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1 Elastic Scattering Mechanisms

(A) lonized Impurities scattering

(lonized donors/acceptors, substitutional impurities, charged
surface states, etc.)

* The potential due to a single ionized impurity with net charge
Ze Is:

Ze* .
Vo(r)=-"—"— mks units
ATt
 In the one electron picture, the actual potential seen by

electrons is screened by the other electrons in the system.
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Screening

What is Screening?

Ap - Debye screening length

Example:

screening
1
r

3D:

Ways of treating screening:

 Thomas-Fermi Method
static potentials + slowly varying in space

 Mean-Field Approximation (Random Phase Approximation)
time-dependent and not slowly varying in space
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« Considering the induced charge caused by the change in the
electron gas by the impurity, the net potential seen is

_V%i(a)
£(q, w)

In the above expression, g is the wavevector associated with
Fourier transforming the potential (and Poisson’s equation),
V.(q) Is the total potential seen by an electron due to an
Impurity, and £(q,w) is the dielectric function characterizing the
polarization of the electron gas to the impurity potential.

Dielectric Function

v, (a)

* In linear response theory, this may be calculated in the random
phase approximation (RPA) to give the Lindhard dielectric

function 5
f.\E -f.(E
8(q,oo):1—lim e 22 O( k+q) O( k).
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Thomas-Fermi Approximation

o Assuming low frequencies, and assuming long wavelengths, the

Thomas-Fermi function is obtained to be of the form:
2

. A
Q!’Lr[loe(q,w) ~1+¥

where the inverse screening length A? is given as (3D):

, e’n 3e’n

N = high temperature; A° = T =0K

3 2 E.

sc''B

In here, n is the carrier density and E. is the Fermi energy.

e Assuming the Fermi Thomas form, inverse Fourier transforming
gives the form of the screened potential in real space as:

_ ZC]Z e—)\r
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Overlap Integral

* For the scattering rate due to impurities, we need for Fermi’'s
rule the matrix element between initial and final Bloch states

(N, k' (r)n.k) =V 7 drug eV (ru, e

Since the u’s have periodicity of lattice, expand in reciprical
space

=3V dre™ WV (r)e""e " 0 (G)
G y o * |
=YV dre ™ WV, (r)e*"e ™" [driu, o (ru,  (r')e"”
G Q

« For impurity scattering, the matrix element has a 1/q type
dependence which usually means G#0 terms are small

=V *dre™ ", (r)eikmgfzdrlu:v,k' (F ) (r') =V, (Q)lkkj
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 The usual argument is that since the u’s are normalized within a
unit cell (i.e. equal to 1), the Bloch overlap integral I, is
approximately 1 for n=n [interband(valley)]. Therefore, for
Impurity scattering, the matrix element for scattering is
approximately

(k'V, (r)\k>\2 =V, (OI)‘2 U

where the scattered wavevector is: ( = K — k

* This is the scattering rate for a single impurity. If we assume that
there are N, impurities in the whole crystal, and that scattering is
completely uncorrelated between impurities:

NZ _ nZ
V(q? + X2

ner unit volume .

7 %e
VEgZ+ 222

'V =volume

A D
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* The total scattering rate from k to k' is given from Fermi’s golden
rule as: . Z’mizze‘4
“vnlg? + N2

If 8 is the angle between k and k', then:
g =|k -k’ =k® +k'* - 2kk'cos 0 = 2k *(1- cos ©)

« Comments on the behavior of this scattering mechanism:

- Increases linearly with impurity concentration

- Decreases with increasing energy (k?), favors lower T

- Favors small angle scattering

- lonized Impurity-Dominates at low temperature, or room
temperature in impure samples (highly doped regions)

Coulomb Scattering Rate

eS(Ek' - Ek)

* Integration over all k' gives the total scattering rate I :

. nZ%'m* 4k 2
M, =— ' v =1/
: gme i’k {qé@kz +q§)} do
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Other Elastic Processes

(Al) Neutral Impurities scattering

» This scattering mechanism is due to unionized donors, neutral
defects; short range, point-like potential.

 May be modeled as bound hydrogenic potential.

« Usually not strong unless very high concentrations
(>1x101°%/cm?).

(B) Alloy Disorder Scattering

* This is short-range type of interaction as well.

e It is calculated in the virtual crystal approximation or coherent
potential approximation.

 Limits mobility of ternary and quaternay compounds, particularly
at low temperature.

* The total scattering rate out of state k for this scattering

mechanism is of the form: 2 3/2
ralloy — (BE) (Zm *j E1/2
k 7,2

2T
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(C) Surface Roughness Scattering

Surface Roughness

* This is a short range interaction due to fluctuations of
heterojunction or oxide-semiconductor interface.
 Limits mobility in MOS devices at high effective surface fields.

High-resolution transmission electron micrograph of the
interface between Si and SiO,
(Goodnick et al., Phys. Rev. B 32, pp. 8171, 1985) H
Modeling surface-roughness
R, : >

2.71A scattering potential:

1
Toeleae H'(r,2) = Vo[ -z + A(M)] - Vi, 8[7]

= Vo0(2)A(r)

random function that describes the
deviation from an atomically flat interface




el s Surface-Roughness Continued
online simulations and more
e Extensive experimental studies have led to two commonly used
forms for the autocovariance function.
* The power spectrum of the autocovariance function is found to
be either Gaussian or exponentially correlated.

Comparison of the fourth-order AR spectrum with the
fits arising from the Exponential and Gaussian models
(Goodnick et al., Phys. Rev. B 32, pp. 8171, 1985)
0.8

» SPECTRUM OF HRTEM ROUGHNESS Commonly assumed power spectrums
| A=0.24 nm AR e for the autocovariance function :

Gaussian model

« Gaussian: Se(q) = m&L® exp( 9% j

A
[+ o2 /2)"

* Exponential: Sg(q) =

-1.6 -1.2 -0.8‘-0.4‘ 0 0.4 .0.8 1.2 1.6
Wave vector (A)

* Note that A is the r.m.s of the roughness and ( is the rough-
ness correlation length.
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* The total scattering rate out of state k for surface-roughness
scattering is of the form:

- m*A%e? 1 ke
e = (Ngep +0.5N) : E[

J1+k%? 1+ k%2
where E is a complete elliptic integral, Ny, Is the depletion
charge density and N is the sheet electron density.

e |t is interesting to note that this scattering mechanism leads to
what is known as the universal mobility behavior, used in
mobility models described earlier.

U 4

Increasing substrate doping

- &

=Eff
g

(O'5Ns + I\Idepl )

SC
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The Role of Interface Roughness:

D. Vasileska and D. K. Ferry, "Scaled silicon MOSFET's: Part | -
Universal mobility behavior," IEEE Trans. Electron Devices 44, 577-83
(1997).

Coulomb

2 experimental data
—— uniform
step-like (low-high)
- = retrograde (Gaussian)

Mobility [cm’/V-s]

100 '
10*? 10"
Inversion charge densit/NS [cm'z]

Interface-roughness
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2.2 Inelastic Scattering Mechanisms

Inelastic Scattering Mechanisms

2.2.1 Some general considerations

* The Electron Lattice Hamiltonian is of the following form:
H=H_,+H, + Hep

H, = Electron Hamiltonian; H, = lattice Hamiltonian
He, = Electron —Phonon coupling
— — Alkd
where Hqun’k — En,kan,k W, = e' Up Bloch states
 For the lattice Hamiltonian we have:

H@ =E@ @ = NgNgNe-

2

E = Zhwg (né n l) Second quantized representation, where n is the
0

number of phonons with wave-vector g, mode &.




nanoHUB.org

online simulations and more

Phonons

The Fourier expansion in reciprocal space of the coupled
vibrational motion of the lattice decouples into normal modes
which look like an independent set of Harmonic oscillators with
frequency o,

¢ labels the mode index, acoustic (longitudinal, 2 transverse modes) or
optical (1 longitudinal, 2 transverse)

g labels the wavevector corresponding to traveling wave solutions for
individual components,

* The velocity and the occupancy of a given mode are given by:

:
Vq

né - Bose - Einstein distribution
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IO | .
(1) For acoustic modes, lim vy = % =u®, acoustic velocity.
q-

(2) For optical modes, velocity approaches zero as q goes to zero.
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Room temperature dispersion curves for the acoustic and the optical

branches. Note that phonon energies range between 0 and 60-70 meV.
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 The Electron-Phonon Interaction is categorized as to mode
(acoustic or optical), polarization (transverse or longitudinal), and
mechanism (deformation potential, polar, piezoelectric).

Electron-Phonon Interaction

During scattering processes between electrons and phonon, both
wavevector and energy are conserved to lowest order in the
perturbation theory. This is shown diagramatically in the figures
below.

k'=k —¢
E. =E -7,

E. =E, +ha,
K,E

k'=k +q

Absorption: Emission:
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Deformation Potential Scattering

* For emission, E,. 2 7w, must hold, otherwise it is prohibited by
conservation of energy. Therefore, there is an emission threshold
In energy

« Emission: na =n, +1 Absorption: na =n, -1

2.2.2 Deformation Potential Scattering

Replace H,, with the shift of the band edge energy produced by a
homogeneous strain equal to the local strain at position r resulting
from a lattice mode of wavevector g

(A) Acoustic deformation potential scattering
* Expand E(k) in terms of the strain. For spherical constant energy
surface

E(k)=E°(k)+E,A +9(e?)
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where:

A =0 [U(r) = dilation of volume of unit cell
E, = Deformation potential const.
E,A = Deformation potential

Acoustic Phonons

and u is the displacement operator of the lattice

g

1/2
Z[ " ) éq,a(aq,aeiqu’a;,ae_iqm)

2NMa,

€,: = polarization vector
e Taking the divergence gives factor of e-q of the form:

€,: [ =q for longitudinal modes

&, [ =0 for transverse modes

Therefore, only longitudinal modes contribute.
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 For ellipsoidal valleys (i.e. Si, Ge), shear strains may contribute to
the scattering potential

Scattering Matrix Element

E(k) OE°(K)+E,A+E e,
e,, L glzj [Z; e, is component of the strain tensor

Scattering Matrix Element:

Assuming Wy = u,q, then:

~ thqi(nq +17F 1) (upper absorptionj

2
Vac 2Vpu, lower emission

At sufficient high temperature, (equipartition approximation):
KgT,

ng=n,+1l=
hw

g
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o Substituting and assuming linear dispersion relation, Fermi’s rule
becomes

E‘k“?‘ZhnN ‘5( _Ek$hwq):

Scattering Rate

2TE KT
AVpu/S

e The total scattering rate due to acoustic modes is found by
Integrating over all possible final states k’

c _ 2TEKST, V
M2 = .
nVpu® 8

where the integral over the polar and azimuthal angles just gives
4TL

- 8(E, —E, Fhw,)

(4 )jdk k'25(E,,

* For acoustic modes, the phonon energies are relatively small
since

w, -~ 0asq - 0
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Assumptions Used

e Integrating gives (assuming a parabolic band model)

ac m*kEl2 (kBT )I 2
[ = 3 , G =Py,
TV ™C,
where ¢, is the longitudinal elastic constant. Replacing k, using
parabolic band approximation, finally leads to:

*3/2
rac — \/ém Elz( B )l E1/2
“ h'c
I

« Assumptions made in these derivations:

a) spherical parabolic bands

b) equipartition (not valid at low temperatires)
C) quasi-elastic process (non-dissipative)

d) deformation potential Ansatz
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(B) Optical deformation potential scattering
(Due to symmetry of CB states, forbidden for ['-minimas)

e Assume no dispersion:

w, -~ Wpasq -0

Out of phase motion of basis atoms creates a strain called the
optical strain.

* This takes the form (D, is optical deformation potential field)
Vgo =Do [U(r); Dy =D,®, zeroth order
The matrix element for spherical bands is given by
2
ac - hDO I r
= n,olk—k +q)+([n, +1o(k —k —
Mk [va% { W, ( q) [ W, ]] ( CI}

which is independent of q .
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Scattering Rate

* The total scattering rate is obtained by integrating over all k’ for
both absorption and emission

n,, (E +hay )% +
[ng, +1(E - ney ) *O(E - e,)

where the first term in brackets is the contribution due to
absorption and the second term is that due to emission

. «3/2
* For non-spherical valleys, replace m — mtmﬂ”2

* The non-polar scattering rate is basically proportional to density of
states

Me” 0 p(E * fiop)
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Intervalley Scattering

(C) Intervalley scattering
 May occur between equivalent or nonequivalent sets of valleys

(a)

Fig. 2.12  Constant energy surfaces for (a) silicon and (b) gallium arsenide.

- Intervalley scattering is important in explaining room tempera-
ture mobility in multi-valley semiconductors, and the NDR ob-
served (Gunn effect) in 1lI-V compounds

- Crystal momentum conservation requires that g=Ak where k is
the vector joining the two valley minima
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Intervalley Scattering ...

* Since Ak Is large compared to k, assume &, — Wyand treat the
scattering the same as non-polar optical scattering replacing D,
with D; the intervalley deformation potential field, and
the phonon coupling valleys i and |

o Conservation of energy also requires that the difference in initial
and final valley energy be accounted for, giving

N

. my'°D;’ ;n% [E -2, +nay "> +
P2y |n, +1(E -8, -y 20[E - 2E; ~he,)

where the sum is over all the final valleys, | and

M =

AE; =Eqini ~ Emini
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Polar Semiconductors

2.2.3 Phonon Scattering in Polar Semiconductors

Zinc-blend crystals: one atom has Z>4, other has Z<4.

The small charge transfer leads to an effective dipole which, in
turn, leads to lattice contribution to the dielectric function.

Deformation of the lattice by phonons perturbs the dipole
moment between the atoms, which results in electric field that
scatters carriers.

Polar scattering may be due to:

optical phonons  => polar optical phonon scattering
(very strong scattering mechanism

for compound semiconductors such
as GaAs)

acoustic phonons => piezoelectric scattering |
(important at low temperatures in
very pure semiconductors)
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(A) Polar Optical Phonon Scattering (POP)

Scattering Potential:

Microscopic model is difficult. A simpler approach is to consider the
contribution of this dipole to the polarization of the crystal and its
effect on the high- and low-frequency dielectric constants.

 Consider a diatomic lattice in the long-wavelength limit (k=0), for
which identical atoms are displaced by a same amount.

* For optical modes, the oppositely charged ions in each primitive
cell undergo opposnely directed displacements, which gives rise
to nonvanishing polarization density P.

. ¢

Transverse mode: ? ? ?
O

L o o
Longitudinal mode: O O
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« Associated with this polarization are macroscopic electric field E
and electric displacement D, related by:

D=¢ E+P

I

Here, we have taken into account the contribution
to the dielectric function due to valence electrons

« Assume D, E, P O ek, Then, in the absence of free charge:

0D=ik-D=0 and X E=ikxE=0

| |

KLD or D=0 K||E or E=0
 Longitudinal modes: P|lk => D=0, &(w, o)=0

* Transverse modes: PLK =>E=0, ¢&(wg)=
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* The equations of motion of the two modes (in the k- 0 limit), for
the relative displacement of the two atoms in the unit cell w=u;-
u, are:

Transverse mode: Longitudinal mode:

ou, ou, _bu,

Ul? ? Ul? o Tl?
d w
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 The longitudinal displacement of the two atoms in the unit cell leads
to a polarization dipole:

Polarization Constant

* The existence of a finite polarization dipole modifies the dielec-

tric function: N *2/2\/|\/I
D=g E+P=g E+°

(0/0) (0/0) 2

Wrp — W’

2
5(00):500[1"' 2 > 2) [1"' o - wro)
Wro —W Wro — W’

Polarization > o 1 — 1 j

constant e(0)

E = g(w)E
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* The electric fileld associated with the perturbed dipole moment Is
obtained from the condition that, in the absence of macroscopic
free charge:

OM=ikDd=00HeE,  +P)=0=>D=0 and E, , = -
e Consider only one Fourier component:
Eig = —0b;g =20V(Q) :%DI.quuqu =i2qV(q)

s

e*\/ Zl(a e +a§e“qm)

2M (N [2)W q g

1/2
1 i
[ e A A |

Yy £

(e0]

€(0)
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Scattering Rate Calculation:
e Matrix element squared for this interaction:

1 _ L
Nkk‘ Z\/V(Qo (No"'%"'%)é(k K Fq)

e Transition rate per unit time from state k to state k’:

Scattering Rate ...

211 _
M = ;Nk,k"zé(gk' & T tho)

e 1 _
_VV(Qo qz(No )5(k k+Q)5( _5k+h°{o)

» Total scattering rate per unit time out of state k:

V 27 1 00 5
=>0 .. =T B = do [d(cosO [, .d
% K k % K. (21_[)3!) ¢_f1 ( )(f)q k,q99
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Final Values

« Momentum and energy conservation delta-functions limit the
values of q in the range [0, 0rmax):

absorption: Quin = —K + K1+ hw o/E(K)
Omax = K+ kJ1+ thO/E(k)

emission: g . =k -k\1-hw_o/E(K)

Omax = K +Ky1-70 o/E(K)
E(k) = 7w o, emission threshold

 Final expression for I,

. 2
o= M Ingsinh? B0 14 (N, +1)sinh \/E(k)—
21Ky o hw o hw o
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Discussion:

Graphical Representation

1. The 1/g9* dependence of I', . implies that polar optical phonon
scattering is anisotropic, i.e. favors small angle scattering

2. It is inelastic scattering process
3. [ Is nearly constant at high energies

4. Important for GaAs at room-temperature and II-VlI compounds
(dominates over non-polar)

_~ Scattering rate
s

108 —

. W"W e R
oo ? M E

= Ty '?”“"*’ ~—_ _ d{ Thelarger momentum relaxation
§%~

il R e B

o e ' time is a consequence of the fact

%ﬁ e iyl that POP scattering favors small

m”ﬁwgyngﬁ%ém*ifsﬁﬁ‘liA . -
}w% = ?iif ;_ i 1 angle scattering events that have

e . ;
L &Memerftum relaxatlon - | smaller influence on the momentum

&ﬁi‘@}g C o relaxation.

Scattering rate, 1/ (1/sec)

10! @ 5% . A :-:3 e l e .~ ,! : |
0 0.1 0.2 0.3 0.4
Electron energy, E (eV)
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(B) Piezoelectric scattering
* Since the polarization is proportional to the acoustic strain, we

have
P=e,l

* Following the same arguments as for the polar optical phonon
scattering, one finds that the matrix element squared for this
mechanism is:

Ve =

Piezoelectric Scattering

€€,

F

2pVoo (

 The scattering rate, in the elastic and the equipartition
approximation, is then of the form;

_m*kT (ee,, )
[ = 2 In
AT Kp \ €.V,

where qp IS the screening wavevector.
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Total Scattering Rates

Total Electron Scattering Rate Versus Energy:

IDIS

T
oA e 'ﬁ%@f@“ .'.
L g‘?@

Scattering rate (1/sec)

-
]
L
el

=

Ry

u
i
=111
=
=
2
-]
L]
o

Electron energy (eV) Electron energy (eV)

In both cases the electron scattering rates were calculated
by assuming non-parabolic energy bands.




