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about thermoelectricity

Thermoelectric (TE) devices convert heat into electricity or 
electric power into cooling (or heating) power.

This lecture is about the physics and the mathematical 
description of thermoelectricity.

We concentrate in this lecture on the physics and use 
heuristic mathematical arguments.

In Lecture 5, we present a formal, mathematical 
derivation. 

Lundstrom 2011
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mathematical description

In Lecture 2 we saw that the electrical current in the bulk is:

( )nx n nJ d F q dxσ= ( )conductivity 1 1 -mn nσ ρ= = Ω

How do these equations change when there is a temperature gradient?

( )n n nxd F q dx Jρ=

Lundstrom 2011

Alternatively, we could write this equation as:
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mathematical description

The answer  is:

( )n L
nx n n n

d F q dTJ S
dx dx

σ σ= −

( )n L
n nx n

d F q dTJ S
dx dx

ρ= +

Lundstrom 2011

Alternatively, we can write this equation as:

Sn is the Seebeck coefficient in V/K. 
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mathematical description

Thermoelectricity involves the flow of charge and heat, so in addition 
to the equation for the charge current, we need an equation for the 
heat current:

2
0QxJ dT dx W mκ= −

How does this equation change when there is a current flow?

Lundstrom 2011
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mathematical description

The answer is:

( ) ( ) 2
0

n L
Qx n n L

d F q dTJ S T W m
dx dx

σ κ= −

Lundstrom 2011

Important point:  Both electrons and the lattice (phonons) carry heat.  
These equations refer only to the portion of the heat carried by the 
electrons.

Alternatively, we can write this equation as:

L
Qx n nx n

dTJ J
dx

π κ= −
2

0n n n LS Tκ κ σ= −

n n LS Tπ =
π is the Peltier 
coefficient in W/A
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in this lecture…

Lundstrom 2011

Our goal is to understand the physical origin of the 
Seebeck coefficient (which is also called the 
thermopower) and the Peltier coefficient and how 
they are related to the properties of the 
semiconductor.
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outline

We will use an approach similar to that of Prof. Supriyo Datta.

Lundstrom 2011

1) Introduction
2) Current flow
3) Heat flow
4) Coupled flows
5) Thermoelectric devices
6) Discussion
7) Summary



Temperature gradients give rise to an open circuit voltage, which is 
known as the Seebeck effect.  Expect a positive voltage for an n-type 
semiconductor (and negative voltage for a p-type semiconductor.)

10

temperature gradients and voltage

n-type semiconductor

OCV− +

voltage difference develops 
to stop current flow

1LT 2 1L LT T>
cool hot

electron flux due to temp gradient

Lundstrom 2011
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current is proportional to (f1 – f2)

( )f E

E

0 11 2

FE ( ) ( )
1

1 F B LE E k Tf E
e −

=
+

Fermi-Dirac statistics

1T

few B Lk T

2 1T T>

Lundstrom 2011

p-type conduction

n-type conduction
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n-type semiconductor:  equilibrium, V = 0

x

E

2 1F FE E=

FE

CE

VE

1FE

metal 
contact 1

metal 
contact 2

1LT
2 1L LT T=

ideal contacts   (no band bending)

( ) Dn x N +≈

Bnφ

Lundstrom 2011
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n-type semiconductor:  isothermal, V > 0

x

E

2 1F FE E qV= −

( )nF x

( )CE x

( )VE x

1FE

metal 
contact 1 metal 

contact 2

1LT
2 1L LT T=

Electrons flow at an average 
energy that is a little above 
the bottom of the conduction 
band.

0x <E

n∆

Positive voltage 
lowers the Fermi 
energy.

Lundstrom 2011
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Seebeck effect

x

E

( )nF x

( )CE x

( )VE x

1FE

metal 
contact 1 metal 

contact 2

1LT 0x <E

2 1F FE E qV= −

Positive voltage will 
develop to make the 
current zero.

2 1L LT T>

Lundstrom 2011

temperature-difference causes 
electrons to flow from right to left 
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Seebeck effect (ii)

x

E

2FE( )nF x
( )CE x

( )VE x

1FE

metal 
contact 1 metal 

contact 2

1LT
2 1L LT T>

C nE + ∆
1f

( ) ( )1 2 1 20 0 0x C n C nJ f f f E f E= ⇒ = ⇒ +∆ = + ∆      

2 1F FE E q Vδ= −
Lundstrom 2011

(short section of sample)

n∆

2f
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Seebeck coefficient

( ) ( )1 20 0 0x C n C nJ f E f E= ⇒ +∆ = + ∆      

( ) ( )1 1 1 2

1 1
1 1C n F B L C n F B LE E k T E E q V k Te e δ+∆ − +∆ − +

=
+ +

( ) ( )1 1

1 2

C n F C n F

B L B L

E E E E q V
k T k T

δ+ ∆ − + ∆ − +
=

( ) 1

1

0C n F
L n L

L

E E
V T S T

qT
δ δ δ

+ ∆ −
= = −

2 1F FE E q Vδ= −

n LV S Tδ δ= −

( ) 1

1

0C n F
n

L

E E
S

qT
+ ∆ −  = −

(by convention, S is negative 
for n-type semiconductors.)

Lundstrom 2011

1

1

J F
n

L

E E
S

qT
 −  = −
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Seebeck coefficient summary

n LV S Tδ δ= −

( )
1 1

J FC n F
n

L L

E EE E
S

qT qT
−+ ∆ −

= − = −

(by convention, S is negative 
for n-type semiconductors.)

( )
1

C FB
n n

B L

E EkS
q k T

δ
−  

= +  −  

1n n B Lk Tδ = ∆

Lundstrom 2011

86 V KBk
q

µ
 

= 
 

2nδ ≈ (3D, non-degenerate)

F C
n

B L

E E
k T

δ −
→ (degenerate)

(bandstructure / 
scattering)
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Seebeck coefficient summary

Lundstrom 2011

( ) ( )
2

1

0
L

L

T

n L L nx
T

V S T dT J∆ = =∫

( ) ( )C nB
n L n

B L

E FkS T
q k T

δ
−  

= +  −  

( ) ( )n L
n nx n L

d F q dTJ S T
dx dx

ρ= +
S

CE FE

The Seebeck coefficient (or “thermopower”) is proportional to the difference 
between the energy at which current flows and the Fermi energy.

2 Bk
q

 
≈  − 

2nδ ≈

n C
n

B L

F E
k T

δ −
→

J n
n

L

E F
S

qT
−

= −
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Seebeck coefficient of Ge

( )
( )F CB

B

E EkS
q k T

− 
=  −  

( )C FB
n n

B

E EkS
q k T

δ
− 

= + −  

,

V K
p nS S
µ

↑
−

( )F C BE E k T− →

Exp. data:  T.H. Geballe and G.W. Hull, “Seebeck Effect in Germanium,” Physical 
Review, 94, 1134, 1954. 
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outline

Lundstrom 2011

1) Introduction
2) Current flow
3) Heat flow
4) Coupled flows
5) Thermoelectric devices
6) Discussion
7) Summary
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the Peltier effect

n-type semiconductor

I →

( ) 0nJ q− >

electron flux

1T 2 1T T=

QJ∆

cool

QJ∆

hot

x

0nJ < 0Q n nJ Jπ= >

heat flux

contacts 
maintained at 
same temperature



Questions:

Why does                  ?
(when the two contacts are at the same temperature)

What determines the Peltier coefficient,       ? 
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understanding the Peltier effect

Q n nJ Jπ=

Answer:  We should draw an energy band diagram.

nπ

Lundstrom 2011
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N-type semiconductor:  equilibrium, V = 0

x

E

2 1F FE E=

FE

CE

VE

1FE

metal 
contact 1

metal 
contact 2

1T
2 1T T=

ideal contacts   (no band bending)

( ) ( )F C BE E k T
C Dn x N e N− += ≈

Lundstrom 2011
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N-type semiconductor:  isothermal, V > 0

x

E

2 1F FE E qV= −

( )nF x

( )CE x

( )VE x

1FE

metal 
contact 1 metal 

contact 2

1T

Electrons flow at an energy a 
little above the bottom of the 
conduction band.

0x <E

n∆

Lundstrom 2011

2 1T T=
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N-type semiconductor:  isothermal, V > 0

x

E

1FE qV−( )nF x

( )CE x

( )VE x

1FE

metal 
contact 1 metal 

contact 2

1T

energy 
absorbed 

per electron
( ) 10C n FQ E E= + ∆ −

heat is absorbed (emitted) when the average energy 
at which the heat current flows increases (decreases)

energy 
dissipated

( ) 2C n FQ E L E= + ∆ −( )C nE x + ∆

2 1T T=2I R
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Peltier coefficient

( ) ( )1 10Q C n F nx n nxJ E E J q Jπ= + ∆ − × − =  

1) Electrons flow from left to right when V2 > V1.

2) The flux of electrons from left to right is Jnx /(-q)

3) Each electron absorbs and then carries an 
amount of heat: ( ) 10C n FQ E E= + ∆ −

4) So the heat flux from left to right is:

( ) 10C n F
n

E E
q

π
+ ∆ −  = − (less than zero for an n-type 

semiconductor)
Lundstrom 2011
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a remarkable result

( )C n F
n

E E
q

π
+ ∆ −

= −

( )C F nB
n L

B L B L

E EkT
q k T k T

π
−   ∆

= +  −  

( )C F nB
n

B B

E EkS
q k T k T

−   ∆
= +  −  

n L nT Sπ = “Kelvin relation”

The Peltier coefficient is proportional to the difference between the energy 
at which current flows and the Fermi energy – just as the Seebeck 
coefficient was. Lundstrom 2011
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outline

Lundstrom 2011

1) Introduction
2) Current flow
3) Heat flow
4) Coupled flows
5) Thermoelectric devices
6) Discussion
7) Summary
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basic equations of thermoelectricity

L
x n nx n

dTJ S
dx

ρ= +E

Lundstrom 2011

L
Qx n nx n

dTJ J
dx

π κ= −

Four transport coefficients:

1)  resistivity (Ω-cm) = 1/conductivity (S/cm)
2)  Seebeck coefficient (V/K)
3)  Peltier coefficient (W/A)
4)  Electronic heat conductivity (W/m-K)

Note:  These equations 
describe electric and 
heat currents due to 
electrons.  Phonons also 
carry heat. 
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electrical  conductivity

Lundstrom 2011

( )n n E dEσ σ ′= ∫

( ) ( ) ( )
2

0
3

2
n D

fqE M E E
h E

σ λ ∂ ′ = − ∂ 

The Units of the differential conductivity are S/m-J

M3D(E) is the number of channel per cross-sectional area at energy, E.
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Seebeck coefficient

Lundstrom 2011

( ) c FB
n L n

B L

E EkS T
q k T

δ
   −

= +  −  

J C
n

B L

E E
k T

δ −
=

( )

( )

c
n

B L
n

n

E E E dE
k T

E dE

σ
δ

σ

 − ′ 
 =

′

∫

∫
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Peltier coefficient

Lundstrom 2011

( )n L n LT S Tπ = Kelvin relation

L
x n nx n

dTJ S
dx

ρ= +E

L
Qx n nx n

dTJ J
dx

π κ= −

Onsager
relations for 

coupled flows
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electronic heat conductivity

Lundstrom 2011

n L nT Lκ σ= L is the “Lorenz number”

The Lorenz  number depends on details of bandstructure, scattering, 
dimensionality, and degree of degeneracy, but for a constant mfp and 
parabolic energy bands, it is useful to remember:

2

2 BkL
q

 
≈  

 

non-degenerate, 
3D semiconductors

22

3
BkL

q
π  

≈  
 

fully degenerate  
e.g. 3D metals
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lattice thermal conductivity

n Lκ κ κ= +

Both electrons and lattice vibrations carry heat – we have 
been discussing the electronic part.

In metals, heat conduction by electrons dominates: e Lκ κ>>

In semiconductors, lattice vibrations dominate: L eκ κ>>

Lundstrom 2011

q n n
dTJ J
dx

π κ= −
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Example:  TE transport parameters of n-Ge

V KnS

( )
0

F c B LE E k T
C Dn N e N−= ≈15 310 cmDN −=

Lundstrom 2011

Ω-mnρ

W/A Vnπ =

W m-Knκ

V
m

L
x n nx n

dTJ S
dx

ρ  = +  
 

E

( )WL
Qx n nx

dTJ J
dx

π κ= −

300 KLT =

23200 cm V-snµ =

19 -31.04 10 cmCN = ×
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TE transport parameters of n-Ge:  resistivity

V KnS

15 3
010 cmDN n−= ≈

Lundstrom 2011

Ω-mnρ

W/A Vnπ =

W m-Knκ

V
m

L
x n nx n

dTJ S
dx

ρ  = +  
 

E

( )WL
Qx n nx

dTJ J
dx

π κ= −

23200 cm V-snµ =

0 S/cmn nn qσ µ=

01 2 -cmn nn qρ µ= ≈ Ω
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TE transport parameters of n-Ge:  Seebeck coeff.

V KnS

15 3
010 cmDN n−= ≈

Lundstrom 2011

2Ω-mnρ =

W/A Vnπ =

W m-Knκ

V
m

L
x n nx n

dTJ S
dx

ρ  = +  
 

E

( )WL
Qx n nx

dTJ J
dx

π κ= −

( )
0

F c B LE E k T
Cn N e −=

300 KLT =

19 -31.04 10 cmCN = ×

2nδ ≈ (non-degenerate, 3D)

( ) ( )0ln 9.3c F B L CE E k T N n− ≈ ≈

( ) 970 V/Kc FB
n n

B L

E EkS
q k T

δ µ
−  

= + ≈ −  −  
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TE transport parameters of n-Ge:  Peltier coeff.

970 V KnS = −

Lundstrom 2011

2Ω-mnρ =

W/A Vnπ =

W m-Knκ

V
m

L
x n nx n

dTJ S
dx

ρ  = +  
 

E

( )WL
Qx n nx

dTJ J
dx

π κ= −

0.3 Vn L nT Sπ = ≈ −
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TE transport parameters of n-Ge:  Peltier coeff.

970 V KnS = −

Lundstrom 2011

2Ω-mnρ =

0.3 W/A Vnπ = − =

W m-Knκ

V
m

L
x n nx n

dTJ S
dx

ρ  = +  
 

E

( )WL
Qx n nx

dTJ J
dx

π κ= −

n

L n

L
T
κ
σ

= (Lorenz number)

( )22 BL k q≈ (non-degenerate, 3D)

1n nσ ρ=

42.2 10 W m-Knκ
−= ×
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TE transport parameters of n-Ge:

970 V KnS = −

Lundstrom 2011

2Ω-mnρ =

0.3 W/A Vnπ = − =

42.2 10 W m-Knκ
−= ×

V
m

L
x n nx n

dTJ S
dx

ρ  = +  
 

E

( )WL
Qx n nx

dTJ J
dx

π κ= −

58 W m-KL nκ κ= >>

All of these parameters depend on the temperature and carrier 
concentration (Fermi level).

Note also:
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outline

Lundstrom 2011

1) Introduction
2) Current flow
3) Heat flow
4) Coupled flows
5) Thermoelectric devices
6) Discussion
7) Summary
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thermoelectric cooling

Lundstrom 2011

N-type P-type

cool

hot hot

I I

QI

↓
QI

↓

1) What determines the maximum temperature difference?
2) How much heat can be pumped?
3) What is the coefficient of performance?
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thermoelectric power generation

Lundstrom 2011

hot

N-type P-type

cool (ambient) cool (ambient)

I I

1) How much heat can be converted into electricity?
(what determines the efficiency?)
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simplified TE device (one leg)
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hot

N-type

cool

H
LT

1
n

n

LR
Aσ

=

2 2nI R

2 2nI R

I

V
+
−

L

x

CQ

HQ

C
LT
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simplified TE cooling device (one leg)

Lundstrom 2011

hot

N-type

cool

H
LT

1
n

n

LR
Aσ

=

2 2nI R

2 2nI R

I

V
+
−

L

x

CQ

HQ

C
LT

1) heat extracted from the cold side

=

2) heat pumped by Peltier effect

-

3) heat diffusing down the thermal 
gradient

-

4) heat generated by Joule heating
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simplified TE cooling device (one leg)

Lundstrom 2011

hot

N-type

cool

H
LT

1
n

n

LR
Aσ

=

2 2nI R

2 2nI R

I

V
+
−

L

x

CQ

HQ

C
LT

2

2

W
2 m

nL
C n

I RdTIQ
A dx A

π κ  = − −  
 

max, max0C
C

dQ I Q
dI

= →

max max0CQ T= → ∆

( )2

max
1
2

C
LT Z T∆ =

2
n nSZ σ
κ

=

TE figure of merit (FOM)
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cooling efficiency (COP)

Lundstrom 2011

hot

N-type

cool

H
LT

1
n

n

LR
Aσ

=

2 2nI R

2 2nI R

I

V
+
−

L

x

CQ

HQ

C
LT

2

2

W
2 m

nL
C n

I RdTIQ
A dx A

π κ  = − −  
 

max, max0C
C

dQ I Q
dI

= →

maxC

in

Q
P

η =

COP at maximum cooling power: 

( )max , ,C HC
L L

in

Q f T T Z
P

η = =
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TE power generation

Lundstrom 2011

hot

N P

cool (ambient)

I

I

inQ

T Lκ ∆

2 2I R

LR

Similarly, an analysis of the 
power conversion efficiency,

2
out L

in in

P I R
P AQ

η = =

shows that it is also 
determined by the TE figure 
of merit, Z.
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outline

Lundstrom 2011

1) Introduction
2) Current flow
3) Heat flow
4) Coupled flows
5) Thermoelectric devices
6) Discussion
7) Summary
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FOM

Lundstrom 2011

2
-1Kn nSZ σ

κ
=

2
n n LS TZT σ
κ

=

dimensionless figure of merit

The higher the ZT figure of merit, the more efficient a TE device.

1) What material properties are needed for a high ZT?
2) Given a material, how can we optimize ZT?
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FOM

Lundstrom 2011

2
n n LS TZT σ
κ

=

Numerator:

Denominator:

Mostly determined by position of band 
edge and EF.  Similar for most materials.( ) ( )C nB

n L n
B L

E FkS T
q k T

δ
−  

= +  −  

Need a large no. of channels (large M, 
EF). Need large m.f.p. (mobility)

22
n

q M
h

σ λ
 

=  
 

Mostly determined by lattice thermal 
conductivity. (Lecture 9)L nκ κ>>
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FOM:  PF vs. Fermi level

Lundstrom 2011

2
n n LS TZT σ
κ

=

nS
↑

FE →
CE

nσ

nσ
↑

2
n nPF S σ=

The peak PF occurs when 
EF is near the band edge.
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inside view of heat absorbtion/emission

Lundstrom 2011

hot

N P

cool

I I
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measuring S

he
at

er

measV

sample

2LT
1LT thermocouples to 

measure temperature

co
nt

ac
t 2

co
nt

ac
t 1

sV−∆ +

lV∆

1LT

+

−+−

s
s

SV
T

∆ = −
∆

meas s lV V V= ∆ −∆

l
l

SV
T

∆ = −
∆

( )s l
meas

S S
V

T
−

= −
∆
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outline

Lundstrom 2011

1) Introduction
2) Current flow
3) Heat flow
4) Coupled flows
5) Discussion
6) Summary
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summary

1)  We have discussed the physics of thermoelectricity –
the Seebeck and Peltier effects.

2)  We have developed the basic equations that 
describe thermoelectricity.

3)  We have discussed the four TE parameters

4)  And we have introduced TE devices and the FOM

Lundstrom 2011
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questions
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1) Introduction
2) Current flow
3) Heat flow
4) Coupled flows
5) Discussion
6) Summary
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