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1 Goals

The aim of this text is to provide some intuitive explanations of one par-
ticle Green’s functions in a compact form together with derivations of the
expressions for the current and the density matrix.

2 Green’s functions

Discrete Schrodinger equation:
Hin) = Eln) (1)

We divide the Hamiltonian and wavefunction of the system into contact (H o,
|11 2)) and device (Hy, |1q)) subspaces:

Hy nn 0 1) |91)
 Hy ) Ya) | =E | [va) (2)
0 7 H, |1)2) |%2)

where 71 5 describes the interaction between device and contacts. In general
we have N contacts (Hj,..n) connecting (7y,... ) the device Hy to the reser-
voirs. Here we will assume that the contacts are independent, i.e., there are
no cross terms (7) between the different contacts.

We define the Green’s function':

(B~ H)G(E) =1 (3)
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2.1 Why do we want to calculate the Green’s function?

The Green’s function gives the response of a system to a constant perturba-
tion |v) in the Schrodinger equation:

Hp) = E[¢) + |v) (4)
The response to this perturbation is:

(E-H)[y) = —v) — (5)
) = —G(E) (6)

Why do we need the response to this type of perturbation? Well, it
turns out that it’s usually easier (see next section) to calculate the Green’s
function than solve the whole eigenvalue problem? and most (all for the one-
particle system, I think?) properties of the system can be calculated from
the Green’s function, e.g., below we will use the Green’s function to calculate
the wavefunction of the contact (|12)) when we know the wavefunction on
the device (|¢4)). From Eq. 2:

Hyltpg) + 1oltba) = Elho)
(E = Ho) |t2) = 7oltha)
|¢2> = gz(E)7'2Wd> (9)

where g, is the Green’s function of the isolated contact 2 ((E — Hy)ge = I).
It is important to note that since we have an infinite system, we obtain two
types of solutions for the Green’s functions?, the retarded and the advanced*
solutions corresponding to outgoing and incoming waves in the contacts.
Notation: We will denote the retarded Green’s function with G' and the
advanced with G' (and maybee G® and G4 occasionally). Here, CAPITAL
G denotes the full Green’s function and its sub-matrices G1, G4, G14 etc.

NS

2Especially for infinite systems.

3 When the energy coincides with energy band of the contacts there are two solutions
corresponding to outgoing or incoming waves in the contacts.

4In practice these two solutions are usually obtained by adding an imaginary part to
the energy. By taking the limit to zero of the imaginary part one of the two solutions
is obtained. If the limit — 0% is taken the retarded solution is found, — 0~ gives the
advanced. This can be seen from the Fourier transform of the time dependent Green’s
function.



Lowercase is used for the Green’s functions of the isolated subsystems, e.g.,
(E—Hy)go=1.

Note that by using the retarded Green’s function of the isolated contact
(g2) in Eq. 9 we obtain the solution corresponding to a outgoing wave in the
contact. Using the advanced Green’s function (gi) would give the solution
corresponding to an incoming wave.

2.2 Self-Energy

The reason for calculating the Green’s function is that it is easier that solving
the Schrédinger equation. Also, the Green’s function of the device (G4) can
be calculated separately without calculating the whole Green’s function (G).
From the definition of the Green’s function we obtain:

E—-H, ! 0 Gi G Gio I 00
—TIT E - Hd —TQT Gdl Gd Gdz == 0 I O (10)
0 —T2 FE — HQ Ggl ng GQ 0 0 I

Selecting the three equations in the second column:

(E—Hi)Gia—7nGy = 0 (11)
—TlTGld + (E — Hd) Gy — TQTGQd = ] (12)
(E — HQ) ng — TQGd = 0 (13)

We can solve Eqgs. 11 and 13 for G4 and Gag:

Gy = gimGq (14)
G = 212Gy (15)

substitution into Eq. 12 gives:
~1{gn1Ga+ (E — Ha) Ga — T gom2Ga = 1 (16)

from which Gy is simple to find:
Gg=(FE—Hyj— %1 — %) (17)

where ¥, = Tl]L g1 and Yo = TQT goTo are the so called self-energies.
Losely one can say that the effect of the contacts on the device is to
add the self-energies to the device Hamiltonian since when we calculate the
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Green’s function on the device we just calculate the Green’s function for the
effective Hamiltonian H g...ve = Hg + X1 + X9. However, we should keep in
mind that we can only do this when we calculate the Green’s function. The
eigen-values and -vectors of this effective Hamiltonian are not quantities we
can interpret easily.

2.3 The spectral function

Another important use of the Green’s function is the spectral function:
A=i(G-G" (18)

which gives all solutions to the Schrédinger equation!
To see this we first note that for any perturbation |v) we get two solutions
(J»®) and [1*4)) to the perturbed Schrédinger equation:

(E - H)[¢) = —[v) (19)

from the advanced and retarded Green’s functions:

) = —Gl) (20)
Wyt = =G') (21)

The difference of these solutions ([¢®) — [1p4) = (G — GT)|v) = —iA|v)) is a
solution to the Schrodinger equation:

(B = H)(|[¢%) = [h) = (B~ H)(G = GNv)=(I = D) =0 (22)

which means that [¢)) = A|v) is a solution to the Schrédinger equation for
any vector |v)!

To show that the spectral function actually gives all solutions to the
Schrodinger equation is a little bit more complicated and we need the expan-
sion of the Green’s function in the eigenbasis:

1 _ ) (|

G=— =[ —"r7
E—-—H kE+i5—en

(23)

where the § is the small imaginary part (see footnote 3), |k)’s are all eigenvectors®
to H with the corresponding eigenvalues ¢;. Expanding the spectral function

5Normalized!



in the eigenbasis gives:

. 1 1
4 = Z<E+z'5—H_E—i6—H>_ (24)

- i/dkm)(k‘(E—i-;S—ek_E—;S—ek): (25)
20
= [ S - (26)

where ¢ is our infidecimal imaginary part of the energy. Letting § go to zero
gives:

A = 27r/dk5(E—ek) k) (k| = (27)

= 21 DOS(E)|k(E))(k(E)| (28)

(here 0(F —€,) is the delta function) which can be seen since ﬁ goes

to zero everywhere but at E = ¢,, integrating over E (with a test function)
gives the 278 (E — €,) factor. DOS(F) is the density of states. Eq. 28 shows
that the spectral function gives us all solutions to the Schrédinger equation.

3 Response to an incoming wave

In the nonequilibrium case reservoirs with different chemical potentials will
inject electrons and occupy the states corresponding to incoming waves in
the contacts. Therefore, we want to find the solutions corresponding to these
incoming waves.

Consider contact 1 isolated from the other contacts and the device. At
a certain energy we have solutions corresponding to an incoming wave that
is totally reflected at the end of the contact. We will denote these solutions
with |11 ,) where 1 is the contact number and n is a quantum number (we
may have several modes in the contacts). We can find all these solutions
from the spectral function a; of the isolated contact (as described above).

Connecting the contacts to the device we can calculate the wavefunction
on the whole system caused by the incoming wave in contact 1. To do this
we note that a wavefunction should be of the form |1 ,) + [1)F) where |11 ,,)
is the totaly reflected wave and |®) is the retarded response of the whole
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system. Putting in the anzats |¢,,) + [¢/®) into the Schrodinger equation
gives:

Hy + 1+
Hy+rf +od+ | (1) +[0%) = E(jia) +9%) (29)
Hy + 1
E|1 n)+ Hi + 1+
e+ |+ | Hotr +d+ | [0%) = E(J¢ia) +[05) (30)
0 H2+7'2

Hip®) = E@WR) —rflp,) (31)

(note the change in notation 7??) and we see that [1)%) is noting else the
response of the whole system to a perturbation of —7/ |1 n), ctf., Eq. 9:

W*) = Gri[¥,) (32)

Note that we have choosen the retarded response which means that the only
part of the wave that is traveling towards the device is the incoming wave
(part of |1 ,,)). We will make full use of this fact below.

It will be useful to have the expressions for the device wavefunction |1,)
and contact wavefunction (|1;2)). The device part is straightforward:

a) = Gar{[th1,0) (33)

and from Eq. 9 or Eq. 15:

|92} = gaTo|V0a) = gom2Gar] [1,0) (34)

Note, to calculate the wavefunction in the contact containing the incoming
wave (contact 1) we need to add the incoming wave, giving a slightly more
complicated expression:

1) = (1 + 917'1Gd7'1f) %1,n) (35)

Knowing the wavefunctions corresponding to incoming waves in different
contacts enabels us to fill up the different solutions according to the electron
reservoirs filling the contacts.



4 Charge density matrix

In the non equilibrium case we are often interested in two quantities: the
current and the charge density matrix. Lets start with the charge density
(which allows us to use a self-consistent scheme to describe charging).

The charge density matrix is defined as:

p=> [k, p)|tw) (] (36)

where the sum runs over all states with the occupation number f(k, u) (pure
density matrix) (note the similarity with the spectral function A, in equilib-
rium you find the density matrix from A and not as described below). In
our case, the occupation number is determined by the reservoirs filling the
incomming waves in the contacts such that:

1
1 + e(Ex—m1)/ksT

is the Fermi-Dirac function with the chemical potential (u1) and temperature
(T) of the reservoir responsible for injecting the electrons into the contacts.

The wavefunction on the device given by an incoming wave in contact 1
(see Eq. 33) is:

|¢a) = Garl[t1,0) (38)
Adding upp all states from contact 1 gives:
palfrom contact 1] = 70 dE DOS(E)f(E, p1)[Ya){val = (39)
B=—c0
= 70 dE f(E, i) ;DOS(E)GdTIWl,kMdjl,k nGh = (40)
E=—o0
= 7 dE f(E, p)Gar! <; DOS(E)[thrk) (tvk ) nGy = (41)
E=—c0
= [Eq. 28] = 7 dE f(E, m)Gar! 2“—;710; (42)
E=-o0



introducing the new quantity I'y = TlT 1T =1 (El — ZJ{) we obtain the simple

formula:

1 o
p[from contact 1] = Py / dE f(E, pu1)Gql1GY (43)
m

E=—o00

The total charge density thus becomes a sum over all contacts:

2 (for spin)

p= 27

/ dE Zf(Ea.U'i)GdPiGji (44)

E=—o00

5 Probability Current

Having different chemical potentials in the reservoirs filling the contacts gives
rise to a current. In the next section we will calculate this current in a
similar way as the charge density was calculated. But to do this we need an
expression for the current from the wavefunction.

In the continium case we can calculate the current from the velocity
operator. However, for a discrete Hamiltonian it is not so clear what the
velocity operator is. Therefore, we derive an expression for the current from
the continuity equation (using two contacts). In steady-state, the probability
to find an electron on the device (3 |¢);|* where the sum runs over the device

3

subspace) is conserved:

3%:|?/)z'|2
0 = T: (45)
_ o _ "

i

= 3 (A0 + iy X2 )

i

= & X CWLHG¥) — (I (1) (48)
= L (I ) — {wul 1)) (19)
= L (IHa+ 1+ o) — {wul B+ 7] 4 ) = (50)
= = ([Waln ) = Walrllwn)] + [Walmaba) = walrdle]) (51)
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We interpret the term in the first (square) braket as the incoming probability
current into the device from contact 1 and the second braket from contact
2. Generalising to an arbitrary contact ¢ gives us the electric current as the
charge (-e) times the probability current:

L= = (twubrloid — Wl 1) (52)

where I; is defined as possitive for a current from the contacts into the device.
We can now put in the expressions for the wavefunctions in the same way as
for the density matrix.

6 Electrical Current

To calculate the total current through the device we only need to put in the
wavefunction of the device and the contacts (|1q), |11), [¢2)) from Eqgs. 33,
35 and 9 and add all the contributions together. Thus the current into the
device from a incoming wave of one energy (E) in contact 1 (|1);,,)) through
the coupling defined by 7 is:

. ie
ipoms =~ ((Velmela) — (Galr] ) = (53)
ie
= —ﬁ(@h,n TlGjiTQT.g;TZGdT“wI,n> -
(10| Gl 9o G 101 1)) =
ie
= —ﬁ<7/11,n|716@172T (gg - 92) 2Gar{ [t1,0)) =

€
= ﬁ<¢1,n|ﬁGZF2GdﬁT|¢1,n>

54

95

(54)
(55)
(56)
(57)
Adding over the modes n and noting that the levels are filled from the reser-
voir connected to contact 1 gives:

. € i
Loy = 2 (for Spln)£ / dE Y DOS(E)(¢1 |71 GiT2Gar! [1h1 1) (58)
EF=—o0 n
2 T
= o dE S DOS®1 u|m|m)(m|GiTeGar{ 1) = (59)
F——00 m,n



2 o0
E=—00 m n
2e T a
= | T (@) (62)
E=—0c0

which is the formula for the current through the device when connected to
two contacts.
In the same way as above:

e o
- [ T (GINGars = Agm) (63)
F=—x

10



