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Dual-Gate JFET Modeling I: Generalization to
Include MOS Gates and Efficient Method to
Calculate Drain–Source Saturation Voltage
Kejun Xia, Senior Member, IEEE, Colin C. McAndrew, Fellow, IEEE, and Bernhard Grote

Abstract— This paper presents an accurate and computation-
ally efficient method to calculate the drain–source saturation
voltage Vdsat of dual-gate (i.e., four-terminal) junction field-effect
transistors. The method accounts for velocity saturation and for
channel thickness modulation by any combination of MOS or
p-n junction gates. In three iterations, it achieves an error of
less than 2%. Our algorithm converges significantly faster than
the direct application of the Newton–Raphson method because of
careful selection of an initial value and the leverage of the convex
and concave nature of the curves whose intersection defines Vdsat.
The method is applied to both the exact model for Ids and an
approximated form based on mid-point-potential linearization,
and is verified by comparison with numerical simulation.

Index Terms— Junction field-effect transistors (JFETs),
semiconductor device modeling, SPICE.

I. INTRODUCTION

ATYPICAL dual-gate, or four-terminal, junction field-
effect transistor (JFET) is made of a semiconductor

channel sandwiched between two p-n junctions. Recently,
McAndrew [1] showed that a MOS gate has a junction-like
modulation effect on an underlying semiconductor layer so
can be viewed as an effective JFET gate. Therefore, the
dual-gate JFET concept can be generalized to structures made
of any combination of p-n junction or MOS gates; Fig. 1
shows two examples. A compact model for such a generalized
JFET has applications beyond independent dual-gate JFETs,
and it can be used to model: the collector resistance of
four-terminal vertical bipolar transistors; the drift region of a
Lateral Double-diffused MOSFET transistor with field plates;
and resistors, diffused or polysilicon, with a metal shield [2].

Compact models of dual-gate JFETs, with dual p-n junction
gates and with one p-n junction and one MOS gate, have
been reported [2]–[7]. However, two key challenges in
dual-gate JFET modeling still exist: calculating the drain–
source saturation voltage Vdsat, the value of the drain–source
voltage Vds at which go = ∂ Ids/∂Vds = 0, where Ids is the
drain–source current, and properly modeling the behavior
when the source1 is pinched off. In this paper, we focus on
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n-channel JFET, has the most negative bias.

Fig. 1. Cross sections of generalized dual-gate JFETs. Left: dual asym-
metric p-n junction gates. Right: one MOS gate and one p-n junction gate.
Dashed lines: depletion region boundaries.

the first of these issues. In [8], we address source pinchoff
modeling and single-piece modeling of Ids for all biases.

Van Halen [3] presented an analytical solution for Vdsat
but did not include the effect of velocity saturation.
Unfortunately, analytical solution is not possible when velocity
saturation is included [6]. Liou and Yue [4] used an empirical
rather than physical model, so did not explicitly include
velocity saturation, and calculated a drain pinchoff voltage
rather than the point where go = 0 (they are not guaranteed
to be the same). Saturation in [7] is also based on a drain
pinchoff voltage rather than self-consistently calculating Vdsat
as where go = 0, and velocity saturation is included only as
an abrupt clamping limit, so [7] does not model its effect
on Vdsat or on Ids nonlinearity before velocity saturation
occurs. The simulator can be enlisted to compute a numerical
solution by implementing go(Vdsat) = 0 as an equation to
be solved internally to a model [2], but that causes an extra
system unknown to be added, thereby increasing simulation
time, and can introduce numerical issues like having multiple
possible solutions. Ding et al. [5] included an analytical
solution for Vdsat, but this is because an approximate quadratic
model form is used instead of the physical square root form.
Wu et al. [6] used an iterative solution but did not give details.

This paper presents a computationally efficient technique
to compute Vdsat for a generalized dual-gate JFET with any
combination of MOS and p-n junction gates. The technique is
based on a unified model formulation, valid when the source
is not pinched off, whose form is agnostic with respect to gate
type. The algorithm leverages the behavior of the curves whose
intersection defines Vdsat, along with a carefully selected
initial value, to converge significantly more rapidly than the
Newton–Raphson method. After three iterations, the error
in Vdsat is <2%, for arbitrary gate structure configurations.
We apply the technique to both the exact solution for Ids and a
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simplified approximate solution based on mid-point-potential
linearization [6]. We validate our technique by comparison
with numerical simulations.

II. UNIFIED MODEL FORMULATION

The thickness of the conducting channel in a generalized
dual-gate JFET with an n-doped conducting body is

tc(y) = tr
[
1 − d f,b

√
ψr,b + 2Vcb(y)− d f,t

√
ψr,t + 2Vct(y)

]

(1)

where Vcb(y) and Vct(y) are the potential differences between
the channel at position y and the bottom and top gates,
respectively,

ψr,b =

⎧⎪⎨
⎪⎩

2φ j,b, if b is a p-n junction gate

γ 2
b

2
− 2VF B,b, if b is an MOS gate

(2)

d f,b =

⎧⎪⎪⎨
⎪⎪⎩

t0,b√
ψr,b · tr

, if b is a p-n junction gate
√

2 · εs tox,b

εoxγbtr
, if b is an MOS gate

(3)

where ψr,t and d f,t are defined by the same expressions with
the subscript b replaced by t , and tr is a reference thickness
given by

tr =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

tm , if both gates are p-n junction

tm + εs

εox
tox,b, if only b is an MOS gate

tm + εs

εox
tox,t , if only t is an MOS gate

tm + εs

εox
(tox,b + tox,t ), if both gates are MOS.

The other symbols are as follows, with added b and t sub-
scripts for bottom and top gate, respectively, where applicable:
tm is the metallurgical channel thickness (see Fig. 1), φ j is the
p-n junction built-in potential, t0 is the zero-bias p-n junction
depletion width on the channel side, εox and εs are the permit-
tivities of SiO2 and Si, respectively, tox is the oxide thickness,
and γ = (2qεs Nc)

1/2 · tox/εox is the body effect coefficient,
where q is the magnitude of the electronic charge and Nc is the
doping concentration in the channel, assumed to be constant.

The factors of 2 in the above are for consistency with
the formulation of the R3 model [1]. Although how φr,[bt ],
d f,[bt ], and tr are calculated depends on whether a gate is of
p-n junction or MOS-type, the structure of the generalized
expression (1) does not. This enables the development of
both an Ids model and an algorithm for Vdsat calculation that
is independent of the type of each gate. Although (1) was
derived for an MOS gate when the channel region under that
gate is in the depletion region of operation, it is also a good
approximation for accumulation region operation when tox is
thick [9]; it is not valid for inversion, which is not important
in practice.

The current at a point y along the channel is

I (y) = qμ(y)NcWtc(y)
∂Vc

∂y
(4)

where W is the channel width, Vc the potential in the channel,
and the mobility, including the effect of velocity saturation, is

μ(E) = μ0

μred(E, Ecr, Eco)
(5)

where μ0 is the low-field mobility, μred is from [1], E is the
electric field, and the parameters Ecr and Eco are critical and
corner fields, respectively, with Ecr > Eco ≥ 0. Here, we
examine two cases: exact integration of (1) and a simplified
form where the square root terms in (1) are linearized around
the mid-point potential values for Vcb(y) and Vct(y).

A. Exact Solution for Ids

Using the average field Ē = Vds/L to compute μred, and
ignoring recombination and generation, integrating (4) from
source to drain gives

Ids = G f

μred(Ē)

{
Vds − 1

3
d f b (ψb + 2Vds)

3/2 + 1

3
d f bψ

3/2
b

−1

3
d f t (ψt + 2Vds)

3/2 + 1

3
d f tψ

3/2
t

}
(6)

where

G f = qμ0 Nctr W

L
ψb = ψr,b + 2Vsb

ψt = ψr,t + 2Vst (7)

where Vsb and Vst are the source to bottom-gate and source to
top-gate voltages, respectively. This is equivalent to the model
of [3] with the addition of velocity saturation.

Factoring out Vds in (6) gives a form that is less sensitive
to issues from finite precision arithmetic

Ids = G f
1 − fb − ft

μred(Ē)
Vds (8)

where

fb = 2d f,b
√
ψb

3

1 + θb + θ2
b

1 + θb

ft = 2d f,t
√
ψt

3

1 + θt + θ2
t

1 + θt

θb =
√

1 + 2
Vds

ψb
, θt =

√
1 + 2

Vds

ψt
. (9)

B. Mid-Point-Potential Linearization Solution for Ids

Following [6] and [10], if Vcb(y) is linearized about
Vsb + Vds/2, and similarly for Vct(y), we get a significantly
simplified form:

Ĩds = G f
1 − f̃b − f̃t

μred(Ē)
Vds (10)

where

f̃b = d f,b
√
ψb + Vds

f̃t = d f,t
√
ψt + Vds. (11)
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If the term representing the top gate is removed from (10),
the result is exactly the R3 model of [1]; this is the reason the
factors of 2 were introduced in model (1) for tc(y).

Since the (ψr,[bt ] + 2Vc[bt ])1/2 terms in (1) are concave
functions of Vc[bt ], the mid-point-potential linearization over-
estimates the depletion thickness, and hence, underestimates
the channel thickness tc, everywhere except at the lineariza-
tion point. Therefore, the channel resistance is overestimated
except at Vds = 0 and

Ĩds ≤ Ids. (12)

We verified this with numerical simulations.

III. NEW ITERATIVE METHOD FOR Vdsat CALCULATION

To compute Vdsat, we need to quantify μred. The empiri-
cal μred model used in R3 is accurate but complex. Because of
smooth limiting from nonsaturation to saturation, imprecision
in Vdsat calculation is acceptable as long as go(Vdsat) ≥ 0. This
is guaranteed if a simplified velocity saturation model [11]

μ
red

= 1 + Vds/L − Eco

Ecr

=
(

1 − Eco

Ecr

)
(1 + kVds), k = 1

L(Ecr − Eco)
(13)

is used in place of μred (see Appendix A for a proof). Note
that (13) is the commonly used 1+Vds/(L ·Ecr) model with the
average field shifted by Eco, and expressing it as the second
form simplifies the derivations below.

A. For Exact Solution for Ids

Using (13) in (8), and solving for where go = 0 gives

Pk = Q (14)

where

Pk = P

1 + kVds
, P = 1 − fb − ft

Q = Vds
(

f ′
b + f ′

t

)
. (15)

Here, the prime ′ denotes derivative with respect to Vds and
P is Pk at k = 0. Fig. 2 shows Pk and Q versus Vds when
the effect of velocity saturation is significant (this is when
solving for Vdsat is most challenging). As Vds increases from
zero Pk monotonically decreases from a positive value while
Q monotonically increases from zero, therefore, the point
at which they intersect, Vdsat (point P1 in Fig. 2), must be
positive, as expected.

An analytic solution to (14) is not possible. The
Newton–Raphson method can be used to solve (14), and if
Vds,i is the value of Vds at the i th iteration, then Vds,i+1 is
where the tangents to Pk(Vds,i ) and Q(Vds,i ) intersect
(see point P3 in Fig. 2). However, when the effect of velocity
saturation is significant, if the initial value selected for Vds is
too high, e.g., if it is calculated based on pinchoff at the drain
say, then point P3 in Fig. 2 becomes negative and the iteration
procedure breaks down. The initial Vds, therefore, needs to
be zero for the iteration sequence to be numerically robust.
However, under strong velocity saturation, the tangent to Pk

Fig. 2. Pk and Q versus Vds for two p-n junction gates. Point P1 is the solu-
tion of Vdsat . Point P2 is the first iteration result of the new method. Point P3

is the first iteration result of the Newton–Raphson method. Nc = 1017 cm−3.
Top- and bottom-gate doping levels are 1020 and 1016 cm−3, respectively.
μ0 = 730 cm2/(V · s). Ecr = 1.44 × 103 V/cm. Eco = 0. tc = 0.5 μm.
T = 300 K.

at low Vds is steep, so many iterations are needed to move the
point P3 away from zero, and hence, convergence to a solution
is slow.

A faster iteration sequence can be defined by noting that
P is a convex function of Vds (so is Pk ) and Q is a concave
function of Vds. These properties follow because:

P ′ = − f ′
b − f ′

t < 0

P ′′ = − f ′′
b − f ′′

t > 0

Q′ = f ′
b + Vds f ′′

b + f ′
t + Vds f ′′

t > 0

Q′′ = 2 f ′′
b + Vds f ′′′

b + 2 f ′′
t + Vds f ′′′

t < 0 (16)

where

f ′
b = d f,b√

ψb

2

3

2 + θb

(1 + θb)2

f ′′
b = − d f,b

ψ
3/2
b

2

3

3 + θb

θb(1 + θb)3

f ′′′
b = d f,b

ψ
5/2
b

2
1 + 4θb + θ2

b

θ3
b (1 + θb)4

(17)

and similarly for f ′
t , f ′′

t , and f ′′′
t with b replaced by t .

For our improved iteration sequence, we generate the
tangent to P , not Pk , and then scale this down by 1 + kVds
(see the black dashed curved tangent line in Fig. 2). The line
is tangent to Pk at Vds,i and is always lower than Pk because
P is concave. The new point of intersection with the tangent
to Q, point P2 in Fig. 2, is closer to the solution point P1
than is the point P3 from the Newton–Raphson iteration.
The curved tangent to Pk at Vds,i is

TPk(Vds) = Pi + P ′
i (Vds − Vds,i )

1 + kVds
(18)

where Pi and P ′
i are evaluated at Vds,i . The tangent to Q at

Vds,i is

TQ(Vds) = Qi + Q′
i (Vds − Vds,i ) (19)
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where again Qi and Q′
i are evaluated at Vds,i . The intersection

of TPk and TQ is at

Vds,i+1 = − 2c

b + √
b2 − 4ac

(20)

where

a = k Q′
i , b = k

(
Qi − Q′

i Vds,i
) + Q′

i − P ′
i

c = Qi − Pi − Vds,i
(
Q′

i − P ′
i

)
. (21)

This iteration procedure requires only slightly more
computation, solution of (20), per iteration than does the
Newton–Raphson method, but as we show below converges
significantly more rapidly.

Since Q is concave, Qi − Q′
i Vds,i > 0, which guarantees

that b > 0. The numerator of (20) is, therefore, also always
positive, so the iteration procedure is numerically robust.

B. For Mid-Point-Potential Linearization Solution for Ids

Using (13) in (10) and solving for Ṽdsat where
∂ Ĩds/∂Vds = 0 gives the same mathematical form for Pk and Q
as (14)–(16) but with the derivatives in (17) replaced by

f̃ ′
b = 1

2

d2
f,b

f̃b
, f̃ ′′

b = −1

4

d4
f,b

f̃ 3
b

, f̃ ′′′
b = 3

8

d6
f,b

f̃ 5
b

(22)

and similarly for f̃ ′
t , f̃ ′′

t , and f̃ ′′′
t with b replaced by t .

The curved tangent iteration described in the previous
subsection III.A for the exact solution for Ids therefore directly
applies to the mid-point-potential linearization solution for Ids
as well.

Consistent with the channel resistance being overestimated
by the mid-point-potential linearization solution for Ids com-
pared with the exact solution

Ṽdsat < Vdsat. (23)

See Appendix B for a proof. We also verified this with
numerical simulations.

IV. INITIAL VALUE FOR Vdsat CALCULATION

Although, as Fig. 2 shows, our iteration scheme escapes
from the strong velocity saturation trap around Vds = 0 better
than the Newton–Raphson method, a better initial value is
possible.

An upper bound is the drain–source voltage Vdsp at which
the drain end of the channel pinches off. From (1), this is

1 − d f,b
√
ψb + 2Vdsp − d f,t

√
ψt + 2Vdsp = 0. (24)

Note that (24) is not the same as P = 0. Solving (24) gives

Vdsp = c̃

b̃ +
√

b̃2 − 4ãc̃
(25)

where

ã = (
d2

f,b − d2
f,t

)2

b̃ = 2
(
1 − d2

f,bψb − d2
f,tψt

)(
d2

f,b + d2
f,t

)

+ 4d2
f,bd2

f,t (ψb + ψt )

c̃ = (
1 − d2

f,bψb − d2
f,tψt

)2 − 4d2
f,bd2

f,tψbψt (26)

and (25) is numerically robust, since b̃ > 0.

For negligible velocity saturation, so k = 0, Vdsat for
the exact solution for Ids is precisely equal to Vdsp
(see Appendix B for a proof). Vdsat for the mid-point-potential
linearization solution for Ids, Ṽdsat, cannot be analytically
solved for dual-gate JFETs. So, first, we examine the case of
a single top-gate JFET bysetting d f,b = 0; an exact solution
for the drain–source saturation voltage is possible [11],
and expressing this in terms of the drain pinchoff voltage
gives

Ṽdsat

Vdsp
= 4

9
·

1 − 3d2
f,tψt +

√
1 + 3d2

f,tψt

1 − d2
f,tψt

. (27)

As 0 < d2
f,tψt < 1, we have

8

9
≤ Ṽdsat

Vdsp
< 1. (28)

Numerical evaluation shows that (28) is valid for k = 0
even for d f b �= 0; that there is a fairly tightly bounded
range for the maximum possible Ṽdsat, for any values for
d f,[bt ] and ψ[bt ], has not been pointed out previously.

For the mid-point-potential linearization solution, any volt-
age between 0 and 8Vdsp/9 is a reasonable initial value Vds,0
for Vdsat calculation when k ≥ 0. From (8) and (10), the
effect of velocity saturation is in effect to scale Vds down to
Vds/(1 + kVds), and therefore, we propose offsetting this by
correlating Vdsp with Vdsat scaled up by the same factor, as
a first-order approach to account for velocity saturation. This
gives

Vds,0(1 + kVds,0) = 8

9
Vdsp (29)

therefore

Vds,0 = 16Vdsp

9 + √
81 + 288kVdsp

. (30)

For k → 0, then Vds,0 → 8Vdsp/9, as desired. For large k, we
have Vds,0 ∝ 1/

√
k which again is desired. Numerical evalu-

ation shows that the scaled initial value saves one iteration to
achieve <2% error when k is large.

For the mid-point-potential linearization solution, when
k = 0, the initial Vds,0 of 8Vdsp/9 is at the lower limit
of the possible range, and within 11% of the actual value.
Because P ′′ > 0 and Q′′ < 0, we are guaranteed that
Vds,i < Vds,i+1. Therefore, the exact solution is approached
from the lower side; for every iteration go ≥ 0, so we are
guaranteed that whenever we terminate the iterative process,
we do not have a negative output conductance. When k > 0,
the initial value (30) guarantees that 0 < Vds,1 < Vdsat, and
again the exact solution is approached from the lower side, so
we are still guaranteed that go ≥ 0.

We also use the initial value (30) for the exact Ids solution.
Because, as noted above, Ṽdsat < Vdsat, the iterative sequence
still approaches Vdsat from the lower side, so go is never
negative for any iteration. It is possible to use Vdsp instead
of (8/9)Vdsp as the right-hand side of (29). However, numer-
ical evaluation shows that this does not reduce the number of
iterations necessary to achieve less than 2% error when k is
large.
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Fig. 3. Number of iteration needed to achieve less than 2% error Vdsat as a
function of the velocity saturation factor k for all allowed values of physical
parameters.

V. VERIFICATION AND FINAL METHOD

Our solution procedure for Vdsat uses (30) as an initial
value and iteratively updates that value using (20). We have
tested this over the allowable range of values of the physical
parameters. Without loss of generality, we can assume that
d f,b ≤ d f,t and d f,t = 1. This means 0 ≤ d f,b ≤ 1. To ensure
that 0 < P < 1 requires

0 < d f,t
√
ψt < 1

0 < d f,t
√
ψt + d f,b

√
ψb < 1. (31)

Although k can theoretically be infinite, we use 1025 as an
upper limit, as explained below.

Fig. 3 shows the number of iterations needed to achieve less
than 2% error in Vdsat for both the new solution method and the
Newton–Raphson method, for exact and mid-point-potential
linearization solutions for Ids. The new method achieves a
maximum of 2% error in three iterations for all test cases.
As k increases, the number of iterations needed to achieve
this accuracy stabilizes at two, which is the reason for the
upper limit we used. In contrast, the number of iterations for
the Newton–Raphson method is higher than that for the new
method, and keeps increasing as k increases.

We, therefore, propose a fixed three-iteration calculation
of Vdsat. This is equivalent to an analytical approximation
with less than 2% error, and avoids the problem of
microdiscontinuities if the number of iterations was allowed
to vary to meet specific convergence criteria.

Knowing Vdsat, the Ids calculations of (8) and (10) are
modified in the usual way to use a smoothly limited Vds,eff
value in place of Vds, where [1]

Vds,eff = 2VdsVdsat√
(Vds + Vdsat)2 + δ2 + √

(Vds − Vdsat)2 + δ2

(32)

and δ is a smoothing parameter. This form is chosen to
preserve drain–source symmetry.

Fig. 4. Id (Vds) curves of a dual p-n junction gate JFET. Vs = 0 and
Vt = Vb = 0, −1, −2, −3, −4, −5, −6 V from top to bottom.

VI. COMPARISON WITH TCAD DATA

To further verify our Ids model and Vdsat calculation method,
we compare model results with TCAD simulation results [12]
for JFETs both with dual p-n junction gates and with one
p-n junction gate and one MOS gate. Velocity saturation was
included in the TCAD simulations, and they were done at
a temperature of 300 K. We compared both the exact and
mid-point-potential linearization models with a simple channel
length modulation term added to account for the finite output
conductance in saturation

Ids → Ids ·
(

1 + Vds

Va

)
(33)

where Va was extracted to be 167 V.
For the dual p-n junction gate structure, we made the device

strongly asymmetric by using top- and bottom-gate doping
concentrations of 1020 and 1016 cm−3, respectively, with
Nc = 1017 cm−3, tm = 0.5 μm, and a width and length
of 1 μm and 10 μm, respectively.2 To fit the simulated data,
we extracted μ0 = 730 cm2/(V · s), Ecr = 1.44 × 104 V/cm,
Eco = 0, and δ = 2φt , φt = kT/q is the thermal voltage.

Figs. 4–6 show Id (Vds) curves for the dual p-n junction
gate JFET. In all cases, the exact Ids solution of (8)
gives an excellent fit, which verifies the accuracy of both
the Ids model and the Vdsat calculations. The mid-point-
potential linearization model underestimates the current, as
expected from (12), by as much as 5.2% in the saturation
region.

Figs. 7–9 show the Id (Vds) curves for the JFET with one
p-n junction gate and one MOS gate. The channel and bottom-
gate parameters are the same as for the dual p-n junction gate
case, and tox,t = 400 nm. Again, in all cases, the exact Ids
solution of (8) gives an excellent fit. The mid-point-potential
linearization model gives similar results, because the top MOS

2The effect of velocity saturation is significant even for a JFET of this
length. Additional physical effects, such as drain-induced barrier lowering,
are necessary to accurately model output conductance in saturation for short
devices [8], but are not included here. Our TCAD results for L = 10 μm
demonstrate the accuracy of model (6) and the effects of the approximation
made to derive (10).
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Fig. 5. Id (Vds) curves of a dual p-n junction gate JFET. Vs = 0, Vb = 0,
and Vt = 0, −1, −2, −3, −4, −5, −6 V from top to bottom.

Fig. 6. Id (Vds) curves of a dual p-n junction gate JFET. Vs = 0, Vt = 0,
and Vb = 0, −1, −2, −3, −4, −5, −6 V from top to bottom.

Fig. 7. Id (Vds) curves of a JEFT with one p-n junction gate and one MOS
gate. Vs = 0 and Vt = Vb = 0, −4, −8, −12, −16, −20, −24 V from
top to bottom.

gate causes less channel pinching than the top p-n junction
gate case; the device does not fully saturate so the errors from
linearizing Vc along the channel are reduced.

Fig. 8. Id (Vds) curves of a JEFT with one p-n junction gate and one MOS
gate. Vs = 0, Vb = 0, and Vt = 0, −4, −8, −12, −16, −20, −24 V from
top to bottom.

Fig. 9. Id (Vds) curves of a JEFT with one p-n junction gate and one MOS
gate. Vs = 0, Vt = 0, and Vb = 0, −4, −8, −12, −16, −20, −24 V from
top to bottom.

VII. CONCLUSION

We have developed a fixed three-iteration method to cal-
culate the drain–source saturation voltage Vdsat for dual-gate
JFETs. The error is <2%, including the effect of velocity
saturation, for an arbitrary combination of p-n junction and
MOS gates. By using a well chosen initial value and using a
new curved tangent scaling technique, our method converges
substantially faster than the Newton–Raphson method, and
guarantees that go ≥ 0 for Vds = Vdsat. We also presented
a unified formulation for modeling dual-gate JFETs with any
combination of p-n junction and MOS gates. The method
and the modeling approach were verified by comparison with
numerical simulations. These simulations also showed that the
exact solution for Ids is more accurate than the solution based
on mid-potential linearization.

APPENDIX A
JUSTIFICATION OF USING APPROXIMATED μred

IN Vdsat CALCULATION

Here, we prove the statement in Section III that using the
approximate μred model (13) instead of the exact model of [1]
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guarantees that go(Vdsat) > 0.
If Idepl is the current without velocity saturation, then

Ids = Idepl

μ
red

(34)

hence

go =
gdepl − Idepl

d ln(μ
red
)

dVds

μ
red

(35)

where gdepl = d Idepl/dVds.
From symmetry, we only need considering Vds ≥ 0. Now

d2μred/dV 2
ds > 0 and dμred/dVds = 0 at Vds = 0 and

asymptotically approaches 1/(L · Ecr) = dμ
red
/dVds from

below as Vds increases, so

dμred

dVds
<

dμ
red

dVds
. (36)

From this, d(μred − μ
red
)/dVds < 0 and because μred

approaches μ
red

for large Vds, the difference μred −μ
red

must
monotonically increase as Vds decreases, so

μ
red
< μred (37)

therefore
1

μred
<

1

μ
red

(38)

(by construction μred ≥ 1 and μ
red
> 0 because Ecr > Eco).

Combining (36) and (38), we have

d ln(μred)

dVds
<

d ln(μ
red
)

dVds
. (39)

Therefore, from (35), computing Vdsat based on μ
red

but
using μred to calculate Ids guarantees that go(Vdsat) > 0
because the amount that is subtracted from gdepl in the
numerator of (35) is less.

APPENDIX B
RELATIONSHIP BETWEEN Vdsat AND THE

DRAIN PINCHOFF VOLTAGE Vdsp

The general form of Ids is

Ids =
∫ Vds

0
g(Vc, Vds)dVc (40)

where g is a monotonically decreasing function of both Vds
and the channel potential Vc for g ≥ 0. By definition, drain
pinchoff occurs when

g(Vdsp, Vdsp) = 0. (41)

We have

go = d Ids

dVds
= g(Vds, Vds)+

∫ Vds

0

∂g(Vc, Vds)

∂Vds
dVc. (42)

Vdsat is the value of Vds for which go = 0.
For the exact solution for Ids without velocity saturation,

g does not explicitly contain Vds, so the second term in (42)
vanishes, and hence

g(Vdsat, Vdsat) = 0. (43)

Therefore, Vdsat = Vdsp. This conclusion is general and is
consistent with the case of MOS transistors.

For the mid-point-potential linearization solution for Ids,
g explicitly contains Vds. The second term in (42) is negative
so g(Ṽdsat, Ṽdsat) > 0. Therefore

Ṽdsat < Ṽdsp < Vdsp = Vdsat. (44)

The second inequality follows the fact that the mid-point-
potential linearization solution overestimates the junction
depletion thickness.
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