

.SUBCKT TEELEMENT 11 13 15 18
CPC 11 0 {Cth/6}
RCth 11 12 {.5/K}

BQJ 0 12 I={I(VESCmeas)*I(VESCmeas)=*R}

CJ 12 0 {2xCth/3}

RHth 12 13 {.5/K}

CPH 13 0 {Cth/6}
VESCmeas 15 16 0

RE 16 17 {R}

BS 17 18 V={SExV(13,11)}
.ENDS

*ANALYSIS AND RESULTS # s s stk s sk sk
.DC Icool 0 20 .001

.OP

.PRINT DC I(VEmeas) V(1)

.END

; Current Source to force cooling

; Measuring QC
;Hot side temperature (TH=Tamb from heat sink)

; Measuring the electrical current

; Peltier Cooling

; Peltier Heating

;Cold side Peltier Capacitance
;Cold side thermal resistance
;Joule Heating

; Joule Heating Capacitance
;Hot side thermal resistance
;Hot side Peltier capacitance
; Measuring current through the
;Subsection resistance

; Seebeck Voltage

(will be swept)

subsection
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B.2 DC Lumped Model to Determine Q¢ a4

*MATERIAL PARAMETERS: # s s s * s s % %

.PARAM S = 0.000245 ; Seebeck Coefficient [V/K]

.PARAM TK = 1.4 ; Thermal Conductivity W/ mK]
.PARAM ER = 2e—05 ;Electrical Resistivity [Ohms/m]
.PARAM CP = 0.158 ; Specific Heat [J/kg—XK]
.PARAM DEN = 7.75e406 ; Density [kg/m" 3]

*DEVICE PARAMETERS s s s s % s s % s % % %

.PARAM L = 0.005 ; Device Length [m]
.PARAM A = le—06 ;Device Area [m" 2]
.PARAM N = 1 ; Number of Thermoelements

*SIMULATION PARAMETERS: s s s # s s % %
.PARAM TAMB= 300 ; Ambient Temperature K]
.PARAM NDIS= 1 ;Number of Distributions

*CALCULATED PARAMETERS s % s % s % %

.PARAM LE = {L/NDIS} ;Length per Distribution [m]

.PARAM SE = {NxS} ; Device Seebeck [V/K]
.PARAM R = {NxLE+ER/A} ; Electrical Resistance per Distribution [Ohms]
.PARAM K = {N«TK+A/LE} ; Thermal Conductance per Distribution [W/K]
.PARAM Rth = {1/K} ; Thermal Resistance per Distribution [K/W]
.PARAM Cth = {N*xCP+«DENxA*LE} ;Thermal Capacitance per Distribution [J/K]

*INPUT /MEASURING NODES # # # # % % % %
* Thermal (nodes 1-3)

VC 1 0 DC {TAMB} ;Cold side temperature (ambient)

VCmeas 1 2 DC 0 ; Measuring QC

VH 3 0 DC {TAMB} ;Hot side temperature (TH=Tamb from heat sink)
x Electrical (nodes 4-5)

Icool 0 4 DC 10 ; Current Source to force cooling (will be swept)
VEmeas 4 5 0 ; Measuring the electrical current

$THE CTRCUTT sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk

BQPC 2 0 I={I(VEmeas)*SE«V(1)} ; Peltier Cooling
X1 2 3 5 0 TEELEMENT
BQPH 0 3 I={I(VEmeas)*SExV(3)} ; Peltier Heating

*THERMOELECTRIC SUBCIRCUIT s s s s 5

* These nodes define the X elements

.SUBCKT TEELEMENT 11 13 15 18

CPC 11 0 {Cth/6} ;Cold side Peltier Capacitance



RCth 11 12 {.5/K}

BQJ 0 12 I={I(VESCmeas)x*I(VESCmeas)*R}
CJ 12 0 {2+Cth/3}

RHth 12 13 {.5/K}

CPH 13 0 {Cth/6}

VESCmeas 15 16 0

RE 16 17 {R}

BS 17 18 V={SE«V(13,11)}

.ENDS

*ANALYSIS AND RESULTS s st s sk sk sk ok sk sk
.DC Icool 0 20 .001

.OP

.PRINT DC I(VEmeas) V(1) I(VCmeas)
.END

;Cold side thermal resistance
;Joule Heating

;Joule Heating Capacitance
;Hot side thermal resistance
;Hot side Peltier capacitance
; Measuring current through the
; Subsection resistance

; Seebeck Voltage

subsection
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B.3 DC Distributed Model Biased at T¢

*MATERIAL PARAMETERS: # s s s s * s s % %

.PARAM S = 0.000245 ; Seebeck Coefficient [V/K]

.PARAM TK = 1.4 ; Thermal Conductivity W/ mK]
.PARAM ER = 2e—05 ;Electrical Resistivity [Ohms/m]
.PARAM CP = 0.158 ; Specific Heat [J/kg—XK]
.PARAM DEN = 7.75e406 ; Density [kg/m" 3]

*DEVICE PARAMETERS s s s s % s s % s % % %

.PARAM L = 0.005 ; Device Length [m]
.PARAM A = le—06 ;Device Area [m" 2]
.PARAM N = 1 ; Number of Thermoelements

*SIMULATION PARAMETERS: s s s # s s % %
.PARAM TAMB= 300 ; Ambient Temperature K]
.PARAM NDIS= 10 ;Number of Distributions

*CALCULATED PARAMETERS s % s % s % %

.PARAM LE = {L/NDIS} ;Length per Distribution [m]

.PARAM SE = {NxS} ; Device Seebeck [V/K]
.PARAM R = {NxLE+ER/A} ; Electrical Resistance per Distribution [Ohms]
.PARAM K = {N«TK+A/LE} ; Thermal Conductance per Distribution [W/K]
.PARAM Rth = {1/K} ; Thermal Resistance per Distribution [K/W]
.PARAM Cth = {N*xCP+«DENxA*LE} ;Thermal Capacitance per Distribution [J/K]

*INPUT /MEASURING NODES # # # # % % % %
* Thermal (nodes 1-12)

IC 010 ;Cold side heat absorbed (QC = 0)

VCmeas 1 2 DC 0 ; Measuring QC

VH 12 0 DC {TAMB} ;Hot side temperature (TH=Tamb from heat sink)
x Electrical (nodes 13-—23)

Icool 0 13 DC 10 ; Current Source to force cooling (will be swept)
VEmeas 13 14 0 ; Measuring the electrical current

$THE CTRCUIT sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk
BQPC 2 0 I={I(VEmeas)*SE«V(1)} ; Peltier Cooling

X1 2 3 14 15 TEELEMENT
X2 3 4 15 16 TEELEMENT
X3 4 5 16 17 TEELEMENT
X4 5 6 17 18 TEELEMENT
X5 6 7 18 19 TEELEMENT
X6 7 8 19 20 TEELEMENT
X7 8 9 20 21 TEELEMENT



X8 9 10 21 22 TEELEMENT
X9 10 11 22 23 TEELEMENT
X10 11 12 23 0 TEELEMENT
BQPH 0 12 I={I(VEmeas)*SE+V(12)}

*THERMOELECTRIC SUBCIRCUIT s s # %

* These nodes define the X elements
.SUBCKT TEELEMENT 20 22 24 27

CPC 20 0 {Cth/6}

RCth 20 21 {.5/K}

BQJ 0 21 I={I(VESCmeas)*I(VESCmeas)*R}
CJ 21 0 {2xCth/3}

RHth 21 22 {.5/K}

CPH 22 0 {Cth/6}

VESCmeas 24 25 0

RE 25 26 {R}

BS 26 27 V={SExV(22,20)}

.ENDS

* ANALYSIS AND RESULTS * s s s s % sk s %
.DC Icool 0 20 .001
.OP

; Peltier Heating

;Cold side Peltier Capacitance
;Cold side thermal resistance
; Joule Heating

; Joule Heating Capacitance
;Hot side thermal resistance
;Hot side Peltier capacitance
; Measuring current through the
; Subsection resistance

; Seebeck Voltage

subsection

.PRINT DC I(VEmeas) V(1) V(3) V(4) V(5) V(6) V(7) V(8) V(9) V(10) V(11) V(12)

.END

95



B.4 DC Distributed Model Biased at Q)¢ iras

*MATERIAL PARAMETERS: # s s s * s s % %
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.PARAM S = 0.000245 ; Seebeck Coefficient [V/K]
.PARAM TK = 1.4 ; Thermal Conductivity W/ mK]
.PARAM ER = 2e—05 ;Electrical Resistivity [Ohms/m]
.PARAM CP = 0.158 ; Specific Heat [J/kg—XK]
.PARAM DEN = 7.75e406 ; Density [kg/m" 3]
*DEVICE PARAMETERS  # s s s s s sk sk sk s %

.PARAM L = 0.005 ; Device Length [m]
.PARAM A = le—06 ;Device Area [m" 2]
.PARAM N = 1 ; Number of Thermoelements

*SIMULATION PARAMETERS: s s s s s s s

.PARAM TAMB= 300 ; Ambient Temperature K]
.PARAM NDIS= 10 ;Number of Distributions

*CALCULATED PARAMETERS s s # s s s %

.PARAM LE = {L/NDIS} ;Length per Distribution [m]
.PARAM SE = {NxS} ; Device Seebeck [V/K]
.PARAM R = {NxLE+ER/A} ; Electrical Resistance per Distribution [Ohms]
.PARAM K = {N«TK+A/LE} ; Thermal Conductance per Distribution [W/K]
.PARAM Rth = {1/K} ; Thermal Resistance per Distribution [K/W]
.PARAM Cth = {N*xCP+«DENxA*LE} ;Thermal Capacitance per Distribution [J/K]
*INPUT /MEASURING NODES # # # # % % % %

* Thermal (nodes 1-12)

VC 1 0 DC {TAMB} ;Cold side temperature (ambient)

VCmeas 1 2 DC 0 ; Measuring QC

VH 12 0 DC {TAMB} ;Hot side temperature (TH=Tamb from heat sink)

x Electrical (nodes 13-—23)

Icool 0 13 DC 10 ; Current Source to force cooling (will be swept)

VEmeas 13 14 0 ; Measuring the electrical current

$THE CTRCUIT sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk
BQPC 2 0 I={I(VEmeas)*SE«V(1)} ; Peltier Cooling

X1 2 3 14 15 TEELEMENT
X2 3 4 15 16 TEELEMENT
X3 4 5 16 17 TEELEMENT
X4 5 6 17 18 TEELEMENT
X5 6 7 18 19 TEELEMENT
X6 7 8 19 20 TEELEMENT
X7 8 9 20 21 TEELEMENT



X8 9 10 21 22 TEELEMENT
X9 10 11 22 23 TEELEMENT
X10 11 12 23 0 TEELEMENT
BQPH 0 12 I={I(VEmeas)*SE+V(12)}

*THERMOELECTRIC SUBCIRCUIT s s # %

* These nodes define the X elements
.SUBCKT TEELEMENT 20 22 24 27

CPC 20 0 {Cth/6}

RCth 20 21 {.5/K}

BQJ 0 21 I={I(VESCmeas)*I(VESCmeas)*R}
CJ 21 0 {2xCth/3}

RHth 21 22 {.5/K}

CPH 22 0 {Cth/6}

VESCmeas 24 25 0

RE 25 26 {R}

BS 26 27 V={SExV(22,20)}

.ENDS

* ANALYSIS AND RESULTS * s s s s % sk s %
.DC Icool 0 20 .001
.OP

; Peltier Heating

;Cold side Peltier Capacitance
;Cold side thermal resistance
; Joule Heating

; Joule Heating Capacitance
;Hot side thermal resistance
;Hot side Peltier capacitance
; Measuring current through the
; Subsection resistance

; Seebeck Voltage

subsection

.PRINT DC I(VEmeas) V(1) V(3) V(4) V(5) V(6) V(7) V(8) V(9) V(10) V(11) V(12)

.END
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B.5 Transient 25 Distribution Turn Off Biased at T psip

*MATERIAL PARAMETERS: * s s s s * s s % %

.PARAM S = 0.000245 ; Seebeck Coefficient [V/K]

.PARAM TK = 1.4 ; Thermal Conductivity W/ mK]
.PARAM ER = 2e—05 ;Electrical Resistivity [Ohms/m]
.PARAM CP = 0.158 ; Specific Heat [J/kg—XK]
.PARAM DEN = 7.75e406 ; Density [kg/m" 3]

*DEVICE PARAMETERS s s s s % s s % s % % %

.PARAM L = 0.005 ; Device Length [m]
.PARAM A = le—06 ;Device Area [m" 2]
.PARAM N = 1 ; Number of Thermoelements

*SIMULATION PARAMETERS: s s % s s % %

.PARAM TAMB= 300 ; Ambient Temperature K]
.PARAM 10 = 0.5852 ;The Initial current for a transient pulse [A]
.PARAM IP = 0 ;The Pulsed current for a transient pulse [A]
.PARAM PW = 60 ;The width of the current pulse [s]
.PARAM NDIS= 25 ;Number of Distributions

*CALCULATED PARAMETERS: s s s # s s % %

.PARAM LE = {L/NDIS} ;Length per Distribution [m]

.PARAM SE = {NxS} ; Device Seebeck [V/K]
.PARAM R = {N«LE«ER/A} ;Electrical Resistance per Distribution [Ohms]
.PARAM K = {N«TK+A/LE} ; Thermal Conductance per Distribution [W/K]
.PARAM Rth = {1/K} ; Thermal Resistance per Distribution [K/W]
.PARAM Cth = {NxCP+DEN%A%LE} ;Thermal Capacitance per Distribution [J/K]

*INPUT /MEASURING NODES # # # # # % % %
* Thermal (nodes 1-—27)

IC 010 ;Cold side heat absorbed (QC = 0)
VCmeas 1 2 DC 0 ; Measuring QC
VH 27 0 DC {TAMB} ;Hot side temperature (TH=Tamb from heat sink)

* Electrical (nodes 28-53)
Icool 0 28 PULSE({IO} {IP} 5 lus lus {PW} 100) ;Pulsed current source

VEmeas 28 29 0 ; Measuring the electrical current

K THE  CTRCUTT s sk sk sk ok sk ok skook sk ok sk ok ok ok ok ok ok

BQPC 2 0 I={I(VEmeas)*SExV (1)} ; Peltier Cooling
X1 2 3 29 30 TEELEMENT

X2 3 4 30 31 TEELEMENT

X3 4 5 31 32 TEELEMENT

X4 5 6 32 33 TEELEMENT



X5 6 7 33 34 TEELEMENT

X6 7 8 34 35 TEELEMENT
X7 8 9 35 36 TEELEMENT

X8 9 10 36 37 TEELEMENT
X9 10 11 37 38 TEELEMENT
X10 11 12 38 39 TEELEMENT
X11 12 13 39 40 TEELEMENT
X12 13 14 40 41 TEELEMENT
X13 14 15 41 42 TEELEMENT
X14 15 16 42 43 TEELEMENT
X15 16 17 43 44 TEELEMENT
X16 17 18 44 45 TEELEMENT
X17 18 19 45 46 TEELEMENT
X18 19 20 46 47 TEELEMENT
X19 20 21 47 48 TEELEMENT
X20 21 22 48 49 TEELEMENT
X21 22 23 49 50 TEELEMENT
X22 23 24 50 51 TEELEMENT
X23 24 25 51 52 TEELEMENT
X24 25 26 52 53 TEELEMENT
X25 26 27 53 0 TEELEMENT
BQPH 0 27 I={I(VEmeas)*SExV(27)}

*THERMOELECTRIC SUBCIRCUIT s s s s 5

* These nodes define the X elements
.SUBCKT TEELEMENT 35 37 39 42

CPC 35 0 {Cth/6}

RCth 35 36 {.5/K}

BQJ 0 36 I={I(VESCmeas)x*I(VESCmeas)*R}
CJ 36 0 {2xCth/3}

RHth 36 37 {.5/K}

CPH 37 0 {Cth/6}

VESCmeas 39 40 0

RE 40 41 {R}

BS 41 42 V={SExV(37,35)}

.ENDS

*ANALYSIS AND RESULTS s st s sk sk sk ok sk sk
.TRAN 0.1 65 Oms 0.001s

.OP

.PRINT TRAN V(1)

.END

; Peltier Heating

;Cold side Peltier Capacitance
;Cold side thermal resistance
;Joule Heating

;Joule Heating Capacitance
;Hot side thermal resistance
;Hot side Peltier capacitance
; Measuring current through the
;Subsection resistance

; Seebeck Voltage

subsection
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B.6 Pulsed Cooling with 25 Distributions

sk sk ok sk sk ok sk sk ok sk ok ok K ok ok K ok ok o ok sk o ok ok o ok ok K
+*THERMOELECTRIC SPICE CIRCUIT xx%
sxkkx Written 24—Dec—2014 sk

>k >k 3k 3k 3k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok k k ok ok ok ok

*MATERIAL PARAMETERS: s s s * s s s * % %

.PARAM S = 0.000245 ; Seebeck Coefficient [V/K]

.PARAM TK = 1.4 ; Thermal Conductivity W/mXK]
.PARAM ER = 2e—05 ; Electrical Resistivity [Ohms/m]
.PARAM CP = 0.158 ; Specific Heat [J/kg—XK]
.PARAM DEN = 7.75e+06 ; Density [kg/m" 3]

*DEVICE PARAMETERS* * s s s s % s s s * % %

.PARAM L = 0.005 ; Device Length [m]
.PARAM A = le—06 ; Device Area [m"2]
.PARAM N = 1 ;Number of Thermoelements

*SIMULATION PARAMETERS: s % s * % s % %

.PARAM TAMB= 300 ; Ambient Temperature K]
.PARAM IO = 0.5852 ;The Initial current for a transient pulse [A]
.PARAM IP = 1.463 ;The Pulsed current for a transient pulse [A]
.PARAM PW = 2.1305 ;The width of the current pulse [s]
.PARAM NDIS= 25 ;Number of Distributions

*CALCULATED PARAMETERS * % s * % * % %

.PARAM LE = {L/NDIS} ;Length per Distribution [m]

.PARAM SE = {NxS} ; Device Seebeck [V/K]
.PARAM R = {NxLE+ER/A} ; Electrical Resistance per Distribution [Ohms]
.PARAM K = {N«TK+A/LE} ; Thermal Conductance per Distribution [W/K]
.PARAM Rth = {1/K} ; Thermal Resistance per Distribution [K/W]
.PARAM Cth = {NxCP+DENxAxLE} ;Thermal Capacitance per Distribution [J/K]

*INPUT /MEASURING NODES s s st s sk s s 5
* Thermal (nodes 1-27)

IC 010 ;Cold side heat absorbed (QC = 0)
VCmeas 1 2 DC 0 ; Measuring QC
VH 27 0 DC {TAMB} ;Hot side temperature (TH=Tamb from heat sink)

x Electrical (nodes 28-53)
Icool 0 28 PULSE({IO} {IP} 5 lus lus {PW} 100) ;Pulsed current source

VEmeas 28 29 0 ; Measuring the electrical current

FTHE CTIRCUIT # % s sk s s % s sk s 5 % % ok ok % % %



BQPC 2 0 I={I(VEmeas)*SE*V (1)}
X1 2 3 29 30 TEELEMENT
X2 3 4 30 31 TEELEMENT
X3 4 5 31 32 TEELEMENT
X4 5 6 32 33 TEELEMENT
X5 6 7 33 34 TEELEMENT
X6 7 8 34 35 TEELEMENT
X7 8 9 35 36 TEELEMENT
X8 9 10 36 37 TEELEMENT

X9 10 11 37 38 TEELEMENT
X10 11 12 38 39 TEELEMENT
X11 12 13 39 40 TEELEMENT
X12 13 14 40 41 TEELEMENT
X13 14 15 41 42 TEELEMENT
X14 15 16 42 43 TEELEMENT
X15 16 17 43 44 TEELEMENT
X16 17 18 44 45 TEELEMENT
X17 18 19 45 46 TEELEMENT
X18 19 20 46 47 TEELEMENT
X19 20 21 47 48 TEELEMENT
X20 21 22 48 49 TEELEMENT
X21 22 23 49 50 TEELEMENT
X22 23 24 50 51 TEELEMENT
X23 24 25 51 52 TEELEMENT
X24 25 26 52 53 TEELEMENT
X25 26 27 53 0 TEELEMENT
BQPH 0 27 I={I(VEmeas)*SExV(27)}

*THERMOELECTRIC SUBCIRCUIT # # # %

*+ These nodes define the X elements
.SUBCKT TEELEMENT 35 37 39 42

CPC 35 0 {Cth/6}

RCth 35 36 {.5/K}

BQJ 0 36 I={I(VESCmeas)*I(VESCmeas)=*R}
CJ 36 0 {2+xCth/3}

RHth 36 37 {.5/K}

CPH 37 0 {Cth/6}

VESCmeas 39 40 0

RE 40 41 {R}

BS 41 42 V={SExV(37,35)}

.ENDS

* ANALYSIS AND RESULTS # s s % s % s s % %
.TRAN 0.0005s 45 Oms 0.01s

; Peltier Cooling

; Peltier Heating

;Cold side Peltier Capacitance
;Cold side thermal resistance
; Joule Heating

;Joule Heating Capacitance
;Hot side thermal resistance
;Hot side Peltier capacitance
; Measuring current through the
; Subsection resistance

; Seebeck Voltage

subsection
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.OP
.PRINT TRAN V(1)



B.7 AC Small Signal with 25 Distributions

*MATERIAL PARAMETERS: * s s s s s s %

.PARAM S = 0.000245 ;Seebeck Coefficient
.PARAM TK = 1.4 ; Thermal Conductivity
.PARAM ER = 2e—05 ; Electrical Resistivity
.PARAM CP = 0.158 ; Specific Heat

.PARAM DEN = 7.75e+06 ; Density

*DEVICE PARAMETERS s s s s % s s % s % % %

.PARAM L = 0.005 ;Device Length
.PARAM A = le—06 ;Device Area
.PARAM N = 1 ; Number of Thermoelements

*SIMULATION PARAMETERS: s s s # s s % %
.PARAM TAMB= 300 ; Ambient Temperature
.PARAM NDIS= 25 ;Number of Distributions

*CALCULATED PARAMETERS s % s % s % %

.PARAM LE = {L/NDIS} ; Length per Distribution

.PARAM SE = {NxS} ; Device Seebeck

.PARAM R = {NxLE+ER/A} ; Electrical Resistance per Distribution
.PARAM K = {N«TK+A/LE} ; Thermal Conductance per Distribution
.PARAM Rth = {1/K} ; Thermal Resistance per Distribution

.PARAM Cth = {N*xCP+«DENxA*LE} ;Thermal Capacitance per Distribution

*INPUT /MEASURING NODES # # # # % % % %
* Thermal (nodes 1-27)

IC 010 ;Cold side heat absorbed (QC = 0)

VCmeas 1 2 DC 0 ; Measuring QC

VH 27 0 DC {TAMB} ;Hot side temperature (TH=Tamb from heat sink)
x Electrical (nodes 28-53)

Vcool 28 0 AC 10m ;AC signal with 10mV amplitude

VEmeas 28 29 0 ; Measuring the electrical current

$THE CTRCUIT sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk
BQPC 2 0 I={I(VEmeas)*SE«V(1)} ; Peltier Cooling

X1 2 3 29 30 TEELEMENT
X2 3 4 30 31 TEELEMENT
X3 4 5 31 32 TEELEMENT
X4 5 6 32 33 TEELEMENT
X5 6 7 33 34 TEELEMENT
X6 7 8 34 35 TEELEMENT
X7 8 9 35 36 TEELEMENT
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[V/K]
W/mK]
[Ohms/m]
[J/kgK]
[kg/m" 3]

[m” 2]

(K]

[V/K]
[Ohms]
[W/K]
[K/W]
[J/K]



X8 9 10 36 37 TEELEMENT
X9 10 11 37 38 TEELEMENT
X10 11 12 38 39 TEELEMENT
X11 12 13 39 40 TEELEMENT
X12 13 14 40 41 TEELEMENT
X13 14 15 41 42 TEELEMENT
X14 15 16 42 43 TEELEMENT
X15 16 17 43 44 TEELEMENT
X16 17 18 44 45 TEELEMENT
X17 18 19 45 46 TEELEMENT
X18 19 20 46 47 TEELEMENT
X19 20 21 47 48 TEELEMENT
X20 21 22 48 49 TEELEMENT
X21 22 23 49 50 TEELEMENT
X22 23 24 50 51 TEELEMENT
X23 24 25 51 52 TEELEMENT
X24 25 26 52 53 TEELEMENT
X25 26 27 53 0 TEELEMENT
BQPH 0 27 I={I(VEmeas)*SExV(27)}

*THERMOELECTRIC SUBCIRCUIT s s %

*+ These nodes define the X elements
.SUBCKT TEELEMENT 35 37 39 42

CPC 35 0 {Cth/6}

RCth 35 36 {.5/K}

BQJ 0 36 I={I(VESCmeas)xI(VESCmeas)=*R}
CJ 36 0 {2xCth/3}

RHth 36 37 {.5/K}

CPH 37 0 {Cth/6}

VESCmeas 39 40 0

RE 40 41 {R}

BS 41 42 V={SE*V(37,35)}

.ENDS

*ANALYSIS AND RESULTS s s s st stk k5 3 ¢
.AC DEC 500 1lu IMEG

.OP

.PRINT AC I(VEmeas) V(29)

.END

; Peltier Heating

;Cold side Peltier Capacitance
;Cold side thermal resistance
; Joule Heating

;Joule Heating Capacitance
;Hot side thermal resistance
;Hot side Peltier capacitance
; Measuring current through the
; Subsection resistance

; Seebeck Voltage

subsection
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B.8 AC Small Signal of a 245 Leg TEM

ok ok ok ok ok ok ok ok ok ok ok ok ok ok K ok ok ok ok ok ok ok Kok kK
+*THERMOELECTRIC SPICE CIRCUIT xx%
sxkkx Written 09—Jan —2015 sk

>k >k 3k 3k 3k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ok k k ok ok ok ok

*MATERIAL PARAMETERS: s s s * s s s * % %

.PARAM S = 0.0002 ; Seebeck Coefficient [V/K]
.PARAM TK = 1.5 ; Thermal Conductivity W/mXK]
.PARAM ER = 9.62e—06 ; Electrical Resistivity [Ohms/m]
.PARAM CP = 0.158 ; Specific Heat [J/kg—XK]
.PARAM DEN = 7.7e+06 ; Density [kg/m" 3]

*DEVICE PARAMETERS* * s s s s % s s s * % %

.PARAM L = 0.0015 ; Device Length [m]
.PARAM A = le—06 ; Device Area [m"2]
.PARAM N = 254 ;Number of Thermoelements

*SIMULATION PARAMETERS: s s # s s #
.PARAM TAMB= 300 ;Ambient Temperature K]
.PARAM NDIS= 25 ;Number of Distributions

*CALCULATED PARAMETERS* * % % % % % % %

.PARAM LE = {L/NDIS} ;Length per Distribution [m]

.PARAM SE = {NxS} ; Device Seebeck [V/K]
.PARAM R = {N«LE«ER/A} ;Electrical Resistance per Distribution [Ohms]
.PARAM K = {N«TK«A/LE} ; Thermal Conductance per Distribution [W/K]
.PARAM Rth = {1/K} ; Thermal Resistance per Distribution [K/W]
.PARAM Cth = {N*xCP+«DEN%A%LE} ;Thermal Capacitance per Distribution [J/K]

*INPUT /MEASURING NODES s s s # k5
* Thermal (nodes 1-27)

IC010 ;Cold side heat absorbed (QC = 0)

VCmeas 1 2 DC 0 ; Measuring QC

VH 27 0 DC {TAMB} ;Hot side temperature (TH=Tamb from heat sink)
* Electrical (nodes 28-53)

Vcool 28 0 AC 10m ;AC signal with 10mV amplitude

VEmeas 28 29 0 ; Measuring the electrical current

FTHE CTRCUTT s s sk sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok

BQPC 2 0 I={I(VEmeas)*SE*V (1)} ; Peltier Cooling
X1 2 3 29 30 TEELEMENT

X2 3 4 30 31 TEELEMENT



X3 4 5 31 32 TEELEMENT
X4 5 6 32 33 TEELEMENT
X5 6 7 33 34 TEELEMENT
X6 7 8 34 35 TEELEMENT
X7 8 9 35 36 TEELEMENT
X8 9 10 36 37 TEELEMENT

X9 10 11 37 38 TEELEMENT
X10 11 12 38 39 TEELEMENT
X11 12 13 39 40 TEELEMENT
X12 13 14 40 41 TEELEMENT
X13 14 15 41 42 TEELEMENT
X14 15 16 42 43 TEELEMENT
X15 16 17 43 44 TEELEMENT
X16 17 18 44 45 TEELEMENT
X17 18 19 45 46 TEELEMENT
X18 19 20 46 47 TEELEMENT
X19 20 21 47 48 TEELEMENT
X20 21 22 48 49 TEELEMENT
X21 22 23 49 50 TEELEMENT
X22 23 24 50 51 TEELEMENT
X23 24 25 51 52 TEELEMENT
X24 25 26 52 53 TEELEMENT
X25 26 27 53 0 TEELEMENT
BQPH 0 27 I={I(VEmeas)*SExV(27)}

*THERMOELECTRIC SUBCIRCUIT s s % %

%+ These nodes define the X elements

.SUBCKT TEELEMENT 35 37 39 42
CPC 35 0 {Cth/6}
RCth 35 36 {.5/K}

BQJ 0 36 I={I(VESCmeas)x*I(VESCmeas)*R}

CJ 36 0 {2xCth/3}

RHth 36 37 {.5/K}

CPH 37 0 {Cth/6}
VESCmeas 39 40 0

RE 40 41 {R}

BS 41 42 V={SE*V(37,35)}
.ENDS

* ANALYSIS AND RESULTS % s s s % s s % % %
.AC DEC 500 1lu IMEG

.Op

.PRINT AC I(VEmeas) V(29)

.END

; Peltier Heating

;Cold side Peltier Capacitance
;Cold side thermal resistance
; Joule Heating

; Joule Heating Capacitance
;Hot side thermal resistance
;Hot side Peltier capacitance
; Measuring current through the
; Subsection resistance

; Seebeck Voltage

subsection
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C. SI SENTAURUS SIMULATION FILES

This appendix includes necessary for simulations used in Chapter 5. The first four
files are used in the Sentaurus simulations, while the last three files are netlists used

by XYCE for the equivalent circuit simulations.

C.1 Sentaurus Structure Editor Command File

(sde:clear)

; Creating rectangular regions
(sdegeo:create—rectangle (position 0 0 0) (position 5000 1000 0)

” Silicon” ”Channel”)

; Contact definitions
(sdegeo:define—contact—set ”Cold” 4.0 (color:rgh 1.0 1.0 0.0 ) "## )
(sdegeo:define—contact—set "Hot” 4.0 (color:rgh 1.0 0.0 0.0 ) ”||” )

; Contact assignments

(sdegeo:set—current—contact—set ”Cold”)

(sdegeo:define —2d—contact (find—edge—id (position 0 500 0) )
(sdegeo:get—current—contact—set))

(sdegeo:set—current—contact—set ”Hot”)

(sdegeo:define —2d—contact (find—edge—id (position 5000 500 0) )

(sdegeo:get—current—contact—set))

; Constant doping profile definions
(sdedr:define—constant—profile ”Const.Bulk” ”BoronActiveConcentration” 1el9)

(sdedr:define—constant—profile —region ”PlaceCD.Bulk” ”Const.Bulk” ”Channel”)

; Meshing strategies
(sdedr:define—refinement—window ”RefWin.Channel” ” Rectangle”
(position 0 0 0) (position 5000 1000 0))
(sdedr:define—refinement—size ”RefDef.Channel” 100 1000 50 500)
(sdedr:define—refinement —placement ”RefPlace.Channel” ”RefDef.Channel” ”RefWin.Channel”)

; Meshing structure



108

(sde:build —mesh ”snmesh” ”” ”n@node@”)



C.2 Sentaurus Device Command File

File{
Grid = 7 Qtdr@”
Plot = ”@Qtdrdat@”
Current = ”@plot@”
Output = ”@log@”
Parameter = ”@parameter@”
* PMI path

PMIPath = ” /home/min/a/conradl14 /RESEARCH/Sentaurus/TE_Si_All/sentaurus_seebeck”

Device ”Thermoelement” {
Electrode{
{ name="Cold” Voltage=(0.0 at O,
0.081 at 0.001, 0.081 at 0.1, 0.081
0.2025 at 5.0001, 0.2025 at 5.0002,
0.081 at 5.0272) DistResist=100 }
{ name="Hot” Voltage=0 DistResist=100 }

}

Thermode{
{ name="Cold” Temperature=300 Power=0 }
{ name="Hot” Temperature=300 }

}

Physics (Electrode="Cold”) {
MSPeltierHeat

Physics (Electrode="Hot”) {
MSPeltierHeat

Physics (Material="Silicon”) {

}
}

* End Device Declaration

System {
Vsource_pset dc.V (enodel 0) {dc = 0.01}
”? Thermoelement” leg (”Cold”=enodel ”Hot”=0)

Plot 7 circuitplot” (v(enodel) i(enodel leg))

at b5,
0.2025 at 5.0271,
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Plot{

+——Electrcal Information

TotalCurrent/Vector eCurrent/Vector hCurrent/Vector

TotalCurrentDensity eCurrentDensity hCurrentDensity

#s——Thermal Information

Temperature
1HeatFlux
PeltierHeat

eJouleHeat

hJouleHeat

ThomsonHeat

RecombinationHeat

+*——NewPlots
ElectricField

Potential

eCurrent hCurrent

eDensity hDensity
eHeatFlux hHeatFlux
eMobility hMobility

eQuasiFermiEnergy hQuasiFermiEnergy

eQuasiFermi hQuasiFermi

eThermoelectricPower hThermoelectricPower

LatticeTemperature

ThermalConductivity

Current

TotalHeat

LatticeHeatCapacity

Physics{

Math{

AreaFactor=1000

Mobility (ConstantMobility)
EffectivelntrinsicDensity (NoBandGapNarrowing)
Thermodynamic

* PMI

TEPower (pmi._seebeck)

Extrapolate
Derivatives
RelErrControl
Digits= 6
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Iterations= 500

Method= Blocked

RhsMin = le—15

ExtendedPrecision

ACMethod=Blocked ACSubMethod=Super
SubMethod= Super xwas ParDiSo
Spice_Temperature = 300

Solve {
*Building initial Solution
Poisson
Coupled {Poisson Electron Hole}
Coupled {Poisson Electron Hole Temperature}

*Solving DC Voltage Sweep,sweeps the voltage at the node,

Quasistationary (
Goal {Node="enodel” Voltage=0.2}
Minstep = le—5 Maxstep = le—2)

{

Coupled {Poisson Electron Hole Temperature}

Plot ( FilePrefix = ”Outputs/DCSweep/dc”
Time = (Range = (0 1) Intervals =200) NoOverwrite)

}

*Solving AC, no plots saved as extraction_ac_des.plt

ACCoupled (StartFrequency = le—6 EndFrequency = 1le6

NumberOfPoints= 500 Decade
Node (” enodel”)

Exclude (dc_V)

)

{Poisson Electron Hole Temperature}

*Solving Voltage Pulse

Transient (
InitialTime = 0.5 FinalTime = 7
MinStep = 0.1e—10 Maxstep = 1)

{Coupled {Poisson Electron Hole Temperature}

Plot( FilePrefix = ”?Outputs/VoltagePulse/pulse”

Time = (range = (0.50 4.90) intervals
range = (4.99 5.09) intervals
range = (5.09 7.00) intervals

NoOverwrite)

44,
200;
191)

not the contact
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C.3 Sentaurus Modified Parameter File

The parameter file is very large, so only the parts that have been modified are

included in this section.

sk 3k >k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk >k sk sk sk sk sk sk sk sk sk sk sk >k sk sk sk sk sk sk sk >k sk sk sk >k sk sk sk >k sk sk sk sk ok ok sk ok
* Model Parameters: *

ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok o ok ok ok ok ok sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ko ok ok ok ok ok ok ok ok ok ok ok kK K ok ok
stk ok sk ok sk ok sk ok Rk ok kR kR kR sk ok kokokokokok ok Lattice Heat Capacity @ sk ok ko skok skok skok skok sk ok sk ok sk ok sk ok ok ok ok
ok ok ok ok ok K K ok ok ok ok K oK ok ok ok ok K ok ok ok ok ok o K ok ok ok ok ko ok ok ok ok ok K oK ok ok ok ok K oK ok ok ok ok K ok ok ok ok kK oK ok ok ok ok o oK ok ok ok ok Rk K kK

LatticeHeatCapacity

{ * lumped electron—hole—lattice heat capacity

#* cv() =cv + ¢cveb x« T 4+ cvee x T"2 + cvod * T"3

cv =1.63 # [J/(K cm"3)]

cv.b = 0.0000e+00  # [J/(K'2 cm”3)]
cvee = 0.0000e+00  # [J/(K'3 em"3)]
cv.d = 0.0000e+00  # [J/(K'4 em”3)]

stk ok sk ok sk ok sk ok ok ok ok ko k ok kR kR kR skokskokkk - Thermal Conductivity @ sk ko ko skok skok skok skok sk ok sk sk sk ok s ok ok ok ok

EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEESES]

Kappa

{ * Lattice thermal conductivity

+« kappa(Si) =1 / ( Si-a + Si-b * T 4+ Si_c = T"2 )

Si_a = 0.03 # [K cm/W]
Si_b = 1.5600e—03 # [cm/W]
Sic = 1.6500e—06  # [cm/(W K)]
Formula = 1
* Formula = 0:
* kappa() =1 / ( 1/kappa + 1/kappa_b * T + 1/kappa_c * T2 )

1/kappa = 0.03 # [K cm/W]
1/kappa-b 1.5600e—03 # [cm/W)
1.6500e—06  # [cm/(W K)]

1/kappa_c

* Formula 1:

+ kappa() = kappa + kappa.b x T + kappa_c * T 2
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kappa = 1.5 # [W/(K cm)]
kappa_b = 0.0000e+00 # W/ (K"2 cm)]
kappa_c = 0.0000e+00 # [W/(K"3 cm)]

ok ok ko ok kR kKR kokoRkokoR sk okokokokokokokkok ok MODI1ity  Models 1 skt sk sk sk sk skosk ok skoskok sk ok skok ok sk ok ok ok o oKk koK

* mu-lowfield "(—1) = mu-dop (mu-max)*(—1) + mu-Enorm”(—1) + mu_-cc”(—1) *

* Variable = electron value |, hole value # [units] *

LEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE T

ConstantMobility :

{ * mu_const = mumax (T/T0)"(—Exponent)

mumax = 1.4170e+4+03 , 4.7050e+02 # [em”2/(Vs)]
Exponent =0 , 0 # [1]
mutunnel = 0.05 , 0.05 # [em”2/(Vs)]
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C.4 Constant Seebeck Coefficient PMI

/% Copyright (C) 2018, Purdue University

* Thermoelectric Power calculation routine

* Written by Xufeng Wang (wangl159@purdue. edu)

* This package is free software; you can redistribute it and/or modify
% 4t under the terms of the GNU General Public License as published by
* the Free Software Foundation; either wversion 2 of the License, or

* (at your option) any later wversion.

* This package is distributed in the hope that it will be useful,
* but WITHOUT ANY WARRANTY; without even the implied warranty of
* MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the

* GNU General Public License for more details.

* You should have received a copy of the GNU General Public License
* along with this program; if not, write to the Free Software

* Foundation, Inc., 59 Temple Place, Suite 330, Boston, MA 02111—1307 USA
*/

#include <stdlib .h>

#include <iostream>
#include <fstream>
#include <string>
#include <iterator>
#include <sstream>
#include <vector>

#include "PMI.h”

using namespace std;

double const_power;

// implementation of Thermoelectric power calculation wusing the PMI interface

class PMI_Constant_TEPower : public PMI_ThermoElectricPower {

public:
PMI_Constant_-TEPower (const PMI_Environment& env, bool is_electron);
virtual “PMI_Constant_TEPower ();



115

virtual void Compute_power (
const double t, // lattice temperature
const double dens,// carrier density

double& power); // thermoelectric power

virtual void Compute_dpowerdt (
const double t, // lattice temperature
const double dens,// carrier density
double& dpowerdt);// derivative of thermoelectric power

// with respect to lattice temperature

virtual void Compute_dpowerddens (
const double t, // lattice temperature
const double dens,// carrier density
double& dpowerddens); // derivative of thermoelectric power

// with respect to carrier density
};
PMI_Constant_TEPower ::
PMI_Constant_-TEPower (const PMI_Environment& env, bool is_electron)

PMI_ThermoElectricPower (env)

if (is_electron) {

const_power = this—>InitParameter(”s_e”, —.000270);
} else {
const_power = this—>InitParameter(”s-h”, .000270);

PMI_Constant_TEPower ::
"PMI_Constant_TEPower ()

{
}

void PMI_Constant_TEPower ::

Compute_power (const double t, const double dens, double& power)

{

power = const_power;

void PMI_Constant_TEPower ::
Compute_dpowerdt (const double t, const double dens, double& dpowerdt)

{
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dpowerdt = 0;

void PMI_Constant_TEPower ::
Compute_dpowerddens (const double t, const double dens, double& dpowerddens)

{

dpowerddens = 0;

extern 7C”
PMI_ThermoElectricPower* new_PMI_h_ThermoElectricPower
(const PMI_Environment& env)

{

return new PMI_Constant-.TEPower (env, false );

extern 7C”
PMI_ThermoElectricPower* new_PMI_e_ThermoElectricPower
(const PMI_Environment& env)

{

return new PMI_Constant-TEPower (env, true);



C.5 DC Si Equivalent Circuit Netlist

*MATERIAL PARAMETERS: * s s s s s s %

117

.PARAM S = 0.00027 ; Seebeck Coefficient [V/K]
.PARAM TK = 150 ; Thermal Conductivity [W/mK]
.PARAM ER = 1.32657e—05 ;Electrical Resistivity [Ohms/m]
.PARAM CP = 0.163 ; Specific Heat [J/kg—XK]
.PARAM DEN = le+07 ; Density [kg/m" 3]
*DEVICE PARAMETERS  # s s s s s sk sk sk s %

.PARAM L = 0.005 ; Device Length [m]
.PARAM A = le—06 ;Device Area [m" 2]
.PARAM N = 1 ; Number of Thermoelements

*SIMULATION PARAMETERS: s s s s s s s

.PARAM TAMB= 300 ; Ambient Temperature K]
.PARAM NDIS= 10 ;Number of Distributions

*CALCULATED PARAMETERS s s # s s s %

.PARAM LE = {L/NDIS} ;Length per Distribution [m]
.PARAM SE = {NxS} ; Device Seebeck [V/K]
.PARAM R = {NxLE+ER/A} ; Electrical Resistance per Distribution [Ohms]
.PARAM K = {N«TK+A/LE} ; Thermal Conductance per Distribution [W/K]
.PARAM Rth = {1/K} ; Thermal Resistance per Distribution [K/W]
.PARAM Cth = {N*xCP+«DENxA*LE} ;Thermal Capacitance per Distribution [J/K]
*INPUT /MEASURING NODES # # # # % % % %

* Thermal (nodes 1-12)

IC 010 ;Cold side heat absorbed (QC = 0)

VCmeas 1 2 DC 0 ; Measuring QC

VH 12 0 DC {TAMB} ;Hot side temperature (TH=Tamb from heat sink)

x Electrical (nodes 13-—23)

Vcool 13 0 DC 10 ; Voltage Source to force cooling (will be swept)

VEmeas 13 14 0 ; Measuring the electrical current

$THE CTRCUIT sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk
BQPC 2 0 I={I(VEmeas)*SE«V(1)} ; Peltier Cooling

X1 2 3 14 15 TEELEMENT
X2 3 4 15 16 TEELEMENT
X3 4 5 16 17 TEELEMENT
X4 5 6 17 18 TEELEMENT
X5 6 7 18 19 TEELEMENT
X6 7 8 19 20 TEELEMENT
X7 8 9 20 21 TEELEMENT



X8 9 10 21 22 TEELEMENT
X9 10 11 22 23 TEELEMENT
X10 11 12 23 0 TEELEMENT
BQPH 0 12 I={I(VEmeas)*SE+V(12)}

*THERMOELECTRIC SUBCIRCUIT s s # %

* These nodes define the X elements
.SUBCKT TEELEMENT 20 22 24 27

CPC 20 0 {Cth/6}

RCth 20 21 {.5/K}

BQJ 0 21 I={I(VESCmeas)*I(VESCmeas)=*R}
CJ 21 0 {2xCth/3}

RHth 21 22 {.5/K}

CPH 22 0 {Cth/6}

VESCmeas 24 25 0

RE 25 26 {R}

BS 26 27 V={SExV(22,20)}

.ENDS

*ANALYSIS AND RESULTS # s st st sk s sk sk ok
.DC Vcool 0 .5 .001

.OP

.PRINT DC I(VEmeas) V(1)

.END

; Peltier Heating

;Cold side Peltier Capacitance
;Cold side thermal resistance
; Joule Heating

; Joule Heating Capacitance
;Hot side thermal resistance
;Hot side Peltier capacitance
; Measuring current through the
; Subsection resistance

; Seebeck Voltage

subsection
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C.6 Pulsed Cooling Si Equivalent Circuit Netlist

*MATERIAL PARAMETERS: * s s s s s s %

.PARAM S = 0.00027 ; Seebeck Coefficient [V/K]

.PARAM TK = 150 ; Thermal Conductivity [W/mK]
.PARAM ER = 1.32657e—05 ;Electrical Resistivity [Ohms/m]
.PARAM CP = 0.163 ; Specific Heat [J/kg—XK]
.PARAM DEN = le+07 ; Density [kg/m" 3]

*DEVICE PARAMETERS s s s s % s s % s % % %

.PARAM L = 0.005 ; Device Length [m]
.PARAM A = le—06 ;Device Area [m" 2]
.PARAM N = 1 ; Number of Thermoelements

*SIMULATION PARAMETERS: s s % s s % %

.PARAM TAMB= 300 ; Ambient Temperature K]
.PARAM 10 = 0.081 ;The Initial current for a transient pulse [A]
.PARAM IP = 0.2025 ;The Pulsed current for a transient pulse [A]
.PARAM PW = 0.027 ;The width of the current pulse [s]
.PARAM NDIS= 50 ;Number of Distributions

*CALCULATED PARAMETERS: s s s # s s % %

.PARAM LE = {L/NDIS} ;Length per Distribution [m]

.PARAM SE = {NxS} ; Device Seebeck [V/K]
.PARAM R = {N«LE«ER/A} ;Electrical Resistance per Distribution [Ohms]
.PARAM K = {N«TK+A/LE} ; Thermal Conductance per Distribution [W/K]
.PARAM Rth = {1/K} ; Thermal Resistance per Distribution [K/W]
.PARAM Cth = {NxCP+DEN%A%LE} ;Thermal Capacitance per Distribution [J/K]

*INPUT /MEASURING NODES # # # # # % % %
* Thermal (nodes 1-52)

IC 010 ;Cold side heat absorbed (QC = 0)
VCmeas 1 2 DC 0 ; Measuring QC
VH 52 0 DC {TAMB} ;Hot side temperature (TH=Tamb from heat sink)

* Electrical (nodes 53—103)
Vcool 53 0 PULSE({IO} {IP} 5 1lus lus {PW} 100) ;Pulsed current source

VEmeas 53 54 0 ; Measuring the electrical current

K THE  CTRCUTT s sk sk sk ok sk ok skook sk ok sk ok ok ok ok ok ok

BQPC 2 0 I={I(VEmeas)*SExV (1)} ; Peltier Cooling
X1 2 3 54 55 TEELEMENT

X2 3 4 55 56 TEELEMENT

X3 4 5 56 57 TEELEMENT

X4 5 6 57 58 TEELEMENT
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X5 6 7 58 59 TEELEMENT
X6 7 8 59 60 TEELEMENT
X7 8 9 60 61 TEELEMENT
X8 9 10 61 62 TEELEMENT
X9 10 11 62 63 TEELEMENT
X10 11 12 63 64 TEELEMENT
X11 12 13 64 65 TEELEMENT
X12 13 14 65 66 TEELEMENT
X13 14 15 66 67 TEELEMENT
X14 15 16 67 68 TEELEMENT
X15 16 17 68 69 TEELEMENT
X16 17 18 69 70 TEELEMENT
X17 18 19 70 71 TEELEMENT
X18 19 20 71 72 TEELEMENT
X19 20 21 72 73 TEELEMENT
X20 21 22 73 74 TEELEMENT
X21 22 23 74 75 TEELEMENT
X22 23 24 75 76 TEELEMENT
X23 24 25 76 77 TEELEMENT
X24 25 26 77 78 TEELEMENT
X25 26 27 78 79 TEELEMENT
X26 27 28 79 80 TEELEMENT
X27 28 29 80 81 TEELEMENT
X28 29 30 81 82 TEELEMENT
X29 30 31 82 83 TEELEMENT
X30 31 32 83 84 TEELEMENT
X31 32 33 84 85 TEELEMENT
X32 33 34 85 86 TEELEMENT
X33 34 35 86 87 TEELEMENT
X34 35 36 87 88 TEELEMENT
X35 36 37 88 89 TEELEMENT
X36 37 38 89 90 TEELEMENT
X37 38 39 90 91 TEELEMENT
X38 39 40 91 92 TEELEMENT
X39 40 41 92 93 TEELEMENT
X40 41 42 93 94 TEELEMENT
X41 42 43 94 95 TEELEMENT
X42 43 44 95 96 TEELEMENT
X43 44 45 96 97 TEELEMENT
X44 45 46 97 98 TEELEMENT
X45 46 47 98 99 TEELEMENT
X46 47 48 99 100 TEELEMENT
X47 48 49 100 101 TEELEMENT
X48 49 50 101 102 TEELEMENT



X49 50 51 102 103 TEELEMENT
X50 51 52 103 0 TEELEMENT
BQPH 0 52 I={I(VEmeas)*SExV(52)}

*THERMOELECTRIC SUBCIRCUIT s s s s 5

* These nodes define the X elements
.SUBCKT TEELEMENT 60 62 64 67

CPC 60 0 {Cth/6}

RCth 60 61 {.5/K}

BQJ 0 61 I={I(VESCmeas)x*I(VESCmeas)=*R}
CJ 61 0 {2+Cth/3}

RHth 61 62 {.5/K}

CPH 62 0 {Cth/6}

VESCmeas 64 65 0

RE 65 66 {R}

BS 66 67 V={SExV(62,60)}

.ENDS

*ANALYSIS AND RESULTS s sk s sk sk sk ok sk sk
. TRAN 0.01 6 4s 0.0001s

.OP

.PRINT TRAN V(1)

.END

; Peltier Heating

;Cold side Peltier Capacitance
;Cold side thermal resistance
;Joule Heating

;Joule Heating Capacitance
;Hot side thermal resistance
;Hot side Peltier capacitance
; Measuring current through the
;Subsection resistance

; Seebeck Voltage

subsection
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C.7 AC Small Signal Si Equivalent Circuit Netlist

*MATERIAL PARAMETERS: * s s s s s s %

.PARAM S = 0.00027 ;Seebeck Coefficient
.PARAM TK = 150 ; Thermal Conductivity
.PARAM ER = 1.32657e—05 ; Electrical Resistivity
.PARAM CP = 0.163 ; Specific Heat

.PARAM DEN = le+07 ; Density

*DEVICE PARAMETERS s s s s % s s % s % % %

.PARAM L = 0.005 ;Device Length
.PARAM A = le—06 ;Device Area
.PARAM N = 1 ; Number of Thermoelements

*SIMULATION PARAMETERS: s s s # s s % %
.PARAM TAMB= 300 ; Ambient Temperature
.PARAM NDIS= 50 ;Number of Distributions

*CALCULATED PARAMETERS s % s % s % %

.PARAM LE = {L/NDIS} ; Length per Distribution

.PARAM SE = {NxS} ; Device Seebeck

.PARAM R = {NxLE+ER/A} ; Electrical Resistance per Distribution
.PARAM K = {N«TK+A/LE} ; Thermal Conductance per Distribution
.PARAM Rth = {1/K} ; Thermal Resistance per Distribution

.PARAM Cth = {N*xCP+«DENxA*LE} ;Thermal Capacitance per Distribution

*INPUT /MEASURING NODES # # # # % % % %
* Thermal (nodes 1-52)

IC 010 ;Cold side heat absorbed (QC = 0)

VCmeas 1 2 DC 0 ; Measuring QC

VH 52 0 DC {TAMB} ;Hot side temperature (TH=Tamb from heat sink)
x Electrical (nodes 53—103)

Vcool 53 0 AC 10m ;AC signal with 10mV amplitude

VEmeas 53 54 0 ; Measuring the electrical current

$THE CTRCUIT sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk
BQPC 2 0 I={I(VEmeas)*SE«V(1)} ; Peltier Cooling

X1 2 3 54 55 TEELEMENT
X2 3 4 55 56 TEELEMENT
X3 4 5 56 57 TEELEMENT
X4 5 6 57 58 TEELEMENT
X5 6 7 58 59 TEELEMENT
X6 7 8 59 60 TEELEMENT
X7 8 9 60 61 TEELEMENT
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X8 9 10 61 62 TEELEMENT

X9 10 11 62 63 TEELEMENT
X10 11 12 63 64 TEELEMENT
X11 12 13 64 65 TEELEMENT
X12 13 14 65 66 TEELEMENT
X13 14 15 66 67 TEELEMENT
X14 15 16 67 68 TEELEMENT
X15 16 17 68 69 TEELEMENT
X16 17 18 69 70 TEELEMENT
X17 18 19 70 71 TEELEMENT
X18 19 20 71 72 TEELEMENT
X19 20 21 72 73 TEELEMENT
X20 21 22 73 74 TEELEMENT
X21 22 23 74 75 TEELEMENT
X22 23 24 75 76 TEELEMENT
X23 24 25 76 77 TEELEMENT
X24 25 26 77 78 TEELEMENT
X25 26 27 78 79 TEELEMENT
X26 27 28 79 80 TEELEMENT
X27 28 29 80 81 TEELEMENT
X28 29 30 81 82 TEELEMENT
X29 30 31 82 83 TEELEMENT
X30 31 32 83 84 TEELEMENT
X31 32 33 84 85 TEELEMENT
X32 33 34 85 86 TEELEMENT
X33 34 35 86 87 TEELEMENT
X34 35 36 87 88 TEELEMENT
X35 36 37 88 89 TEELEMENT
X36 37 38 89 90 TEELEMENT
X37 38 39 90 91 TEELEMENT
X38 39 40 91 92 TEELEMENT
X39 40 41 92 93 TEELEMENT
X40 41 42 93 94 TEELEMENT
X41 42 43 94 95 TEELEMENT
X42 43 44 95 96 TEELEMENT
X43 44 45 96 97 TEELEMENT
X44 45 46 97 98 TEELEMENT
X45 46 47 98 99 TEELEMENT
X46 47 48 99 100 TEELEMENT
X47 48 49 100 101 TEELEMENT
X48 49 50 101 102 TEELEMENT
X49 50 51 102 103 TEELEMENT
X50 51 52 103 0 TEELEMENT
BQPH 0 52 I={I(VEmeas)*SExV(52)} ; Peltier Heating



+*THERMOELECTRIC SUBCIRCUIT % * %

* These nodes define the X elements

.SUBCKT TEELEMENT 60 62 64 67
CPC 60 0 {Cth/6}
RCth 60 61 {.5/K}

BQJ 0 61 I={I(VESCmeas)*I(VESCmeas)=*R}

CJ 61 0 {2xCth/3}

RHth 61 62 {.5/K}

CPH 62 0 {Cth/6}
VESCmeas 64 65 0

RE 65 66 {R}

BS 66 67 V={SExV(62,60)}
.ENDS

*ANALYSIS AND RESULTS s sk sk sk s sk sk ok
.AC DEC 500 1lu IMEG

.OP

.PRINT AC I(VEmeas) V(54)

.END

;Cold side Peltier Capacitance
;Cold side thermal resistance
; Joule Heating

;Joule Heating Capacitance
;Hot side thermal resistance
;Hot side Peltier capacitance
; Measuring current through the
; Subsection resistance

; Seebeck Voltage

subsection
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