Thermoelectricity: From Atoms to
Systems

Week 4: Thermoelectric Systems
Tutorial 4.1 Homework solutions, problems 1-6

By Je-Hyeong Bahk and Ali Shakouri
Electrical and Computer Engineering
Birck Nanotechnology Center
Purdue University
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Prob. 1. Heat balance equation

......................................................................................................................................................................

1-1. Second derivative of temperature

The heat generation rate per unit volume cqypled charge and heat current eq.

dJ dT
Y Q Jo=STJ, —xk—
="+ JE Q =S~k
X ] 3, .dT
E=—+S—
For one-dimensional problem, and assuming o dx
temperature- and position-independent properties,
. dT dT | J,° dT
G=—]S——Jg—Kk—g [+ +5J,—
dx dx o dx
d’t J.°
=K—> +
dx o )
o AT 1,
At steady-state, — o T 5 — T T Vg
g dx? KO
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Prob. 1. Heat balance equation

......................................................................................................................................................................

1-2. Tempel’ature Cross sectional area: A
profile with current ,
Tc —> Ty
x=0 x=d
ﬂ __ 1 ]2
dX2 KO i Boundary conditions:
T(x=0)=T
=) 1= { =0l
T(x=d)=T,

2 2
~T(X) = RIZ o |AL R X+Te
d 2Kd
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Prob. 1. Heat balance equation
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4 Slope=

K

Chemical Slope= Vlu i

pOtentia| lLl /
o

4 =[SAT]| |

voltage v \
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Prob. 1. Heat balance equation

......................................................................................................................................................................

1-3. Heat balance equation at cold side

dT From 1-2.
Qout = KA— RIZ , (AT RI?
dx =0 -T(x):—ZKdzx +£ x +2dex+TC
" RI2 (AT RI?)
= KA ——— X+ +
ou Kd? [ d 2de
— —Ix=0
4 2
Q,y = KA AT R kAT 1Rz
_d  2Kd 2

" Qz =ST.1-Q,, =ST¢| —%RI * —KAT
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Prob. 2. Quasi-ballistic TE cooler

......................................................................................................................................................................

2-1. Temperature profile for quasi-ballistic TE cooler

M _ 1\]62{1_9)@[_ Xﬂ K d 2T _ dquuIe
o

2
dx /15 dX dX
GaAs, 5000 electrons, E=5kV/icm, ¢ _=0.1eV
5 I o Ooaaoc‘ﬁhu ©o O&}’_O O%On 2. ] [ =

20— s . : 0] 2
P LT 1 1_exp[_1j

) [ ocD ] dX2 KO ﬂ.«E

Boundary conditions:

{ T(x=0)=T.
T(x=d)=T,

Energy Deposited (kV/cm)
w
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Prob. 2. Quasi-ballistic TE cooler

......................................................................................................................................................................

d°T 1 X
2-1. (cont’d —=——] 2 1—e ——
( ) dx” Ko I P A )|
" i X ) 2
T"=-8 1—9Xp(—7] whee  B=-—32-
i E/_ KO Kd?

T’:—BlEexp(—ﬁj—Bx+Cl
= T(Xx=0)=T;
T =B, exp(—%)—%x +Cx+ T, — B2
. = T(x=d)=T,
T(x=d)=BA. exp(—%)—zdzﬂldnﬂ —~BA° =T,

E
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Prob. 2. Quasi-ballistic TE cooler

......................................................................................................................................................................

B’ exp(—i]—%dz +Cd+T. —BA" =T,

d c 2 d d
- _
By pgf 0 )], By, 8T
d I Ag d
T =BA."exp| —— _By 5 1—exp L | AL X+Te —BA”
e) 2 Ae RIZ
& B=——

2 2 24 2 2, 2
"T(X)=- RI X% + AT RIZ RITAe 1—exp _d4 x+TC—RI /125 1-exp| - =
2Kd d 2Kd Kd?® Qg Kd Ag




Prob. 2. Quasi-ballistic TE cooler

......................................................................................................................................................................

2-2. Heat dissipation at cold side

dT
Qout = KA&

x=0

dT(x)  RI? AT RI? RI?A.° d RIZ ¢ X
=———X+ + + > | 1-expl —— | |- >— EXp| ——
dx Kd d 2Kd Kd A Kd A

KA

dT (x) AT RI? RI?A.° d RIZ A
= + + s | 1-exp| —— | |- >
dx |, |d 2Kd Kd Ae Kd
dT () }
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Prob. 2. Quasi-ballistic TE cooler

......................................................................................................................................................................

2-3. Fraction of Joule heating dissipated to cathode

2 )
1 Az (Ag d
=RI“*{=-—F+ 1—exp| —— KAT
Qout {2 q +( q j { p[ ZEHML

Fraction of RI?

GaAs, 5000 electrons, E=5kV/cm, ¢.=0.1eV

° d =3000 nm
48 —= s : W°O°%° mooovo From the left figure, at x = A,
4 o

\ ; y = 4.8[1—exp(-1)|=3.0

S Ag =200 nm

Energy Deposited (kV/cm)
w
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Prob. 3. Thermoelectric cooler

......................................................................................................................................................................

supply electrode

isolator

T
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Prob. 3. Thermoelectric cooler

......................................................................................................................................................................

top contact

3-1. Max cooling
TE film

supply electrode
isolator

ground contact

Tamb
1, R ., ST,
0=ST.l ——=RI"—KAT =) AT =—-1"+—= C |
2 2K K
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Prob. 3. Thermoelectric cooler

R R R R L L T R R RN R

3-2. Simulation (https:nanohub.org/tools/thermo)

(1) Click here
exes) |

STy Abost Bhis fool
Qeerhons )

Thermoelectric Device Simulator

Welcome! This simulation tool is intended to
simulate thermoelectric (TE) devices under
various conditions and designs. Both micro-
scale thin-film TE devices fabricated on a
substrate (Fig. 1) and large-scale multi-
element TE modules (Fig. 2) can be simulated.

There are currently six modes that user can
choose from in the next page. Please select
one mode depending on what type of TE
device (Thin film or module), what operation
mode (cooling or power generation), and
what boundary conditions (Heat input or top
temperature) to simulate. Then, enter the
material properties and dimensions of the TE
device, specify the simulation conditions, and
then press ‘simulate’ button.

Users can choose an independent variable
such as material parameters and dimensions
of the TE device, and simulation conditions.
The device performances are simulated as a
function of the independent variable.

nta

TE film

Fig. 1 Thin film thermoelectricdevice

Fig. 2 Multi-element thermoelectric module

Click here for more information about the modeling of thermoelectric devices.

Or click this button to proceed to the second phase

Mode Selection and Conditions > [

UNIVERSITY
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(2)

\ > About this fool
@ Mode Selection and Conditions ® e

Selecta modilMode 1: Thermoelectric Thin Film Cooler: Cooling power is known :I

Select Mode 1 )
Thin Film Thermoelectric

Cooler (Qin is known)

top contact

supply electrode

isolator

In this mode, the cooling power density (O.n) is known. ',C‘J“ent l
The model solves for the temperatures (TI, T2) with a
given current (1) applied. The model can also solve for ubstrate
the adiabatic condition at the top surface by Q.n =0 S
The total electrical power consumed (VW) and the
coefficient of performance (COP = @, /W) are also
obtained. In the substrate, both electrical current and
heat spreading effects are taken into account.

ground contact
Tomt: ;
amb:

Enter the values here

Cooling Power Density [W/cm®2]: |0 Independent Variahle: ICurrenl [Amp] ~

Minimum Value: |0

T ambient [K): Eﬁi— Step Value: ]0.01

I imum Value: (2

< Intro Material Properties and Dimensions >
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Prob. 3. Thermoelectric cooler

......................................................................................................................................................................

3-2. Simulation for maximum net cooling (cont’d)

( 3 ) © Material Properties and Dimensions e (4) ) S
v Sesbeck Coefficient, TF [micrgv/K]: [200
Select “No Substrate” Themal Conductivity, TF [W/§*K)]: [2
Substrate anl Spreading Effect Options: |No Substrate I: Substrate and Spreading Effect Electrical Conductivity, TF [1/(ochmjcm)]: {1000 =
: | Thickness, TF [micromdters]: |50
Please CliCT e DTS- (o e e et T PrOp Tt e e T mrerTeTaTTs™ Please ek e bl Bty cxnese f’" CIomgere] L
Area, TF [micrometes~2]: {10000 2 Enter the Val o here
Thin Film Properties Thin Film P :w“ 4
Contact Resistance :
. . Contact Resistance
1. Click this blue butto -

The drawing will be updated

< Mode Selection and Conditions Simulate >

< Mode Selection and Conditions Simulate >

) i
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Prob. 3. Thermoelectric cooler

......................................................................................................................................................................

3_ 2 . e | O simutate

(cont’d) "o o

&
z
280 — _'2':'-55
: :
2 o
Lowest T .
2 (Maximum net cooling) (3

(4]
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Prob. 3. Thermoelectric cooler

......................................................................................................................................................................

3 2 Click the menu and
I select the last'one O simulate
P
(Cont d) Result: |Ma.umum Coaling Performance (cooling modes only) = L&l

Mazimum net coolin
Macr1mum =

= 58 380 [K] (T 1 = 241 620} at Curcent = 0.97 [Amp]
A Crent = U, P

AT, =584K,1 , =097A

Check: To =2416K

~ (200x107° V/K)*(1000x10° Q'm™)
(2 W/mK)

opt

7 ~0.002 K™

%ZTCZ = %(0.002 K1)(241.6 K)? =58.4 K
= AT (match!)

MmaX
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Prob. 3. Thermoelectric cooler

......................................................................................................................................................................

3-3 With specific contact resistance= 1e-6 Q cm?
' -> Additional Joule heating

€) Simulate

AT . =58.4K —46.1K

/ .
. \Nith contact

E /ista nce
Temperature attop surface (T_1) #2
260 253.94K @ 0.738mp \
| h :
No contact resistance
T T T T
Simulation = #2

» Specific Contact Resistance [ohm™cm~Z] = 1e-08
[

Result: | Temperatures

320 —

300 —

ature (k)

—
a

mp

L=

< Matenal Properties and Dimensions




Prob. 3. Thermoelectric cooler

......................................................................................................................................................................

3-4. With substrate with spreading effect

AT . =58.4K —46.1K — 445K

| //% ‘/Jb
300 —

Result: | Temperatures

% With contact resistance ——# "~
: with substrate With contact resistance
ﬁ No substrate

b Temperature at top surface (T_1) #3
235.4353K @ 0.63Amp
260 — F—‘/

No contact resistance

|°’ =0.69.A E ~ No substrate

Clear One
P Simulation = #3
[ X ]
[

Specific Contact Resistance [ohm*cm™2] = 1e-06
Substrate and Spreading Effect Options = 1
Seebeck Coefficient, Substrate [micro®/] = 30
Thermal Conductivity, Substrate [Wd/m*K)] = 130
Electrical Conductivity, Substrate [1/{ohm*cm)] = 300

< Material Properties and Dimensions |
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Prob. 3. Thermoelectric cooler

......................................................................................................................................................................

3-5. With substrate with spreading effect on T,

€) simulate
Result |Temperatures s @
0 |
T2=3O{.9K (due to Peltier atingat the interface)
- &
F‘ Topirs o o
250—_ __F‘—"’

U I U | U I U 1
as 1 15 2
Current (Amp)

Clear One Clear all

P Simulation = #3
[

Specific Contact Resistance [ohm*cm™2] = 1e-06
Substrate and Spreading Effect Options = 1

Seebeck Coefficient, Substrate [micro®/] = 30
Thermal Conductivity, Substrate [Wd/m*K)] = 130
Electrical Conductivity, Substrate [1/{ohm*cm)] = 300

L=

< Material Properties and Dimensions |

) i
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Prob. 4. Segmented TE element

......................................................................................................................................................................

In a single material: AT .. =%ZTC2 when | :Si or| I°R= STe |
R
(Joule)=(Peltier)
ST (S2 =S, To keep this condition

STl =(S,-S,)Tl

| Material Material Summ—
509, =28
L. =Ly 2 1
S, ;=28 R, =R,
O 1 0'2=G1/4
1 2 Also, Sl oy —52 O,
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Prob. 4. Segmented TE element

......................................................................................................................................................................

~— Material 1 SR

Seebeck Coeflicient, TF [microV/K]: | 200

Themal Conductivity, TF [W/(m"K)]: |2

Suhbsirate an — =

Please cIiL_ EIEI:M':&] Cﬂﬂﬁﬂﬁﬁ'ﬂﬂy, TF ﬁf(uhm“cm_j]: 1000

! Thickness, TF [micrometers]: | S0
f

Area, TF [micrometers®2]: | 10000 [3 o

Material 2

Seebeck Coefficient, Substrate [micro'/K]: (400
Thermal Conductivity, Substrate [W/(m"K)): [2
Electrical Conductivity, Substrate [1/(ohm"cm)]: | 250

Thickness, Substrate [micrometers): [12.5

L

< Mode Selection and Conditions Simulate = |

) i
M J.-H. Bahk and A. Shakouri, nanoHUB-U Fall 2013




Prob. 4. Segmented TE element

......................................................................................................................................................................

£} simulate
Result: | Temperatures - @
300 — | m
|\ Single AT, =584K—>7197K
, 1
3 - >§ZTC2:52.OK

Segmented _—F—

o5 1 1.5 2
Current {&mp)

b Simulation = #2
[ X ]
L

Substrate and Spreading Effect Options = 2
Seebeck Coeficient, Substrate [microi/k] = 400
Thermal Conductivity, Substrate [W/Am™K)] = 2
Electrical Conductivity, Substrate [1/ohm*cm)] = 250
Thickness, Substrate [micrometers] = 12.5

« Material Properties and Dimensions
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Prob. 5. TE power generator

......................................................................................................................................................................

top contact

supply electrode
P

T
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Prob. 5. TE power generator

......................................................................................................................................................................

top contact < Electrical resistance
supply electrode network for power

Il — generation>
3" SH
R, I
Tymb ground contact R RTE % RL
Seebeck effect:  Voc=Ste(T1-T2)+Ssun(T o Tamp) Rsub
oc:STEAT (without substrate) Ve
Ohmic law: V,.=I(R+R|) = S{gAT
S -T) L _SYaTYR,

R+R. ™ (R+R.)

W
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Prob. 5. TE power generator

......................................................................................................................................................................

5-2. Maximum power output

5 S(AT)R,
" (R+R, )
Differentiate P, with respect to R,
dP, _ S*(ATP|R+RP-2R (R+R.)|_ )
dR, (R+R,)*
5 _SUAT)
out,max 4R
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Prob. 5. TE power generator

......................................................................................................................................................................

5-3. Maximum efficiency

|(SAT - IR)

77 _ (a)
15,2
ST, | 5 Rl + KAT
. . . dn
Differentiate n with respectto/,and — =0

(SAT — 2RI)(KAT +SIT,, —=1/21?R) - I (SAT —=RI)(ST,y —R1) =0

i

KAT SAT _1) where ¥ = \/1-|- ZTM

" ZT,R ,
ZT,, =y> -1
SAT (y-1) | SAT M =7

R (¥*-1) R(7+1)

(b)
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Prob. 5. TE power generator

......................................................................................................................................................................

5-3. Maximum efficiency (cont’d)
' SAT SAT

Plug (b) into (a) to get From | = _
- ) (7_1) AT R(}/-I-l) R+R|_
s fmax T 7]
T
(7/"’1)_£ " L =R
u TH _




Prob. 5. TE power generator

......................................................................................................................................................................

SImUIatlonS Res ItIPW Output and Efficiency (power gen. modes only) e
0 |
I 5]
001 E §<—RL=O.0522 Q — 7/R for r’méx
| < R=0.04Q =R for Py, i
‘= BOag V) (SOOOOQ m) =.001563 I

(2 W/mK) B
T —450K - LT, =0.70 i

y =+/1+0.70 =1.305




Prob. 5. TE power generator

......................................................................................................................................................................

5-5 & 5-6 (cont’d)

Click the menu and @ simulate

select the last one
qﬂesultlrﬂaximum Fower Generation Performance (power gen. modes anly) j @

Maziimum Power Oupuot = 3.516e-02 [W] at Load Resistance = 0. 040000 [0Ohm]
Mazzimum efficiency = 8.450e-02 at Load Resistance = 0. 052200 [0hm]
Internal resistance = 4. 000e-0% [Ohm]

Pyt max = 0.035 W at R =0.04 Q =R

=0.085 at R;=0.0522 Q =R

r’max

1 UnLVE J.-H. Bahk and A. Shakouri, nanoHUB-U Fall 2013



Prob. 5. TE power generator

......................................................................................................................................................................

5-7. Power output as a function of AT

Click the menu and O smuato
select this option

%Hesult: |iner Output and Efficiency (power gen. modes

only)

Ee
0 |

a
Pout= 35.2 MW
at AT= 300 K

P,,:= 15.6 mW at AT= 200 K

Power Cutput
0.00330625% @ 400k,

DL/{PW: 3.9 mW at AT= 100 K

J T
300 400 500 600
Temperature 1 (k)

« Material Properties and Dimensions




Prob. 6. Thermoelectric system

......................................................................................................................................................................

* AN example Of Ts = 1800 K Heat source (combustion)
TE topplng CyC|e > temperature
on steam turbine

: Heat transfer coefficient

1000 x 1000 2 Substrates (W/m2K) at hot side
elements per m? \ ‘
Leg
length 1y

Fractional
coverage
of element

Fill factor=0.1

Cold side
Heat sink

Heat transfer coefficient
(W/m?3K) at cold side

W
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Prob. 6. Thermoelectric system

......................................................................................................................................................................

6-1. Power output as a function of material properties and
heat transfer coefficients

Click the menu andiselect Powe r o ut VS. ZT @ 1o
“Power Output vs. ZT" :
% Hesult:lF‘nwer Cutput ws 2T j (i
o
lf’

Fower Output (Wem=2)

15000 —

10000 —

000 —

Three different simulations

completely overlapped:

1. Varying thermal conductivity ()

2. Varying Seebeck coefficient (S)

3. Varying electrical conductivity (o)
while keeping the other two

T ' ] constant in each simulation.

ZT (unitless)




Prob. 6. Thermoelectric system

......................................................................................................................................................................

. 9 Result: | Power Output vs 2T POWe r O Ut VS L ZT -
(cont’d) ™ e

0 |

Heat transfer coefficients=
\ :

600 W/m?K Varying 6,5,6  —

20000 —

400 W/m?2K

Fower Cutput (Wm™2)

200 W/m?K

10000 —




Prob. 6. Thermoelectric system

......................................................................................................................................................................

6-1. (cont’d) which statement 1s correct?

a. The higher the heat transfer coefficient is, the lower the power
output is generated.

b. Optimal power output is only a function of the heat transfer
coefficients, and not of the material properties.

c. Optimal power output does not change with varying any of the
three individual material properties and the heat transfer
coefficients as long as the ZT value remains the same.

d. Optimal power output does not change with varying any of the
three individual material properties as long as the ZT value and
the heat transfer coefficients remain the same.

e. None of the above.

J.-H. Bahk and A. Shakouri, nanoHUB-U Fall 2013



Prob. 6. Thermoelectric system

......................................................................................................................................................................

6-2. Cost analysis

Power cost (S/W) vs. ZT
= Result:|Power Cost vs 2T -

Click the menu and select
“Power cost vs. ZT” |

Varying S,c (power factor)

11

Varying x

/

Fower Cost (F4%)

ZT (unitless)



Prob. 6. Thermoelectric system

......................................................................................................................................................................

6-2. (Cost analysis, cont’d) which statement 1s correct?

a. Materials produce the same power cost if their ZT values are
the same.

b. Inthe high ZT regime (e.g. ZT higher than ~ 3.0), lowering the
thermal conductivity is more desired than enhancing the
power factor in terms of power cost if ZT remains the same.

c. Inthe high ZT regime (e.g. ZT higher than ~ 3.0), enhancing the
power factor is more desired than lowering the thermal
conductivity in terms of power cost if ZT remains the same.

d. Power cost increases with increasing ZT.

e. Power cost decreases with decreasing efficiency.
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