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10/ Non-coherent transport

10.1. Why does an atom emit light?
10.2. Examples

10.3. Inflow and outflow

10.4. Supplementary notes: Phonons

In Chapter 9, we have discussed a quantum mechanica modd that describes the flow of
electrons coherently through a channel. All dissipative/ phase-breaking processes were
assumed to be limited to the contacts where they act to keep the electrons in local equilibrium.
In practice, such processes are present in the channel as wel and their role becomes
increasingly significant as the channel gets longer. Indeed prior to the advent of mesoscopic
physics,the role of contacts was assumed to be minor and quantum transport theory was
essentialy focused on the effect of such processes. By contrast, we have taken a “bottom-
up” view of the subject and now that we understand how to model a small coherent device ,
we are ready to discuss dissi pative/phase-breaking processes.
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Fig.10.1. Phase-breaking introduces a coupling to neighboring configurations

having one more or one less number of excitations {N } than the original.

Phase-breaking processes arise from the interaction of one electron with the surrounding
bath of photons, phonons and other eectrons. Compared to the coherent processes that we
have discussed so far, the essential difference is that phase-breaking processes involve a
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320 Quantum Transport: Atom to Transistor

change in the “surroundings’. In coherent interactions, the background is rigid and the
electron interacts elastically with it, somewhat like a ping pong ball bouncing off a truck. The
motion of thetruck is insignificant. In redlity, the background is not quite as rigid as a truck
and is set in “motion” by the passage of an electron and this excitation of the background is
described in terms of phonons, photons etc. This is in genera a difficult problem with no
exact solutions and what we will be describing here is the lowest order approximation,
sometimes called the self-consistent Born approximation, which usually provides an adequate
description. Within this approximation, these interactions can essentialy be viewed as a
coupling of the channel from the “standard’ configuration with { N} phonons/photons (in
different modes with different frequencies{ w}) to a neighboring configuration with one less
(absorption) or one more (emission) phonon/photon as depicted in Fig.10.1.

This coupling to neighboring configurations results in an outflow of electrons from our
particular subspace and a subsequent return or inflow back into this subspace. A genera
model for quantum transport needs to include this inflow and outflow into the coherent
transport model from Chapter 9, through an additiona termina ‘s described by the

additional terms zig and Zg (see Fig.10.2). My objective in this Chapter is to explain how

these additional terms are caculated. We have seen that for the regular contacts, the
inscattering is related to the broadening:

Zi? = Flfl and Zlg = F2f2

However, for the scattering terminal both z‘g and Zg have to be determined separately since
there is no Fermi function fg describing the scattering “terminal” and hence no smple

connection between zig and Xg (or Iy), unlike the contacts. Of course, one could adopt a

phenomenological point of view and treat the third terminal like another contact whose
chemical potential L isadjusted to ensure zero current at this terminal. That would be in the
spirit of the “Buttiker probe” discussed in Chapter 9 and could well be adequate for many
applications. However, | will describe microscopic (rather than phenomenological) models for

Zig and Xg that can be used to benchmark any phenomenological models that the reader may

choose to use. They can also use these models as a starting point to include more
sophisticated scattering mechanisms as needed.
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Fig.10.2. Non-coherent

quantum transport :

Inflow and outflow.
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The inflow and outflow associated with dissipative processes involves subtle conceptual
issues beyond what we have encountered so far with coherent transport. A fully satisfactory
description requires the advanced formalism described in the Appendix, but in this Chapter |
will try to derive the basic results and convey the subtleties without the use of this
formalism. In the next Chapter | will summarize the complete set of equations for
dissipative quantum transport and illustrate their use with afew interesting examples.

Wewill start in Section 10.1 by explaining two viewpoints that one could use to model
the interaction of electrons with its surroundings, say the eectromagnetic vibrations or
photons. One viewpoint is based on the one-particle picture where we visudize the eectron as
being affected by its surroundings through a scattering potential Ug. However, as we will see,
in order to explain the known equilibrium propertiesit is necessary to endow this potential Ug
with rather special properties that make it difficult to include in the Schrodinger equation.
Instead we could adopt a viewpoint whereby we view the el ectron and photons together as one
giant system described by a giant multiparticle Schrodinger equation. This viewpoint leads to
amore satisfactory description of the interaction, but at the expense of conceptual complexity.
In generd it is important to be able to switch between these viewpoints so as to combine the
smplicity of the one-particle picture with the rigor of the multiparticle approach. | will
illustrate the basic principle in Section 10.2 using a few simple examples before discussing
the general expressions for inflow and outflow in Section 10.3.
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322 Quantum Transport: Atom to Transistor

10.1. Why does an atom emit light?

We dtarted this book by noting that the first great success of the Schrodinger equation
was to explain the observed optical spectrum of the Hydrogen atom. It was found that the
light emitted by a hot vapor of hydrogen atoms consisted of discrete frequencies w=2nv
that were related to the energy eigenvalues from the Schrodinger equation : im= €, —¢€n,.
Thisisexplained by saying that if an electron is placed in an excited state | 2), it relaxes to the

ground state |1) and the difference in energy is radiated in the form of light or photons
(Fig.10.1.2). Interestingly, however, this behavior does not really follow from the Schrodinger
equation, unless we add something to it.

%Atomg
Fig.10.1.1. If an electron is
placed in an excited state |2), it &

will lose energy by radiating light

Excited state Ground state
and relax to the ground state |1). 12) 1)
However, this behavior does not
follow from the Schrodinger o 82 - 82

equation, unless we modify it
appropriately.

g | —e— &

o= €y—¢

To see this let us write the time-dependent Schrodinger equation (Eq.(1.1.8)) in the
form of amatrix equation

vl = Hl v} (1011)

using a suitable set of basis functions. If we use the eigenfunctions of [H] as our basis then
this equation has the form:
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V1 e, 0 0 Y1
ihd Wz}_ 0 e O Y2
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which decouples neatly into a set of independent equations:

ihS{wnk = [en] vl (1012

onefor each energy eigenvalue €. It is easy to write down the solution to Eq.(10.1.2) for a
given set of initial conditionsatt = 0:

Un(t)= wn(0) exp(-ient/h) (10.1.34)

This means that the probability P, for finding an electron in state ‘n’ does not change with
time:

P = |wn® %= |wn(©]%= PO (10.1.30)

According to the Schrodinger equation, an electron placed in an excited state would stay there
for ever! Whatever it isthat causes the excited state to relax is clearly not a part of Eq.(10.1.1)
or (10.1.2).

So what is missing? There are two ways to answer this question. Let us describe these
one by one.

One-particle viewpoint: This viewpoint says that the electrons feed a random externa

potential US due to the photons in the surrounding “box” which causes it to relax to the
ground state. This potentia gives rise to off-diagonal terms in the Hamiltonian which couple
the different states together.
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Fig.10.1.2. In the one-particle viewpoint the electrons are said to feel an

external potential US due to the photons in the surrounding “box’ which causes

it to relax from |2) to |1).

With just two states we could write

ihﬂ{“’l}: e UD {‘4’1} (10.1.4)
dt L) U%l €9 L)

Without getting into any details it is clear that if the electron is initidly in state |2), the term
Ulsz will tend to drive it to state |1). But this viewpoint is not redly satisfactory. Firstly, one

could ask why there should be any external potential US a zero temperature when al thermal
excitations are frozen out. The answer usually is that even a zero temperature there is some
noise present in the environment, and these so-called zero point fluctuations tickle the eectron

into relaxing from |2) to |1). But that begs the second question: why do these zero point
fluctuations not provide any transitions from |1) to |2)? Somehow we need to postulate a
scattering potential for which (notethat £5> €4)

U3 =0 but U =0

at zero temperature.
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For non-zero temperatures, U%l need not be zero, but it will still have to be much

smaller than Ulsz, so as to stimulate a greater rate (2 — 1) of transitions from 2 to 1 than

from 1 to 2. For example, we could write

SE-1= Ky, fa(1-1) vand S(1—2)= Kypf(1-13)

where f; (1—f5) isthe probability for the system to bein state |1) (level '1' occupied with
level ‘2" empty) and f,(1—f;) isthe probability for it to bein state | 2) (level ‘2’ occupied
with level ‘1" empty). At equilibrium the two rates must be equal, which requires that

Kiso - f2(-f) _ @A-fp/f (10.1.5)
Koy  f1@-f2)  (A-f)/f;

But at equilibrium, the occupation factorsf, and f, are given by the Fermi function:

1 1-f €q—U
f,= - N- exp|-X
" l+exp((en—n) /kgT) fi p( kgT ]
Hence from Eq.(10.1.5),
(M) = exp [_ ﬂ) (10.1.6)
K21 equilibrium kT

Clearly at equilibrium, Ko_,q >> K4_,», aslong asthe energy difference (e5- €1) >>kgT.

Early in the twentieth century, Einstein argued that if the number of photons with
energy 7o present inthe box is N then the rate of downward transitions is proportional to
(N+1) while the rate of upward transitionsis proportional to N:

K@A—2)= aN photon absor ption
K2—->1)= a(N+D photon emission (10.1.7)

This ensures that a equilibrium, Eqg.(10.1.6) is satisfied since the number of photons is
given by the Bose-Einstein factor
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[N] ilibrium — L
equIIbNUM - exp (o /kgT) -1
(10.1.8)

and it iseasy to check that

(KIHZJ — (_N ] = exp(— _h(o]
K251 ) equilibrium N+1) equilibrium kgT

(10.1.9)

Since im= €, —¢;, EQs.(10.1.9) and (10.1.6) are consistent.

What is not clear is why the externa potential should stimulate a greater rate of
downward transitions (2 --->1) than upward transitions (1 ---> 2), but clearly this must be
the case if we are to rationalize the fact that a equilibrium, lower energy states are more
likely to be occupied than higher energy states as predicted by the Fermi function. But there
is really no straightforward procedure for incorporating this effect into the Schrodinger

equation with an appropriate choice of the scattering potential us. Any Hermitian operator

US will have U 182 = u§1 and thus provide equal rates of upward and downward transitions.

Many-particle viewpoint: This brings us to the other viewpoint which provides a natura
explanation for the difference between upward and downward transition rates, but is
conceptually more complicated. In this viewpoint we picture the electron + photon as one
big many-particle system whose dynamics is described by an equation that formally looks
just like the Schrodinger equation (Eq.(10.1.1))

in %{‘P}  [H]{¥} (10.1.10)

However, {¥} now represents a statevector in a multiparticle Hilbert space which includes
both the electron and the photon systems. The basis functionsin this multiparticle space can
be written as a product of the electronic and photonic subspaces (see Fig.10.1.3):
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INnN)=[n) ® [N)
electron photon

just asthe basis functions in a 2-dimensiona problem can be written as the product of the
basis states of two 1-dimensional problems:

[k kyh=[ke) ® [ky) ~ exp(ikyX) exp(ikyy)

X — y—
O-photon 1-photon 2-photon
states states states
82+2h(l)
Ho1
82+h(,0 - »
< &g+ 2h®
e Hio Hio
2 ,
€1+ hw
Ho1 1
&
Hoo —— — Hu — — Hzp —

FIG.10.1.3. In the multiparticle viewpoint, the electron-photon coupling
causes transitions between |2,N) and |[LN—1) which are degenerate states

of the composite system.

We can write EQ.(10.1.10) in the form of amatrix equation:

Ho Hor O -
| ¥, I_|oo H01 y ¥,
7 Sl bo Mo Hu Ho ¥,
dt 0 Hyy Hop -
b )
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where {¥\} represents the N-photon component of the wavefunction. If the eectronic

subspace is spanned by two states |1) and |2) as shown in Fig.10.1.4 then {¥\} is a(2x1)

column vector {Wy }= {il’N } and the matrices Hy, are each (2x2) matrices given by
2N

H B €1+Nh0) 0
NN e N (10.1.11)
0 KN +1
Hn Nt = N : Hnitn = Hy N
N+ |:K*\'N+1 0 } +1, N,N-+1

Broadening: The point is that if we consider the N-photon subspace, it is like an open
system that is connected to the (N+1)- and (N-1)-photon subspaces, just as a device is
connected to the source and drain contacts. In chapter 7, we saw that the effect of the source
or drain contact could be represented by a self-energy matrix

= 191" (same as Eq.(7.2.7))
whose imaginary (more precisely anti-Hermitian) part represents the broadening
= i[2-2 = rat"

a=i[g—g'] being the spectral function of the isolated reservoir. We could use the same
relation to calculate the self-energy function that describes the effect of the rest of the photon
reservoir on the N-photon subspace, which we view as the “channel”. Actualy the details are
somewhat more complicated because (unlike coherent interactions) we have to account for the
exclusion principle. For the moment, however, let us calculate the broadening (or the outflow)
assuming dl other states to be “empty” so that there is no exclusion principle to worry
about. Also, to keep things simple, let usfocus just on the diagona element of the broadening;

[an(E)] NN~ [Hnm] N,N+1 [amm] N+1,N+1 [Hmn] N+1,N
+ [Hnm] N,N-1 [amm] N-1,N-1 [H mn] N-1,N
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Assuming that the coupling from one photon subspace to the next is week, we can
approximate the spectral functions‘a with their unperturbed values.

em 2
M@ gy = Ko | " (N+D 208 (E - e~ (N+D )

2
+ ‘Krﬂﬁ N 218 (E — & — (N —1) i)

where Kmn = [Hmnl NeLN (10.1.123)

and KD = [Hpnl N (10.1.12b)

Again with weak coupling between photon subspaces we can assume that the state |n,N)
remains an approximate eigenstate with an energy €, + NAw, so that we can evaduate the
broadening at E = ¢, + Naiw:

2
T = 2n‘Krﬁ;,“ (N+1) 3 (e — €m— 7100) (emission)

2
+ 2n ‘ Kmaﬁ N3 (en —em+7o) (absorption) (10.1.13)

The first term arises from the coupling of the N-photon subspace to the (N+1)-photon
subspace indicating that it represents a photon emission process. Indeed it is peaked for
photon energies 7w for which e, — o= €., suggesting that we view it as a process in

which an electron in state ‘n’ trangitions to state ‘m’ and emits the balance of the energy as a
photon. The second term in EQ.(10.1.12) arises from the coupling of the N-photon subspace
to the (N-1)-photon subspace indicating that it represents a photon absorption process.
Indeed it is peaked for photon energies 7w for which €, + 7w = €, Suggesting that we view
it as a process in which an dectron in state ‘n’ trangtions to state ‘m’ and absorbs the
balance of the energy from a photon.

Coupling constants. How do we write down the coupling constants ‘K’ appearing in
Eqg.(10.1.12)? This is where it helps to invoke the one-electron viewpoint (Fig.10.1.2). The
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entire problem then amounts to writing down the * potential” Ug that an electron feels due to
one photon or phonon occupying a particular mode with afrequency ® in the form:

Ug(Ft) = UP(F)exp(—iot) + US(F)exp(+iot)

where U®(F) = USM()* (10.1.14)

Once we haveidentified this “interaction potential”, the coupling constants for emission and

absorption can be evaluated smply from the matrix elements of U™ and u.

K = Jdrom* MU oM = (m U |n)

ad  K® = Jdrop*UPonn = (mu®n) (10.1.15)
where ¢, and ¢, arethewavefunctionsfor levels‘m’ and ‘'n’ respectively.

Electron-phonon coupling: In the supplementary section (Section 10.4), | have tried to
elaborate on the meaning of phonons. But for the moment we could simply view it as
representing the vibrations of the lattice of atoms, just as photons represent eectromagnetic
vibrations. To write down the interaction potentia for phonons, we need to write down the
atomic displacement or the strain due to the presence of a single phonon in a mode with
frequency ® and then multiply it by the change, D in the eectronic energy per unit
displacement or strain. The quantity D is called the deformation potentia and is known
experimentally for most bulk materials of interest and one could possibly use the same
parameters unless dealing with very small structures. Indeed relaively little work has been
done on phonon modes in nanostructures and it is common to assume plane wave modes

labeled by a wavevector B which is appropriate for bulk materials. The presence of a
(longitudinal) phonon in such a plane wave mode givesriseto a strain (p is the mass density

and Q is the normalization volume)
S = B 2n/poQ cos(B.F - w(B)t) (10.1.16)

so that the interaction potentialsin Eq.(10.1.14) are given by
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U‘%’(F) = (UBIZ)exp(iB.F) and U (F)=U2F)

where Ug = DB \2h/poQ (10.1.17)

Electron-photon coupling: The basic principle for writing down the electron-photon
coupling coefficient is similar: we need to write down the interaction potential that an electron
feels due to the presence of a single photon in a particular mode. However, the details are
complicated by the fact that the effect of an eectromagnetic field enters the Schrodinger
equation through the vector potential (which we discussed very briefly in the supplementary
notes in Chapter 5) rather than a scalar potential.

First, we write down the electric field due to a single photon in mode (B\?) intheform

E = oEosin(B.r—m(ﬁ)t)
whose amplitude Eg is evauated by equating the associated energy to 7w (£:volume of
“box”):

eE’Q/2 = ho — |Eg| = V2ho/eQ

The corresponding vector potential A is written down, noting that for electromagnetic waves,
E = —0A/ot:

A= VA cos(B.F —a)(B)t) with  |Ag| = \2n/0eQ (10.1.18)
Next we separate the vector potential due to one photon into two parts (cf. Eq.(10.1.14)):

AFL = AP expl-io@B)t) + A®M(F)exp(+in@)) (10.1.19)

where Ag(f) = V(Ag/Qexp(Br) and  Agy(F)=Agps(f)

The coupling coefficient for absorption processes is given by the matrix dement for
(q/m) Aab(F) - P, while the coupling coefficient for emission processesis given by the matrix

eement for (g/m) A®M(F)- p sothat (p = —inV)
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Kmn (6\7) = (gAg/2m) (m| exp(iﬁ.?) pev|n) Absorption  (10.1.20a)

K mn (B,o) = (gAg/2m) (m| exp(— iB.F) pev|n)  Emission (10.1.20b)
Note that the ‘m’ appearing in the denominator stands for mass and is different from the
index ‘m’ we are using to catalog basis functions.

Eqgs.(10.1.20a, b) require adightly extended justification since we have not had much

occasion to dedl with the vector potential. We know that the scalar potentiad ¢(r) enters the
Schrodinger equation additively:

p2/2m — (p%/2m)— qo(F)
and if the photon could be represented by scalar potentials the coupling coefficients would
smply be given by the matrix elements of (—q) ¢ ghs(F) and (—q) ¢em(r) for absorption and

emission respectively as we did in writing down the electron-phonon coupling. But photons
require avector potential which enters the Schrodinger equation as

p%/2m — (p+0A)- (P+gA)/2m
so that the change due to the photon is given by
@/2m) (A-p+p-A) + (g°/2m)AA = (g/2m)(A-p+p-A)

assuming that the vector potential issmall enough that the quadratic term is negligible. Finally
we note that for any scalar function ¢(r)

p(Ag) = A-(B9) + ¢(P-A)
sothat wecanwrite  (g/2m) (A-p+p-A) = (q/m)A-p

aslongas p- A = 0. It can be checked that this is indeed true of the photon vector potential
given in EQ.(10.1.19) because of the transverse nature of electromagnetic waves which

requires that the wavevector p and the polarization v be orthogonal to each other: - v = 0.
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This allows us to obtain the coupling coefficient from the matrix element for (q/m) A(F)- p

using A — A®(F) for absorption processes and A — A®™(F) for emission processes.

10.2. Examples

In this section, | will go through a few examples to illustrate the basic approach for
describing incoherent interactions discussed in the last section. | will take up the more general
case of inflow and outflow in Section 10.3, but in this section | will assume dl other states to
be “empty” so that there is no exclusion principle to worry about and | will caculate the
broadening (or the outflow) which can be identified with 7#/t, © being the lifetime of the
state. Thiswill include the (1) photo-induced (radiative) lifetime due to atomic transitions, (2)
radiative lifetime due to interband transitions in semiconductors, and (3) phonon-induced
(non-radiative) lifetime due to intraband transitionsin semiconductors (Fig.10.2.1). The basic
approach is to write down the interaction potential (cf. Eq.(10.1.14)), evauate the coupling
constants (cf. EQ.(10.1.15)) and obtain the broadening and hence the lifetime from
Eq.(10.1.13).

. . conductio f
Fig.10.2.1. Electronic band E
transitions in semiconductors Intraband
can be classified as interband transition
and intraband. The former is
associated primarily with <,§
. . Interband
electron-photon interactions
. . . valence transition
while the latter is associated band
primarily with electron-phonon

)
'

interactions.

10.2.1. Atomic transitions
From Eq.(10.1.13) it is apparent that the broadening is large when the argument of the

deltafunction vanishes. How largeit is a that point depends on the vaue of 0" (see Section
7.4) that we choose to broaden each reservoir state with, As we have seen in Chapter 7, the

precise value of 0" usually does not matter as long as the system is coupled to a continuous
distribution of reservoir states. That is true in this case, because we usualy do not have a
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single photon mode with energy 7w. Instead we have a continuous distribution of photons

with different wavevectors p with energies given by

ho@) = hcP (10.2.1)

where T isthe velocity of light in the solid. Consequently the states in a particular subspace
do not look discrete as shown in Fig.10.1.3, but more like this:

{\Pm,N—l} {\Pn,N} {\Pm,N+1:

===

The broadening is obtained from Eq.(10.1.13) after summing over al modes B and the two

alowed polarizations ¥ for each B:

I'nn = Z 27“ Kmn(B’\A’) ’ (Nﬁ,{,"‘l) 8(en —em— hw(B))

B,v

+ Y 275‘ K o (B,9) ‘ ? N5 g 8(en—em+70(B) (10.2.2)
(kY

If the photon reservoir is in equilibrium then the number of photons in mode B and
polarization Vv is given by the Bose-Einstein factor (Eq.(10.1.8)):

- ! (10.2.3)

NB’Q exp(fio(B) /kgT) -1

If we consider transitions involving energiesfar in excess of kgT, then we can set NB ; equa

to zero, so that the broadening (which is proportional to the inverse radiative lifetime t,) is

given by
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8(sn —em— hog) (10.2.44)

I = [T ] S Zn‘K
' B

which is evaluated by converting the summation into an integral assuming periodic boundary
conditions for the photon modes. We follow the same prescription that we have used in the
past for electronic states, namely,

+ 2
2 - % TdB BZ Jﬂde sin6 _rdQ) , Q: Volume of “box”
B 0

to obtain
+ 2 _
T = — >, [ dp p2 fdegne Jﬂdq) 2n | Kmn(ﬁ,o)\za(en—em— hoog)
8t~ 5 o - 0
(10.2.4b)

To proceed further, we need to insert the electron-photon coupling coefficients, K from
Egs.(10.1.20).
For atomic wavefunctions that are localized to extremely short dimensions (much

shorter than an optica waveength) we can neglect the factor exp [iB- r] and write from
Eq.(10.1.19a0r b)

Kmn(ﬁ,\?): Psn® whee P= (m|p |n) (10.2.5)

m\ 200

and 6 is the complement of the angle between the and the polarization of the photon
(Fig.10.1.4).

Fig.10.2.2 Emission of photon

<>
mell
=

with wavevector  and

polarization Y by an atomic 0

transition with an equivalent

dipole moment P.
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Using Eq.(10.2.5) and (10.2.1) we can find the radiative lifetime from Eq.(10.2.4)

2+ 2 2
r = %Td‘”g’ rdesin39 Jndq> qz—hPZZTES(en—em—h(D)
¢’ o 2M7emnQ
2 2
2 —
s that 1 _ L _ 9 Zen—tm) P (10.2.6)
T h AnehC  3hmc2 M

Note that the answer is obtained without having to worry about the precise height of the delta

function (which is determined by the vaue of 0™ as we discussed in Section 7.4). But if the
photon modes do not form a quasi-continuous spectrum (as in small nanostructures) then it is

conceivable that there will be reversible effects that are affected by the precise values of 0.

Analogy with a classical dipole antenna: We could caculate the amount of power radiated
per electron (note that 7w =€, —€py,)

2 N2 502 2
w= o _ a7 2en—em)" 27 (221'3]2 (10.2.7)

T 4mehc 3hm62 m - 1275863

It is interesting to note that the power radiated from a classical dipole antenna of length ‘ d’
carrying acurrent | coswt isgiven by

1275863 (

suggesting that an atomic radiator behaves like aclassical dipole with

I'd = 2gP/m = (2q/m){(m|p|n) (10.2.8)
antenna atomic radiator

Indeed it is not just the total power, even the polarization and angular distribution of the
radiation isthe same for a classical antenna and the atomic radiator. The light is polarized in

Supriyo Datta, Purdue University



Chapter 10 / Non-coherent transport 337

the plane containing the direction of observation and P and its strength is proportional to

~ sinze, 0 being the angle between the direction of observation and the dipole as shown in
Fig10.2.2.

10.2.2. Interband transitions in semiconductors:
The basic rule stated in Egs.(10.2.4a,b) for the coupling coefficients can be applied to

delocalized eectronic statestoo, but we can no longer neglect the factor exp [i B r] aswedid
when going to Eq.(10.2.5). For example, in semiconductors (see Fig.10.2.1), the conduction
(‘’c’) and vdence (‘v’) band eectronic states are typically spread out over the entire solid
consisting of many unit cells:

Conduction
band

Unit cell ‘n’

Valence
Band

where |c) | and |v)  arethe atomic parts of the conduction and valence band wavefunctions in

unit cell ‘n’. These functions depend on the wavevector RC or ky, but are the same in each
unit cel, except for the spatia shift. This allows us to write the coupling elements for
absorption and emission from Eq.(10.1.19) in the form

(v|pev|c) D iexp(i [RCiB—RV]Tn) Upper s-ign for ab-sor.ption
- N lower sign for emission

where (---) denotes an integral over a unit cell, and we have neglected the variation of the

factor exp [i B '] acrossaunit cell. Thisleads to non-zero values only if

ky=kc P (10.2.9)
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Eq.(10.2.9) can be viewed as a rule for momentum conservation, if we identify 7k as the

€lectron momentum and hB as the photon momentum. The final electronic momentum hRV

is equa to the initid eectronic momentum hRC plus or minus the photon momentum hB
depending on whether the photon is absorbed or emitted. The photon wavevector is typically
very smal compared to the electronic wavevector, so that radiative transitions are nearly
“vertical” with k, =k, +P = k. Thisis easy to see if we note that the range of ‘k’ extends
over a Brillouin zone which is ~ 2r divided by an atomic distance, while the photon
wavevector is equa to 2r divided by the optical wavelength which is thousands of atomic
distances.

Assuming that the momentum conservation rule in EQ.(10.1.24) is satisfied, we can
write the coupling coefficients from EQ.(10.1.19) as

5 A . h . =~ -
Kmn(&V): %\/ng Psnd  where P= (v|p [c) (10.2.10)

showing that “vertical” radiative transitions in semiconductors can be understood in much
the same way as aomic transitions (see EQ.(10.1.20)) using the atomic parts of the
conduction and valence band wavefunctions. For example, if we put the numbers characteristic
of conduction — vaence band transitions in a typica semiconductor like GaAs into

Eq.(10.2.10), e, —ep@= 1.5¢€V, 2P?/m= 20 eV,e,=10, we obtain t, = 0.7 nsec. for the
radictive lifetime.

Polarization and angular distribution: We know that the electronic states at the bottom of
the conduction band near the T'-point are isotropic or s-type denoted by |S). If the states &
the top of the valence band were purely py, py and p, types denoted by |X),|Y),|Z), then

we could view the system as being composed of three independent antennas with their dipoles
pointing along x-, y- and z- directions since

(S PIX)=XP,(sp|Y)=yPand (s p|2)=2P

The resulting radiation can then be shown to be unpolarized and isotropic. In redity, however,
the top of the vaence band is composed of light hole and heavy hole bands which are
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mixtures of up- and down-spin states and the equivaent dipole moments for each of the
conduction-valence band pairs can be written as shown in Table 10.2.1.

We thus have eight independent antennas, one corresponding to each conduction
band-valence band pair. If the C- date is occupied, then the first row of four antennas is
active. If welook at the radiation coming out in the z- direction then we will see the radiation
from the C-HH and C-LH transitions. The C-HH transition will emit right circularly
polarized (RCP) light which will be three times as strong as the |eft circularly polarized (LCP)
light from the C-LH transition. If the C state is also occupied then the C-HH transition
would yield three times as much LCP light as the RCP light from the C-LH transition.
Overall there would be just as much LCP as RCP light. But if only the C state is occupied
then there would be thrice as much RCP light as LCP light. Indeed the degree of circular
polarization of the emission is often used as a measure of the degree of spin polarization that
has been achieved in a given experiment.

Table 10.2.1. Optical matrix elements for conduction-valence band transitions

HH HH LH LH
o X)—ilY
X)+i1v) 0 -2 Lol
V2 1X)=11Y) IX)+i]Y) 2
0 N2 \—@ \/§|Z/
S ~ . A “(7,\ ’\_-/\
c Sl &+, 0 - 23p ~p
0 N2 V3 V6
cl° 0 -1y p X*¥ p 25p
S) V2 J6 \3

10.2.3. Intraband transitions in semiconductors

We have just discussed the radiation of light due to interband transitions in
semiconductors (see Fig.10.2.1). But what about intraband transitions? Can they lead to the
emission of light ? We will show that the smultaneous momentum and energy conservation
requirements prevent any radiation of light unless the electron veocity exceeds the velocity of
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light: zZk/m>T¢C. This is impossible in vacuum, but could happen in a solid and such
Cerenkov radiation of light by fast-moving electrons has indeed been observed. However, this
is usually not very relevant to the operation of solid-state devices because typical eectronic
velocities are about a thousandth of the speed of light. What is more relevant is the Cerenkov
emission of acoustic waves or phonons which are five orders of magnitude dower than light.
Electron velocities are typicaly wel in excess of the phonon veocity leading to extensive
Cerenkov emission (and absorption) of phonons, somewhat like the sonic booms generated
by supersonic jets.

Criteria for Cerenkov emission: For intraband transitions, both the fina and initid states
have the same atomic wavefunctions and for clarity, | will not write them down explicitly.

Instead | will write the initid and fina states in the form of plane waves as if we are dedling
with electronsin vacuum:

\R>E (UVQ) exp(iki)  and \Rf>z (UNQ) exp(iky 7) (10.2.12)

From Eq.(10.1.19) we find that the radiative coupling constant is equal to

K(Rf,R,B,0)= (GAg/2m) Ak Y (10.2.12)
if ki= k—P ki= k+B (10.2.13)
Emission Absorption

and is zero otherwise. As | have mentioned before, Eq.(10.2.12) is interpreted as a condition
for momentum conservation (Fig.10.2.1). Energy conservation, on the other hand, is enforced
by the delta function in Eq.(10.1.16)

e(ki)= e(k)—nw (B) e(ki)= e(k)+no P) (10.2.14)
Emission Absorption

From Egs.(10.2.13) and (10.2.14) we obtain for emission processes

o ) 2 _
e(k)—e( )+ ho@) = 0 = L ([k~B]{k~B]-Kk?) + ncp

~ 2m
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2
h 2 - _
S0 that, om (— 2kBcoso + B ) + ncBf = 0
which yields cosf= —— + B (10.2.15)
hk /m 2k

The point isthat, since cos® must be smaller than one, Cerenkov emission cannot take place

unless the electron velocity 7k/m exceeds the veocity of light c. This is impossible in
vacuum, but could happen in a solid and such Cerenkov radiation of light by fast-moving
electrons has indeed been observed. The emitted light forms a cone around the eectronic

wavevector k with amaximum angle B = cost (mc/nk).

Fig.10.2.3. Cerenkov R R—B
emission: Initial state R, N
photon wavevector Band B

final state R—B The photon -
M

polarization is along V.

Cerenkov emission of acoustic phonons: As| have stated before, the Cerenkov emission of
light is not very relevant to the operation of solid state devices. But the emission (and
absorption) of sound waves or acoustic phonons is quite relevant. Acoustic waves are five
orders of magnitude sower than light and the velocity of electrons routinely exceeds the
sound velocity. Since acoustic phonons typically have energies less than kgT they are
usually present in copious numbers at equilibrium:

NB: (exp(ho)(B)/kBT)—l)_1 = kgT/ho() (acoustic phonons)

Both terms in Eq.(10.1.13) now contribute to the broadening or inverse lifetime : Cerenkov
absorption (‘ab’) isjust asimportant as Cerenkov emission (‘em’):

kgT
ho ()

(D) & am= Z 2n ‘K(B) \ 26(e(R)-e(R—B)— ho@)  (10.2.163)
B
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kgT
ho(p)

(Mg = 22 K@) | 25(e(R)—e(R+B)+ ho B)
B

(10.2.16b)

The coupling element K(B) is proportiona to the potential that an electron feels due to the
presence of a single phonon as discussed earlier (see Eq.(10.1.18)). Without getting into a
detailed evauation of Eqgs.(10.2.16ab), it is easy to relate the angle of emission 6 to the
magnitude of the phonon wavevector B by setting the arguments of the delta functions to zero
and proceeding aswe did in deriving Eq.(10.2.15):

cosg= s + B (emission)
nk/m 2k
C B .
cosf= -3 - = absorption 10.2.17
nk/m 2k ( ption) ( )

where cg is the velocity of sound waves. w=cd3. The detailed evauation of the eectron

lifetime due to acoustic phonon emission and absorption from EQ.(10.2.16) is described in
Exercise 10.1.

Cerenkov emission of optical phonons: In addition to acoustic phonons, there are optical
phonons (see supplementary notes) whose frequency is nearly constant o = wg, where the
phonon energy 7mq istypicaly afew tens of millielectron volts, so that the number of such
phonons present at equilibrium at room temperature is of order one:

NB= (exp(hu)O/kBT)—l)‘l = Np (optical phonons)

From Eq.(10.1.13) we now obtain for the emission and absorption rates
~ 2 - -
(D gem= No+D X 2n|KB)| " 8(ek)-ek-B)- nwg)  (10.2.184)
B

2 - .
(N gap= NoX 2n|KB) | 3(e()—e(k+B)+ nwp) (10.2.180)
B
which can be evaluated as described in Exercise 10.2.
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10.3. Inflow and outflow
Let me now explain how we can use the concepts developed in this Chapter to write

down the new terms =0 and = appearing in Fig.10.2.

Discretelevels: To start with consider the inflow and outflow into a specific energy levd €
due to trangitions from levels ‘a and ‘b’ one above it and one below it, separated by an
energy of 7w: ep—e=e—€5=nw. We have seen in Section 10.1 that the rate constant

(Kab) for absorption processes is proportional to the number of phonons present (N )

while the rate constant (K ™) for emission processes is proportional to (N,+1). To start
with, assume the temperature is very low compared to 7w, so that N, << 1 and we need
only worry about emission. Using N, N4 and Ny, to denote the number of electrons in each
of these levels we can write for the level ¢

Inflov = KM (@A-N)N, and Outflow = KN (1-Np)

P g— AbSOI’ptiOﬂ
> Emission

Fig.10.3.1. An
idealized device with
three levels used to
write down the inflow
and outflow terms due
to the absorption and
emission of photons

and phonons.

Now we can write the inflow term as a difference between two terms
Inflov = K"MNp - K"'NNp
where the second term represents the part of the inflow that is blocked by the exclusion

principle. A non-obvious result that comes out of the advanced formalism (see Appendix,
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Section A.3) is that this part of the inflow is not readly blocked. Rather the outflow is
increased by thisamount (K "N Ny):

Inflov = K®"Np and Outflow = K®"N@-N,+N,) (10.3.19

The difference between inflow and outflow is not changed from wha we had guessed
earlier. But the distinction is not academic, since the outflow (not the difference) determines
the broadening of the level. We can compare this with the inflow and outflow between a
contact and a discrete level that we discussed earlier (see Fig.8.1):

Inflow = yf and Outflow = ¥N (10.3.1b)

Theinflow looks similar with K™ playing the role of v, but the outflow involves an extra
factor (1-Ng+ Np) that reduces to one if Ny =Ny, but not in genera. Eq.(10.3.1b) was
earlier generalized to the form (see Fig.8.3)

Inflow = Trace[TA]f = Trace[X'"A] and Outflow = Trace[I'G"]

Similarly in the present case we can generalize Eq.(10.3.1a) to

Inflow = Trace[=Z'0A] and Outflow = Trace[TG"] (10.3.2)

where the expressions for ZiS” and T'5 can be discovered heuristically by analogy. Let us do
this one by one.

Inflow for continuous distribution of states: For regular contacts we saw in Chapter 8 that
the inscattering function is given by

sNE) = [tATf = [1G"17]
where [G"] = [A] f is the corrdation function in the contact: The contact correlation
function at energy E causes inscattering into the device a an energy E. Now for emission
processes, the device correlation function a E + i causes inscattering into the device a

energy E, suggesting that we write
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IME) = X (N3+DIUF" G (E+ro) (UF™)']
B

where U®" s the emission component of the interaction potential (see Eq.(10.1.18)).
Writing out the matrix multiplication in detail we have

PaE) = X (Ng+)U(pp) G (p.aiE+ o) U @q)*
P.q.p
= Td(hw) Y. D™(p,p’;q,q’hiw) G"(p',q;E + ho) (10.3.3)

0 (O}

where DT(ppigqiin) = 2, (N5+D)8(-ho@) UE"(PP) U @d)*
B
(10.3.4)

In real space representation, this simplifies somewhat since the matrix representation of the

potentidd U®™ is diagonal so that the only non-zero elements of D*"are given by

D(r,r:hm) = DE(r,rr'.rhm)

= 2, (Ng+1) 8(ho - no(B)) UF™(r) UE™(r)*
B

and the inscattering function is given by an element by element matrix multiplication of D
with the correlation function.

s (nriE) = Td(h(o) DE(r,r'; ) G"(r,r";E + hw) (10.3.5)
0

If we include absorption processes we obtain

DN (r,r'; i) G"(r,r";E + fiw)

SN (rrE) = Td(hoo)
0 + D®(rr;he) G, rE - o)
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where the absorption term is given by an expression similar to the emission term with N
instead of (N+1):

DM (r,rihw) = D, (Ng+1) 8(ho - ho(@)) UF™(r) UF™()*  (10.3.79)
B

D®(r,r"hw) = %NB 8(ho - rw(B)) URP(r) URP(r)*  (10.3.7b)

We can define a single “phonon spectral function” (as seen by the electron system through
the interaction potential)

Do(rrihw) = 2, 8(ho-ho@) UFT(r) UET()* (10.3.8)
B

such that the emission and absorption functions are given by

D¥(r,rhw) = (Ng+1) Do(r,r';im) (10.3.939)
and  D®(rrihw) = N, Do(rr;hm) (10.3.9b)

Denoting the element-by element matrix multiplicationwitha“.” we can write

NE) = Td(hm) Do(hiw) o (10.3.10)

0

(N, +1) G"(E+ ho)
+ N G"E-hw)

Outflow for continuous distribution of states: For the outflow term, in extrapolating from
the discrete version in EQ.(10.3.1) to a continuous version we replace

Np with G"(E+no)
and 1-Nywith GP(E-hw)

to obtain I(E) = f d(iw) DM (i) e |GP(E - hw) + G"(E + hw)
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where| have defined a new quantity GP = A —G" that tells us the number of empty states
or holes, just as G" tells us the number of filled states or electrons. The sum of the two is
equal to the spectral function A which represents the density of states. We can extend this
result as before (cf. (10.3.5) = (10.3.10)) to include absorption terms as before to yield

(N, +1) [Gp(E—hco)+G”(E+hm)]
B = Jdw) Doliw)s
+ Nm[Gn(E—hm)+Gp(E+hm)]

(10.3.11)

Egs,(10.3.10)-(10.3.11) are the expressions for the scattering functions that we are looking
for. The self-energy function Zg can bewritten asReal(Zg) + i I's/2 where the real part can
be obtained from the Hilbert transform of the imaginary part given in Eqg.(10.3.11) as
explained in Section 8.4.

Migdal’s “theorem” : If the eectronic distribution can be described by an equilibrium
Fermi function

G"E) = f(EYAE) ad GPE) = A-f(E))AE)

then
_ . . +[ (N, +1-f(E")) §(E-E'-nw)

which is the expression commonly found in the literature on electron-phonon scattering in
metals where it is referred to as Migdal’s “theorem” [10.3b]. Close to equilibrium, a

Separate equation for the inscattering function E;” (E) isnot needed, sinceit is smply equal
to f(E) I's(E), just like an ordinary contact.
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Nearly elastic processes. Note that the expressions ssmplify considerably for low energy
scattering processes (7imw — 0) for whichwecan set E+ i = E = E - fim:

sNE) = Td(hw) (D" (hw) + D® (hw)) « G"(E) (10.3.9)
0

TL(E) = Td(hw) (D&M (hiw) + DX (hiw)) « A(E) (10.3.10)
0

Indeed, in this case the real part of the self-energy X4 does not require a separate Hilbert
transform. We can ssimply write

3(E) = Td(hco) (D7) + D® (5iw)) « G(E) (10.3.12)
0

since Redl (%) is related to T in exactly the same way as Real(G) is related to A, namely
through a Hilbert transform.

10.4. Supplementary notes. Phonons

As | have mentioned before, phonons represent the vibrations of the lattice just as
photons represent electromagnetic vibrations. In this section | will try to elaborate on this
statement and clarify what | mean. At low temperatures, the atoms that comprise a molecule or
a solid are frozen in their positions on the lattice and this frozen atomic potentia is used in
calculating the energy levelsfor the eectrons, starting from the Schrodinger equation. As the
temperature is raised these vibrations increase in amplitude and exchange energy with the
electrons through the “ electron-phonon interaction”. To understand how we describe these
vibrations, let us start with asimple example, namely a Hydrogen molecule.

Fig.10.4.1. A Hydrogen molecule

can be viewed as two masses @\/@
connected by a spring.

Aswe discussed in Chapter 3, we could describe the vibrations of this molecule in terms of a
mass and spring system (Fig.10.4.1). The mass, M isjust that of the two hydrogen aoms,

Supriyo Datta, Purdue University



Chapter 10 / Non-coherent transport 349

while the spring constant, K is equa to the second derivative of the potentia energy with
respect to the interatomic distance. We know from freshman physics that such a system

behaves like an oscillator with a resonant frequency ® =+ K/M . Experimentalists have

measured this frequency to be approximately o =2r ( 104 /sec). Knowing M we could
caculate K and compare against theory, but that is a different story. The question we wish to
address is the following. As we raise the temperature we expect the molecule to vibrate with
increasing amplitude due to the thermal energy that it takes up from the surroundings. At very
high temperatures the vibrations could become so violent that the molecule dissociates. But we
are assuming that the temperature is way below that so that the amplitude of this vibration is
much smaller than the bond length, a. What is this amplitude as a function of the temperature?

To make our discussion quantitative, let us define a variable u(t) that measures the
distance between the two atoms, relative to the equilibrium vaue of “u,”. We expect the
atoms to oscillate with afrequency o such that

u(t) = A cos(wt + 0)
It is convenient to define a complex amplitude U= (A /2) exp[i ¢] and write
u(t) = i exp[-iot]+ U exp[+iot] (10.4.1)

The kinetic energy associated with this vibration iswritten as

KE= —|—| = sin? (ot
2 \dt 2 (0t+0)

M (du)z . Mo?A?
while the potential energy isgiven by (notethat K = M (02)

252
Ku2= szA cosz((ot+q>)

PE

so that the total energy is independent of time as we might expect:

E= KE+PE = Mo?A%2/2 = 2Mo?|d|? (10.4.2)
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Classica physics believed that the energy E could have any vdue. Early in this century,
Planck showed that the experimentally observed radiation spectra could be explained by
postulating that the energy of electromagnetic oscillatorsis quantized in units of 7. Itis now
believed that the energy of al harmonic oscillators occur only in integer multiples of zw as
showninFig.104.1(n=0,1, 2, ....... ):

E= 2Mo?[i|°= nio — |i|= Jna/2Mo (10.4.3)

Using Eq.(10.4.3) we can rewrite Eq.(10.4.1) as

u(t) = /ﬁ ( aexp[—icot]+a* exp[+iot] ) (10.4.4)

where |a|2:n:0,L2,...

Since the energy of the oscillator is an integer multiple of 7w, we can dternatively
visualize it asasingle energy level of energy 7 into which we can put an integer number v
=012 ... of particles cdled phonons (for eectromagnetic oscillators the particles are
called photons). If the oscillator isin a state with an energy 47w we say that four phonons are
present. Vibrations too thus acquire a particulate character like electrons. The differenceis that
electrons are Fermi particles, obeying the exclusion principle. Consequently the number of
particles n, that we can put into agiven state ‘k’  is either zero or one. Phonons on the other
hand are Bose particles that do not have any exclusion principle. Any number of phonons can
occupy astate. The greater the number of particles v, the greater the energy of the vibrations
and hence the greater the amplitude of the oscillation ‘& in EQ.(10.3.4). For a coherent
vibrations, the amplitudes ‘a are complex numbers with well-defined phases, but for therma
vibrations, there is no definite phase.

©
@)
4ho
Fig.10.4.2. Allowed energy 3%
levels of an oscillator with a
270
resonant frequency .
10
0
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What is the average number of phonons a a given temperature? For electrons we
know that the number of particles n, in a state ‘k’ can be either O or 1 and that the average
value at equilibriumis given by the Fermi function (EQ.(1.1.1)). For phonons, the number of
particles v for a particular vibrational mode can be any positive number and the average vaue

{ n) at equilibrium is given by the Bose function:

1

(n)= exp(rolkaT) 1 (10.4.5)

| will not discuss the physica basis for this function (we did not disuss the Fermi function
either) —in the last chapter | will try to explain how both the Bose and Fermi functions follow
from amore genera principle.

So what isthe rms amplitude of vibration at atemperature T? From Eq.(10.4.3)

(181%)=" (n) #/2Mo

showing that the vibration amplitude is proportiona to the number of phonons and thus can
be expected to increase with temperature. At temperatures far below the melting point, this
amplitude should be asmall fraction of the equilibrium bond length.

Phonons. We argued in Chapter 4 that a hydrogen molecule could be visualized as two masses
connected by a spring whose equilibrium length is equa to the hydrogen-hydrogen bond
length. Extending the same argument we could visudize a solid lattice as a periodic array of
masses connected by springs (Fig.10.4.3).

Fig.10.4.3. A crystal
lattice as a mass and

spring system.

How do we describe the vibrations of such amass and spring array? One could equate the tota
force exerted by the springs on an individua mass to its mass times its acceleration and write
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down an infinite set of equations, one for each mass. This sounds like a complicated insoluble
(non quantum mechanical) problem, but we will show that it can be tackled in much the same
way that we tackled the bandstructure problem in Chapter 5.

1-D solid: For smplicity, let us consider a one-dimensional array of atoms represented by a
mass and spring system (Fig.10.4.4a). Assuming that up, is the displacement of the mth atom
fromits equilibrium position in the latice, the force exerted on the mth atom by the spring on
theleft is K(upy —Um-1), While that exerted by the spring on the right is K(umy, —Umyeq). From
Newton's Law,

d2um -

M 2 K [Ums1 —2Um + U 1] (10.4.6)

where M is the mass of the atom. Assuming sinusoidal vibrations with frequency
U = Uy, eXp(—imt) we can write

which can be written in the form of a matrix equation:
o?{i} = [Q]{u} (10.4.7)

where wg= VK/M,

and Q= 1 2 e N-1 N
1 2(,00 — o 0 —(1)02

— g 2030 0 0
N-1 O 0 202 —mg?
N —(,002 0 — o 2(,00

Here we have used periodic boundary conditions, that is, we have assumed the solid to be in
the form of a ring with atom ‘N’ connected back to atom ‘1’. Note that this matrix has
exactly the same form as the Hamiltonian matrix for a one-dimensional solid (Eq.(5.1.1)).
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(b) T

Fig.10.4.4. (a) An infinite

T

one-dimensional lattice o

atoms. (b) Dispersion law 0)2 T
o/mg vs. Ba. 0 0d.

The similarity is of course purely mathematica. Egs.(5.1.1) and (10.4.2) describe very
different physics: the former describes the quantum mechanics of eectrons in a periodic
lattice, while the latter describes the classical dynamics of a periodic mass and spring system.
But since the matrix [H] in EQ.(5.1.1) has exactly the same form as the matrix [Q] in
Eq.(10.3.2) they can be diagonalized in exactly the same way to obtain (cf. Eq.(5.1.2)):

w’= 2(002 (1- cospa) where Ba=n.2n/N (10.4.8)

Thevauesof Barunfrom- n to + = and are spaced by 2= /N, just like the values of ‘ka’ in
Fig.5.1.2. The eigen-displacements T, corresponding to a given eigenmode 3 are given by

2. tig exp [iBma] =Y ug exp [ip ma- w(B)t]
B B

The actual instantaneous values of the displacement are obtained by taking the real parts of

these phasor amplitudes (just as we do with voltages and currents in ac circuits):
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Unt)= 2 Re{z ug exp [i(B ma— w(B)t)]
p

= Z ug exp [i(B ma-wo@)t)] + uB* exp [-i(B ma—w@)t)] (10.4.9)
§
What exactly the normal mode amplitudes ug are depends on the history of how the lattice was

excited. But the point is that any arbitrary displacement pattern up,(t) in the lattice can be
expressed as a superposition of normal modes as expressed in Eq.(10.4.9) with an appropriate
choice of the norma mode amplitudes ug.

Optical phonons: We saw earlier that with two atoms per unit cdl (see Fig.5.1.4) the E(k) plot
acquires two branches (see Figs.5.1.4, 5.1.5). A smilar effect is obtained for the dispersion
o (B) of vibrational modestoo. Consider a lattice with two distinct masses M1 , and/or spring

constants K , per unit cell as shown in Fig.10.4.6a. Application of Newton'slaw now yields

o2 {i} = [Q]{u} (10.4.10)

where 0= (K1/M1, 0= .K2/M5, M1, and Ky, being the two masses and the two

spring constants and

Q= 1 2 3 4
1 (1)12 + 0)22 - (,012 0 0O ..
2 —(,012 (.012 +(D22 —(,022 o ...
3 0 —(,022 0)12 +(.022 —(,012 ..........
4 0 0 - (,012 (1)12 + 0)22 ...........

Note that this looks just like Eq.(5.1.5) and its eigenvalues can be obtained using the same
method to yield (cf. Eq.(5.1.10)):
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\‘ wlz n 0)22 0312 + 6022 e’ Ba‘{ul(t) } _ 0)2(13) {ul(t)} (10.4.11)

(012 + (022 e+i Ba 0)12 + 0)22 UZ(t) Uz(t)

Setting the determinant to zero

{wlz + 0,2 — 02 02+ @2 e’ Ba‘_ 0

2 2 e+|[3a 2 2 2

0 +0s 0+t —0

we obtain the dispersion relation

) 1z (10.4.12)

0’@) = of+w)® * (co14 + 0,7 + 20,0, cospa

Like Eq.(5.1.10), EQ.(10.4.12) leads to two branches in the phonon spectrum as
shown in Fig.10.4.5b (cf. Fig.5.1.5). The lower branch is called the acoustic phonon branch
sinceit correspondsto ordinary acoustic waves a low frequencies. The displacement of both
atomsin aunit cell (Gaand As) have the same sign for the acoustic branch. By contrast their
displacements have opposite signs for the optical branch. The name “optical” comes from
the fact that these vibrations can be excited by an incident electromagnetic radiation whose
electric field sets the Ga and the As atoms moving in opposite directions, since one is
negatively charged and one is positively charged.

(a)

\Noll-o\\oll-o\ ol

along the (111) direction

Ga As Ga As Ga
| b) e
Fig.10.4.5. (a) Snapshot : : : 3
of a GaAs lattice viewed 2l .. Optical \..
T - Phonon :

(b) Dispersion law —

o/my vs. Ba showing

Acoustic :
Phonon /

acoustic and optical

phonons assuming

0= 2 0. ° 3 5 3 3
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It iseasy to seewhy ® increases with 3 for the acoustic branch, but is nearly constant
for the optica branch. We know that the resonant frequency of a mass and spring system
increases as the spring gets stiffer. An  acoustic mode with a smal B results in very little
stretching of the springs because al the atoms tend to move together. So the springs appear less
stiff for smaller 3 leading to alower frequency w. But with optical modes, the distortion of the
springsis nearly independent of 3. Even if B is zero the Ga and As atoms move against eech
other distorting the springs significantly. The frequency  thus changes very little with 3.

Three-dimensional solids: Finaly we note that in read three-dimensional solids, the
displacement is actually a vector with three components: uy, uy, u, for each of the two atoms

in a unit cell. This leads to six branches in the dispersion curves, three acoustic and three
optical. One of the three is alongitudinal mode with a displacement along the vector 3, while the
other two are transverse modes with displacements perpendicular to B. We thus have a
longitudinal acoustic (LA) mode, two transverse acoustic (TA) modes, one longitudina optical
(LO) mode and two transverse optical (TO) modes. The overdl displacement a a point (,t)
can be written in the form (¥ denotes the position vector of the different points of the lattice)

{Uror= 2 {usplewm [i@.7-o,@)]
v,B (10.4.13)

*

+ {uyp} exp [-i(B ma-o,@))]

Heretheindex v runs over the six branches of the dispersion curve (LA, TA etc) and { u,, B}

are the (6 x 1) eigenvectors of the (6 x 6) eigenvalue equation obtained by generaizing
Eqg.(10.4.9) to include three components for each of the two displacement vectors. We could

write the displacements as (2x1) eigenvectors one for each the three polarizations v:

N

in}, = v 2 {up} ew [iG.F-o,@Y)]
B (10.4.14)
+ {up} " e LT -0, @)

The two components represent the displacements of the two atoms in a unit cell. Following the
same arguments asin Eq.(10.4.4) we can write
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~ | h u
{uﬁ}v: Y 2am A8 [uj (10.4.15)

where (u;  U,) isequal to (1 1) /+/2 for acoustic phononsandto (1 —1)/~/2 for optical
phonons. The square of the amplitude is the number of phonons occupying the mode, whose
average valueis given by the Bose-Einstein factor:

g ) s
VB VBT exp(hooy (B)/kgT) -

(10.4.16)

From EQs.(10.4.14) — (10.4.16), the mean squared displacement of an atom due to phonons
can be written as

2\ h 1
<u > = Z 200Q OTKT _1 (10.4.17)

B

Strain due to a single phonon: Finaly let us obtain the result we stated earlier in
Eq.(10.2.7). Thelongitudinal strain is defined as the divergence of the displacement:

gexp [i(B.7-o0,@)1)]

S = v._} = Py
u % \ prQ + a,\"z* exp [—i(B r-oy (B)t)]

For a single phonon with wavevector B and polarization v, we can set %y = 1, so that

S = (O-B) J2rlpoQ cos(B.F—m(B)t)

as stated in Eq.(10.2.8).
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Exercises

E.10.1. Assumethat that the electron velocity 7k /m >> sound velocity Cs.

(a) Evauae Egs.(10.2.6ab) by (1) converting the summation into an integrd, (2)
expressing the argument of the deltafunction in the form

8[@[%56— c iﬁ”
m ak/m 2k

(3) performing the integral over coso to get rid of the delta function and set a finite range to
the limits of the integral over B:Bmin <B <Bmax, and finaly (4) performing the integral
over 3. Show that the lifetime due to acoustic phonon absorption and emission is given by

1 _ mD’kgT, k
) wndpel

ol

(b) What is the angular distribution of the emitted phonons?

E.10.2. Consider an electron in astate k in a parabolic band with mass m having an energy
E that exceeds the optical phonon energy /m(. Equating the argument of the delta function

in Eq.(10.2.9) to zero, obtain an expression relating the magnitude of the wavevector 3 of an

emitted optical phonon to the angle © at which it is emitted (measured from k). What is the
range of values of 6 outside which no optical phonons are emitted ?

E.10.3. The mean sguared displacement of an aom due to phonons is given in
Eq.(10.4.17):

(D

B ZP(DQ eh(,l)/kBT -1

Convert the summation into an integral using periodic boundary conditions and evauate the
integral numerically to plot \/<u2> vs. T over therange O K < T <1000 K. Assume acoustic
phonons with wp = csB (Cs = 5x103 m/sec) and p = 5x103 Kg/m3
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