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6 / Subbands

6.1. Quantum wells, wires, dots and ‘nanotubes
6.2. Density of states (DOS)

6.3. Minimum resistance of awire

6.4. Velocity of a (sub)band electron

In Chapter 4 we have seen that the energy levels, Ei,(k) in a periodic solid can

labeled in terms of k, with the number of branches ‘b’ equa to the number of basis
functions per unit cell. Strictly speaking, this requires us to assume periodic boundary
conditions in dl directions so that the periodicity is preserved everywhere even at the
“ends’. Red solids usually have “ends’” where periodicity is lost, but this is
commonly ignored as a surface effect that has no influence on bulk properties. The
finite size of actual solids normally leads to no observable effects, but as we scale down
the dze of device structures, the discreteness of energy levels becomes comparable to
the therma energy kgT leading to experimentally observable effects. Our objective in
this chapter is to describe the concept of subbands which is very useful in describing
such “size quantization” effects. In Section 5.1 we will describe the effect of size
guantization on the E(R) relation using specific examples. We will then look at its
effect on experimentally observable quantities, like the density of states (DOS), D(E) in
Section 5.2 and the number of subbands or modes, M(E). In Section 5.3 we will see that
the maximum conductance of awireis proportiona to the number of modes around the
Fermi energy (E = ), the maximum conductance per mode being equa to the

fundamental constant Gg = q2 /h (Eq.(1.1)), discussed in the introductory chapter
(Section 1.3). Finally in Section 5.4, | will discuss the question: What is the appropriate
velocity for an electron in a periodic solid? For free eectrons, the wavefunction has the
form of plane waves ~ exp (xikx) and the corresponding velocity is 7k /m. Electrons in
aperiodic solid a so have wavefunctions that can be labeled with a‘k’, but they are not
plane waves. So what is the quantity (if thereisone!) that replacesk /m and how do we

obtain it from our knowledge of the bandstructure Eb(R) ?
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174 Quantum Transport: Atom to Transistor

6.1. Quantum wells, wires, dots and ‘nanotubes
We have seen in Chapter 4 that a good way to catdog the energy levels of a

homogeneous periodic solid is in terms of the wavevector k. How do we cataog the
energy levels of a nanostructured device? As an example, consider the transistor
structure discussed in Chapter one, modified for convenience to include two gate
electrodes symmetrically on either side of the channel. The x-dimension (L) is getting
quite short but since electrons can flow in and out at the contacts, one needs to enforce
“open boundary conditions” which we will discuss in the next chapter. But it is not too
wrong to treat it as a closed system assuming periodic boundary conditions, at least in
the absence of bias (Vp =0). In the z-direction we have tight confinement leading to
observable effects beyond what one might expect on the basis of periodic boundary
conditions. The y-dimension (perpendicular to the plane of the paper) is typicaly a few
microns and could be considered large enough to ignore surface effects, but as devices
get smaller this may not be possible. So how do we label the energy levels of a structure
likethis?

— L, —»

D
Fig.6.1.1. Sketch 24 i 4
A
of a dual gate th g CHANNEL I tl X
nanoscale Field L N
Effect Transistor E
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In ahomogeneous solid, electrons are free to move in all three directions and the energy
levels can be classified as Ey, (ky,ky.k ), wheretheindex ‘b’ refers to different bands.

By contrast, the transistor structure shown above represents a quantum well where the
electrons are free to move only in the x-y plane. We could estimate the energy levelsin

this structure from our knowledge of the energy levels Eb(kx,ky,kz) of the

homogeneous solid, by modeling the z-confinement as a ring of circumference L, so
that the resulting periodic boundary conditions restrict the alowed vaues of k, to a

coarselatticegivenby k, =p2r/L ,.
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Epbp(kxKy) = Ep(kxky,k;=p2r/L,)

where the additional index ‘p’ can be called a subband index. Thisworks quite well for
ring-shaped structures like carbon nanotubes, but most low-dimensional structures
involve more complicated confinement geometries and in generd it takes considerably
more work to compute the subband energy levels of a low-dimensiona solid from the
bulk bandstructure. For the transistor structure shown in Fig.6.1.1 the insulator layers
in act like infinite potential walls (see Fig.1.1.3b) and we can obtain fairly accurate
estimates by assuming that the resulting box restricts the alowed vaues of k, to a

coarse lattice given by k, =pmn/L ,. The energy levels can then be classified as

Ebp(kx:Ky) = Ep(kxKy.ky=pr/L;)

Aswe have explained, thisis only approximate, but the main point | am trying to make
is that quantum wells have 1-D subbands, each having a 2-D dispersion relation,

E(ky.ky).

How small does the dimension L, in order for the structure to qudify as a
guantum well? Answer: when it leads to experimentally observable effects. This requires
that the discrete energy levels corresponding to the quantized values of k, =pr/L, be
less than or comparable to the thermal energy kgT, since dl observable effects tend to
be smoothed out on this energy scale by the Fermi function. To obtain a “ back-of-the
envelope’ estimate, let us assume that the dispersion relation Eb(R) in the energy range

of interest is described by a parabolic relation with an effective mass, mg.:

1 (ky® +ky 2 + ko)

E(k) = Ec+ o

Buksolid  (6.1.1)

where E; and m; are constants that can be determined to obtain the best fit (see
Fig.6.1.2). These parameters are referred to as the conduction band edge and the
conduction band effective mass respectively and are well known for al common
semiconductors.
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Fig.6.1.2. Solid lines show the
full bandstructure obtained from
the sp®s* model described in
Chapter 4. Dashed line shows
the dispersion obtained from a
one-band effective mass model
(Eq.(6.1.1)) with parameters
adjusted for best fit: E, = 1.55 eV
and m, = 0.12 m. Actually the
accepted value for the effective
mass for GaAs is 0.07 m, but the
sp3s* model parameters are
optimized to give the best fit
over the entire band, and are not
necessarily very accurate near
the band edge.
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The z-confinement then gives rise to subbands labeled by the index ‘p’ such that

Ep(kx.ky) = E.+ple, +

e = n’n? . m
= T m
2mL,2> Mg

12 (Ky 2+ k2
( X Y ) Quantum well
2mg
10 nm 2
[ ] 3.8meV (6.1.2)
z

A layer 10 nm thick would give rise to subband energies ~ 4 meV if the effective mass,
m. were equal to the free electron mass, m. Materials with smaller effective mass (like
GaAs with m. = 0.07 m) lead to larger energy separation and hence more observable

effects of size quantization.

We could take this a step further and consider structures where electrons are
free to move only in the x-direction and confined in both y- and z-directions.

z

y

s
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Chapter 6/ Subbands 177

Thiswould be the case if for example the width of the FET in Fig.6.1.1 in the direction
perpendicular to the plane of the paper were made redly smadl, say less than 100 nm.
Such quantum wires have 2-D subbands, each having a 1-D dispersion relation which
could be estimated by quantizing both the y- and z- components of the wavevector k:

2, 2
k .
h” Ky Quantum wire

Enpky) = Ec+n2.ey+p282+ om
C

where &, isrelated to the y-dimension L, by arelation similar to Eq.(6.1.2).

z
Finally, one could consider structuresthat confine electrons in
al three dimensions leading to discrete levels like atoms that / y
can be estimated from
—>» X
2,2 2 2,22 2.2 2
m n
Emnp = Ec+ ' + o +p o Quantum dot

2mCLX2 2mqL y2 2mqL 22
Such guantum dot structures are often referred to as artificial atoms.

Carbon nanotubes: Carbon nanotubes provide a very good example for illustrating the
concept of subbands. We have seen in Section 5.2 that the energy levels of a sheet of
graphite can be found by diagonalizing the (2x2) matrix

0 h
o ¥

ho 0 (6.1.3)
where ho= —t(1+ eiR'é11 + eiR'az) = —t(1+ 2eikxacoskyb)
The eigenvalues are given by
E= t|hg|= *t, 1+4coskybcoskya+ 4cos? kyb (6.1.4)
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(a) Direct lattice (b) Reciprocal lattice
A
0 Ky A
(0,+ 2m/3b)
(—n/a,+n/3b)? +n/a+7/3)
O O kX
(-m/a—m/3b) - - (+ /a,—7/3b)
(0,—2r/3b)
0 0 A,

Fig.6.1.3. (a) Arrangement of carbon atoms on the surface of graphite.

(b) Reciprocal lattice showing Brillouin zone (shaded).

Since each unit cell has two basis functions, the total number of states is equa to 2N, N
being the number of unit cells. Each carbon atom contributes one electron to the pi-
band, giving atotal of 2N electrons that fill up exactly haf the states. Since the energy
levels are symmetrically disposed about E = 0, this means that dl states with E <0 are
occupied while al states with E > 0 are empty, or equivaently one could say that the
Fermi energy islocated at E = 0.

Where in the ky —k, plane are these regions with E = O located? Answer:

wherever ho(E) =0. Itiseasy to see that this occurs at the six corners of the Brillouin
Zone:

e*coskyb= -1/2 kxa=0, kyb= £21/3
kya=m, kyb= *n/3

These six points are specia for they provide the states right around the Fermi energy
and thus determine the electronic properties. They can be put in two groups of three:

(kxakyb)= (0-2r/3) , (-n,+n/3) , (+m,+n/3) (6.1.5a)
(kxakyb)= (0+2r/3) , (-n,-m/3) , (+n,-7/3) (6.15h)
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All three within a group are equivaent points since they differ by a reciproca lattice
vector. Each of the six points has one-third of a vdley around it within the first
Brillouin zone (shaded area in Fig.6.1.3b). But we can trandate these by appropriate
reciproca lattice vectors to form two full valeys around two of these points, one from
each group:

(keakyb)= (0, 2n/3)

Once a sheet of graphite is rolled up into a nanotube, the alowed vaues of ‘ k’
are condtrained by the imposition of periodic boundary conditions along the
circumferential direction. Note that this periodic boundary condition is a real one
imposed by the physical structure, rather than a conceptua one used to facilitate the
counting of statesin alarge structure whose exact boundary conditions are unimportant.
Defining acircumferential vector

€= M3 +nd= X(m+n)a+y(m-n)b (6.1.6)

that joins two equivaent points on the x-y plane that connect to each other on being
rolled up, we can express the requirement of periodic boundary condition as

k-C= kelc|= kya(m+n) + kyp(m-n) = 2nv (6.1.7)

which defines a series of parald lines, each corresponding to a different integer vaue
for v (Fig.6.1.4). We can draw a one-dimensiona dispersion relation aong any of
these lines, giving us a set of dispersion relations E,, (k) , one for each subband v.

Whether the resulting subband dispersion relations will show an energy gap or
not depends on whether one of the lines defined by EQ.(6.1.7) passes through the center
of one of thevalleys

(kxakyb)= (0,%2n/3)

wheretheenergy levels lieat E = 0. It is easy to see from Eq.(6.1.7) that in order for
the line to pass through kya =0, kyb=2r/3 wemust have

(m-n)/3 = v
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Since v isaninteger this can only happen if (m-n) is a multiple of 3 : only nanotubes
satisfying this condition are metallic.

Constant energy
tours

Fig.6.1.4. Reciprocal ke|c|=2mv
lattice of graphite O+27:/3b \& Imp%c;is(;aéjicby
showing straight boundary
lines k¢|c|=2nv condition
representing the ‘

constraint imposed

by the nanotube

periodic boundary

conditions. (0,—2r/3b)

Zigzag and armchair nanotubes: Consider a specific example: a nanotube with a
circumferential vector along the y-direction,

¢= y2bm

which is caled a zigzag nanotube, because the edge (after rolling) looks zigzag:

—y =N~~~ Fige1s

The periodic boundary condition then requires the allowed values of k to lie parald to
the k- axis described by (length of circumference: 2bm)

21 3v
ky2bm = 2nv —- ky= =—— 6.1.8
y & y 3b2m ( )

asshownin Fig.6.1.6a
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(a) =¥ 2bm (b) € = % 2am
ky ky
(0,+21/3b) (O,+2n/3b)_@
/ N \‘
= AT
[I > kX ‘ J\ > kX
|
N =N )
T (0,— 21t/30) <@§(_ (0,—2r/3b)
ky|c|=2my <\\j)<— ky|C|=2mv

Fig.6.1.6. (a) Zigzag nanotube obtained by rolling a sheet of graphite along

the y-axis with E=§/2bm has its allowed k-values constrained to lie along a
set of lines parallel to the Ky- axis as shown. One of the lines will pass
through (0,2r/3b)only if ‘m’ is a multiple of three. (b) Armchair nanotube

obtained by rolling graphite along the x-axis with ¢=X2am has its k-values

constrained to lie along lines parallel to the ky—axis as shown. One of the

lines will always pass through (0,2m/3b) regardless of ‘m’.

Fig.6.1.7 shows the two “lowest” subbands corresponding to values of the subband
index v that giveriseto the smallest gaps around E = 0. If m = 66 (multiple of three),

one of the subbands will pass through (kxa, kyb)z (0,£2r/3) and the dispersion

relation for the lowest subbands look as shown in Fig.6.1.7a, with no gap in the energy
gpectrum. But if m = 65 (not a multiple of three), then no subband will pass through

(kxakyb)=(0,£2n/3) giving rise to a gap in the energy spectrum as shown in
Fig.6.1.7b.
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Fig.6.1.7. Dispersion relation for the two “lowest” subbands of a zigzag
nanotube (a) with m=66 showing metallic character (no gap in energy
spectrum) (b) with m=65 showing semiconducting character (gap in energy

spectrum).

A nanotube with acircumferential vector along the x-direction, €= X 2am is cdled an
armchair nanotube, because the edge (after rolling) look like an armchair (this requires
some imagination!) :

i

The periodic boundary condition then requires the allowed vaues of k to lie paralld to
the k- axis described by (length of circumference: 2bm)

21V
ky,2am = 2nv — ky= — 6.1.9
x K= o (6.1.9)
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as shown in Fig.6.1.6b. The subband with v = O will always pass through the specia
point (kxa, kyb)= (0,£2r/3) giving rise to dispersion relations that look metdlic
(Fig.6.1.7a) regardless of the value of ‘m’.

A useful approximation:

150 e

Fig.6.1.9. Energy
dispersion relation
plotted as a function

—>

of kyb along the line

kya = 0. Solid line is

Energy (eV)

obtained from (Eq.
(6.1.11)), while x’s are
obtained from
Eq.(6.1.4). -15

Electrical conduction is determined by the states around the Fermi energy and so it is
useful to develop an approximate relation that describe the regions of the E-k plot
aound E = 0. This can be done by replacing the expression for
ho(k)— -t (1+ 2e'K:@cosk yP) (see eq.(6.1.2)) with a Taylor expansion around
(kyakyb)="(0,+2n/3) where the energy gap is zero (notethat hg = 0 at these points):

v - o3
dKx kxa=0, kyb=t2m /3 dky kya=0, kyb=+2r /3

It is straightforward to evaluate the partial derivatives:

d hg . ik a . .

—= |-2iate"<“cosk,b = lat= t/2
dky [ ' y ] k,a=0,k b=t2n/3 | %0
Iho _ [the'kxasnk b] = +btV3= +3at/2
dky k,a=0, Kk b=t2m/3
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ho k) = i%(kxiiﬁy)

30 that we can write
where By =ky ¥ (2r/3) (6.1.10)

The corresponding energy dispersion relation (cf. Eq.(6.1.3)) can be written as

- 3t [ o o
E(K) =+ |ho|= i%"\kxzwyz (6.1.11)

This smplified approximate relation (obtained from a Taylor expansion of Eq.(6.1.3)
around one of the two valeys) shows clearly that the constant energy contours are
circles isotropicaly disposed around the center of each valey, (0,+2rn/3b ) or
(0,—21/3b).

How large is the energy gap of a semiconducting nanotube? The answer is
independent of the specific type of nanotube, as long as (m-n) is not a multiple of 3 so
that the gap is non-zero. But it is easiest to derive an expression for the energy gap if we
consider a zigzag nanotube. From Egs.(6.1.6) and (6.1.9) we can write

“ 2
Eky) = i%‘o\/kx%(%[%—l]) (6.1.12)

so that the energy gap for subband “ v’ can be written as the difference in the energies
between the '+ and ‘-* branchesat ky = 0:

21 2m
Eqy= 3tag—|v-"
9v % 2mb[ 3 :l

This has a minimum vaue of zero corresponding to v= 2m/3. But if ‘m’ is not a
multiple of *3" then the minimum value of (v—2m/3) is equal to /3. This means that
the minimum energy gap is then given by

Eg= tag 21 _ 2tag B O:8eV
2mb d d(innm)

(6.1.13)
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where ‘d’ is the diameter of the nanotube, so that * ©d’ is equa to the circumference
‘2mb’.

6.2. Density of states

In the last section we discussed how size quantization effects modify the E(R)
relationship leading to the formation of subbands. However, it should be noted that
such effects do not appear suddenly as the dimensions of a solid are reduced. It is not
as if a bulk solid abruptly trangtions into a quantum well. The effect of reduced
dimensions shows up gradualy in experimenta measurements and this can be
appreciated by looking a the density of states (DOS), D(E) which is reflected in
conductance measurements.

The DOS tells us the number of energy eigenstates per unit energy range and it
clearly depends on the E(E) relationship. To be specific, let us assume for the moment
that we are near one of the valleysin the conduction band where the energy levels can be
described by a parabolic relation with some effective mass, mg:

~ 2,2
E(k) = EC+Zk

(6.2.1)

C

What is the corresponding DOS if the vector k is constrained to 1-D (quantum wire),
2-D (quantum well) or 3-D (bulk solid)? The standard procedure for counting states is
to assume a rectangular box of size LLyL, with periodic boundary conditions (see

Fig.2.1.4) in al three dimensions (cf. Eq.(2.1.17)):

k= ZE vy Ky = f_nvy, K, = 5_“VZ (Vy Vy, V- integers) (6.2.2)

Yy 4

We then assume that the box is so large that the alowed k-vdues are effectively
continuous and we can replace any summations over these indices with integrals:

> - ] dkx D Y | Y 1y 5 dkz (6.2.3)
Ky oo ZTI:/LX ky oo ZTI:/Ly Ky e ZTE/LZ
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Table 6.2.1: Summary of DOS calculation in 1-D, 2-D and 3-D

for parabolic isotropic dispersion relation (Eq.(6.2.1)).
Plots assume M; = m (free electron mass)

and results are for one spin only.

1-D 2-D 3-D
2 3 3
N(K) = Lo kL inkZ:k_S Q 4nk” _kQ
T T 4r? 4r gn® 3 6r?
1/2 3/2
_ L [2m(E-E)] S2m.(E-E,) Q[2m(E-E)]
N(E) - 2 2:3
Th Anth 6m<h
m.L 1 1z Sm Qm 1/2
D(E) = c { ] c c_[2m.(E-E
mh | 2m¢(E-E) orh? 2n2h3[ el o]
025 - - - -- - - v --------------- 025 - - - - e - - I*'—. ---------- 025 ------- q ----------------
ol L [ e % EC
o ! D (E) ( per eV per nm )---> 4 > o 77D () (per eV per iz )—-> * 05D(E)(p%ereVper1n%A3)--.>; 25

In other words, the alowed states in k-space are distributed with a density of (L /2r)
per unit ‘k’ in each k-dimension. Hence the total number of alowed states, N(k) upto a
certain maximum vaue, k is given by

1-D with L =L
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L,L 2
Xy 2y nk2 = k—S
4r 4n
I—xLyI—z 4TCk3 _ k3Q
8n° 3  6n?

3-D with Q=LyLL,

Using the dispersion relation in Eq.(6.2.1) we can convert N(k) into N(E) which tells us
thetotal number of states having an energy less than E. The derivative of this function
gives usthe density of states (DOS):

D(E) = % N(E) (6.2.4)

o
[N
om

Eq.(6.2.5)

Energy (eV) --->
o
o
(52}

"o 2 D(E) (pe‘} eV per nﬁv\z) > 8 10 c Jd')(E) (per e\/zger nm~2) Y

Fig. 6.2.1. Density of states, D(E) for a 2-D box calculated from Eq.(6.2.5)
(2D with quantized subbands) and compared with that obtained from the 3-D
relation in Eq.(6.2.6). As the wdth L, of the box is increased from 5 nm to
20 nm, the DOS approaches the 3D result (the effective mass m; is assumed

equal to the free electron mass, m)

Theresultsfor 1-D, 2-D and 3-D are summarized in Table 6.2.1. It can be seen that a

parabolic E(K) relation (Eq.(6.2.1)) givesrise to adensity of states that varies as E~1/?

in1-D , E? (constant) in 2-D and E*Y2 in 3-D. Note, however, that the 1-D or 2-D
results do not give usthe total DOS for a quantum wire or aquantum well. They give us
the DOS only for one subband of a quantum wire or a quantum well. We have to sum
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over al subbandsto obtain the full DOS. For example, if a quantum well has subbands
‘P’ given by (see Eq.(6.1.1))

h2 (kX2 + kyz)

2mg

Ep(kx.ky) = E.+p2e, +

then the DOS would look like a superposition of many 2-D DOS.

_ mS 2
D(E) = ﬁ%‘ ﬂ(E—EC—p ez) (6.2.5)

Fig.6.21 shows the densty of dates cdculaed from EQ.(6.2.5) with

£Z=n2h2/2mCL22 as given in EQ.(6.1.1). It is apparent that as the width L, is
increased from 5 nm to 20 nm, the DOS approaches the result obtained from the 3-D
DOS with the volume Q set equal to SL ,:

Dap(E) = jing_[znk(E"Ecﬂ]JZ

L (6.2.6)
2n2h3 z

From graphite to a nanotube: The evolution of the DOS from a sheet of graphite to a
nanotube also provides an instructive example of how size quantization effects arise as

the dimensions are reduced. For a sheet of graphite we can write the E(R) relation for
esch of the two valeys centered a (kyakyb)= (0,£21/3) approximately as (see
Eq.(6.1.9), a=3ay/2)

E(K) = i%‘o\/kxzmyzz +tak| 6.27)

As we have seen, the energy subbands for a zigzag nanotube are given by (see
Eq.(6.1.10))

E(ky) = itam = J_r\/ E, 2+ (taky)? (6.2.8)

Supriyo Datta, Purdue University



Chapter 6/ Subbands 189

where 2n[3v 1] and E,= tak,
2m

k., =
V7 3

In calculating D(E) the steps are similar to what we did in Table 6.2.1, though the details
are somewhat different because the dispersion relation is different (Egs.(6.2.7), (6.2.8)),
as summarized in Table 6.2.2. Fig.6.2.2 compares the density of states for a zigzag
nanotube of length ‘L” and diameter ‘d’ (note: circumference = td = 2mb)

2L E ith 6.2.9
Oat®= X = M e, 2, 2] 629
v E“-E, d 3
with the density of states for a graphite sheet of area’ nLd':
Ld

for (a) a nanotube with m= 200 (corresponding to d = 15.4 nm) and (b) a nanctube with
m= 800 (d = 61.7 nm).

Table 6.2.2: Summary of DOS per spin per valley

calculation for

Graphite Zigzag nanotube
Eq.(6.2.7) Eq.(6.2.8)
N(K) = S 2 Ekx
47 T
N(E) = SE? D L — E?-E?
dnat? ,
SE L
D(E) = — 2 —
2na’t , T \EZ E, 2
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It is apparent that the smaller nanotube has a DOS that is distinctly different from
graphite. But the larger nanotube is less distinguishable, especidly if we recall that
experimental observations are typicaly convolved with the thermal broadening function
which hasawidth of ~ kg T (see Eq.(1.3.8)) ~0.026 eV at room temperature.

m = 200, m = 800,
d = 154 nm d = 61.7 nm

Fig.6.2.2. Density of 025w I e I ‘
states, D(E) for a ‘ | | |
zigzag nanotube 02p - R S
calculated from A ‘ :
Eq.(6.2.9), solid) and 2015 K s F— e 3
compared with that i; ‘ ‘ ‘
obtained from the j%o'l 777777777777777777777777777777777777777777

result for graphite oosldi—E— o o o
(Eq.(6.2.10), x's). | | | | |

U 56 @ ev per iy — 20 5h

It is easy to see andyticaly that the DOS for zigzag nanotubes with the summation
index v replaced by an integral (cf. EQ.(6.2.9))

a_[E] with dE, = 2Ly

DZNT(E) = JZdV ————
=2 2
mat \E _EV

T old |E]| Ld
= JdE “ = ——=|E
0 ¥ nalt? \ﬁEZ—EVZ 2t2| |

becomes identical to the DOS for graphite (cf. Eq.(6.2.10)).
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Anisotropic dispersion relation: We have used a few examples to illustrate the
procedure for convering an E(E) relation to a density of dates, D(E). This procedure

(see Tables 6.2.1 and 6.2.2) work well when the dispersion relation, E(E) IS isotropic.
But the details get more complicated if the relation is anisotropic. For example, silicon
has six separate conduction band valleys, each of which iselipsoidal:

Constant
energy

A K
y / contour
2, 2 a2k 2 12 2
E= Ec+hkx LA K
2Myy  2Myy  2My, X

(6.2.11)

For a given energy E, the constant energy contour looks like an elipsoid whose magjor

axesaregivenby 2my, (E—E¢) /% , \ 2myy(E—~Ec)/h and | 2m,,(E—E¢) /7. The

volume of thisellipsoidis

ﬂ \f“szmxx(E_Ec) \ﬁszY(E_EC) \/szZ(E_EC)
3 h h h

Q 4n \meXX(E—EC) \//Zmyy(E_EC) \f‘s‘szZ(E_EC)

sothat N(E)=
S gr3 3 h h h

d Q
and D(E)= d—EN(E): W\/mexmyymzz(E—Ec) (6.2.12)

which reduces to the earlier result (see Table 6.2.1) if the massisisotropic.
Formal expression for DOS: In general if we have a system with eigenstates labeled

by anindex ‘ a’, then we can write the total number of states, N1 (E) with energy less
than E as
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NT(E) = X, 0(E-gy) (6.2.13)

where 3 (E) denotes the unit step function which is equal to zero for E < 0, and equal to
onefor E > 0. The derivative of the unit step function isadeltafunction, so that

D(E) = %NT(E): Y S(E-gy) (6.2.14)

o

This expression represents a sequence of spikes rather than a continuous function.
Formally we can obtain a continuous DOS from EQ.(6.2.14) by letting the size of the
system get very large and replacing the summation by an integral as we have been
doing. For example, if

~ h’K?
E(k)= E.+ o (sameas (6.2.1))
m

then D(E) = D> 3(E-—g)
K

20, 2 2 2
ne(ky“+ky“+k
- Y3 Y s|e-g ey )
k, k, K, 2m
2n 2n 2n .
where ky = :Vx’ ky = L—yvy, k, = L—sz (Vx, Vy, V2! integers)

(same as (6.2.2))

We then let the volume get very large and replace the summations over these indices
with integrals:

S o | _dky D YR S| y > - ] _Okz (same as (6.2.3))
X y z
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2,2
Q 1%k
D(E) = —3r
0 2m’
2,2
_ % T4nk2dk S(E—E " k*)
8n” o 2m
oo ko o 2,2
__Q fldE 2 E-Eo) o 1%
on? o h2 h © om'
= [2m E-E )]1/2
211:2713

as we had obtained earlier (cf. Table 6.2.1, 3-D). This procedure is mathematicaly a
littte more involved than the previous procedure and requires integrals over ddta
functions.

But the real vaue of the forma expression in Eq.(6.2.14) is that it is generdly

valid regardiess of the E( R) relation or whether such arelation even exists. Of course, in
general it may not be easy to replace the summation by an integra, since the separation
between energy levels may not follow a smple analytical prescription like Eq.(6.2.2).
But we can till calculate a continuous DOS from Eq.(6.2.14) by broadening each spike
into aLorentzian (see Eq.(1.3.2))

v/2n
(E—eq)+(1/2)?

3(E-gy) — (6.2.15)

The DOS will look continuous if the individud energies ¢, are spaced closely
compared to the broadening y, which isusually true for large systems.

Separable problems: An interesting result that can be proved using Eq.(6.2.14) isthat if
the eigenvalue problem is separable, then the overdl density of states is given by the
convolution of the individual densities. For example, suppose we have a 2-D problem
that separates into a x- and y-components (see EQ.(2.3.6)) such that the overdl energies
are given by the sum of the x-energy and the y-energy:

gnm) = ¢g(n + ey(m) (6.2.16)
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We could define ax-DOS and ay-DOS

Dy(E) = DS[E—ex(n)]
n

and Dy(E) = D.3[E—gy(m)]
m

and it is straightforward to show that the total DOS

DE) = 2.2 S[E—ex(n)—gy(m)]

n m

(6.2.17q)

(6.2.17b)

(6.2.17c)

can be written as a convolution product of the x-DOS and the y-DOS:

D(E) = TdE'DX(E') Dy(E-E)

—00

(6.2.18)
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6.3. Minimum resistance of a wire
Now that we have discussed the concept of subbands, we are ready to answer a
very interesting fundamental question. Consider a wire with a cross-section LyL , with

avoltage V applied acrossit.

Fig.6.3.1. A wire

with a cross-
section Lyl—z Contact Contact y

1 2 /
with a voltage V

applied across \ |

large contacts.

What is the conductance of this wire if the contacts were perfect, and we reduce its
length to very small dimensions? Based on Ohm’slaw, we might be tempted to say that
the conductance will increase indefinitely as the length of the wire is reduced, since the
resistance (inverse of conductance) is proportional to the length. However, as | pointed
out in the introductory chapter (Section 1.3) the maximum conductance, G = I/ V for a
one-level conductor isafundamental constant given by

Go= g°/h= 387uS= (25.8KQ) ! (6.3.1)

We are now ready to generalize this concept to a wire with a finite cross-section, It has
been established experimentally that once the length of a wire has been reduced
sufficiently that an electron can cross the wire without an appreciable chance of
scattering (ballistic transport) the conductance will approach a constant value given by
(assuming “perfect” contacts)

G = [ME)] g Go (6.3.2)

where M(E) isthe number of “modes’ or subbands at an energy E. The actual number
of modes M(E) at a given energy depends on the details of the wire, but the maximum
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conductance per mode is Gg independent of these details. This can be shown as
follows.

Maximum current in a single-moded wire: Consider a mode or subband v with a
dispersion relation E,, (ky). The current carried by the states having a positive group

velocity can be written as

We have seen earlier that for free electrons with E = 7%k2/2m, the velocity is given by
nk/m, which is equal to the momentum 7k divided by the mass, m. But what is the

appropriate velocity for electrons in a periodic solid having some dispersion relation

E, (R) ? The answer requires careful discussion which wewill postpone for the moment
(se Section 6.4) and smply state that the correct velocity is the group velocity generdly
defined as the gradient of the dispersion relation

nik)= Vi Ey(K)

so that in our one-dimensional examplewe canwrite vy (ky)= 0JE, (ky)/dky and the

current given by

_ -4 19E, (ky)
=T >

v(kx)>0h dKx
dky 10E,(k) _ —q
= - = = — | dE 6.3.3

showing that each mode of a wire carries a current of (g/h) per unit energy. At
equilibrium there is no net current because states with positive and negative velocities are
all equaly occupied. An applied voltage V changes the occupation of the levels over an
energy range Es = (qV/2) creating a non-equilibrium situation whose details depend on
the nature of the coupling to the contacts. But regardless of dl these detals, it is
apparent that the maximum net current will be established if the postive velocity states
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are occupied upto 1 = E¢ + (qV /2) while the negative velocity states are occupied upto
wo =E¢ —(qV /2), so that in the energy range

E: -(QV/2) < E< Ef +(qV/2)

only the positive velocity states are oo
occupied. From Eq.(6.3.3) we can Z‘i‘;,,, "
write the current carried by these U EL U TPA T 4.

states belonging to mode v as Positive current

carrying states
occupied

_ 2 ! : : ‘
I = Tq(ul_MZ) - qrv : s <) o i

so that the maximum conductance of mode v is equal to q2/ h as stated earlier (see
Eq.(6.3.2)). Note that this result is independent of the dispersion relation E, (ky) for
the mode v.

Number of modes: How many modes M(E) we actuadly have a a given energy,
however, is very dependent on the details of the problem a hand. For example, if the
relevant energy range involves the bottom of the conduction band then we may be able
to approximate the band diagram with a parabolic relation (see Fig.6.1.2, Eq.(6.1.1)).
The subands can then be catalogued with two indices (n,p) as shownin Fig.6.3.3

2 2 hz kx2
Enp(k = E.+Nn%, +p7e,+ 6.3.4
n,p( x) c y tPE; 2m, ( )
where gy = n2h? /2mCLy2 and g, = n2h? /2mcL 22

assuming that the electrons are confined in the wire by infinite potentia wells of width
Ly and L, inthey- and z-directions respectively. The mode density M(E) then looks

as shown increasing with energy in increments of one everytime a new subband
becomes available.
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(n.p) =
i (2,2) I T N SR S
oz (1,2) , (2,1)
50.15 (1,1)
E 01
005
9 o5 k(?;m) 5 9{ k t ZM(E) 3 >

x 10

Fig.6.3.2. Energy dispersion relation showing the four lowest conduction
band subbands (see Eq.(6.3.4)) in a rectangular wire
with Ly =L, =10 nm, m=0.25m.

The details of the subands in the vaence band are much more complicated,
because of the multiple bands that are coupled together giving rise to complicated
dispersion relations. For simple back-of-the-envel ope estimates we could approximate it

with asimple inverted parabola

2,2
hk (6.3.5)

hk)y = E,-

2m,

0 0 fe e
-0.05 005 | oo
-0.1 PO EY ,,,,,,,,,,,,,,,,,,,,,,,,,,

: S f
-015(. /S ./ - 2015 - - - - R RS I

i !
0.2} W2l . e B |
0.25_ 025} .. ... e b
. , ; , T 3 7 5

-1 -05 K ( Pm ) 0.5 él. M(E)
x 10

Fig.6.3.3. Energy dispersion relation showing the four lowest valence band
subbands (see EQs.(6.3.5) and (6.3.6)) in a rectangular wire
with Ly =L, =10 nm, m,,=0.25m.
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We then get inverted dispersion relations for the different subbands

172 Ky 2
2m,

Enp(kx) = Ey-n%y-p%,- (6.3.6)

with amode density, M(E) that increases with decreasing energy as shown in Fig.6.3.3.

Minimum resistance of a wide conductor :

We have see that thereis a minimum resistance (h/qz) that a wire can have per
mode. An interesting consequence of this is that there is a minimum resistance that a
given conductor could have. For example, we could model a Field Effect Transistor
(FET) asatwo-dimensiona conductor with awidth W and alength L. As the length L
is made shorter, it would approach a ballistic conductor whose resistance is dominated
by the contact resistance. Thisis awell-known fact and device engineers work very hard
to come up with contacting procedures that minimize the contact resstance. What is not
aswell-recognized is that there is afundamental limit to how small the contact resistance
can possibly be even with the best conceivable contacts.

“«— = —>

To edimate this minimum contact resstance, let us assume a n-type
semiconductor where conduction takes place through the conduction band states
described by a parabolic dispersion relation of the form given in Eq.(6.3.4). Assuming
that it has only one subband aong the z-direction we can write the eectron density per
unitareaat T = 0K as(see Table 6.2.1)

me
Ng = Ei-E (6.3.7)
S nhz ( f C)
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The maximum conductance is given by

2 e‘ _ 2n.
T
\ APm? 12moW h V=

where we have made use of EQ.(6.3.7) and used the symbol Int(x) to denote the largest
integer smaller than ‘x’. The minimum resistance is given by the inverse of G :

h |'=n 16.28 KQ
RmitW = —& . 5— = —7— (6.3.8)
20° '\ 2ng A/ Ng

With acarrier density of ng=1€12 Jem?, this predicts Rpy,jnW =160 Q—um. Note that
we have assumed only one subband arising from the z-confinement. For slicon, the six
conduction valleys give rise to six sets of subbands, of which the two lowest are
degenerate. This means that if the L, dimension is small enough, there will be two
degenerate subbands arising from the z-confinement and the corresponding minimum
contact resistance will be half our estimate which was based on one z-subband:
RminW =80 Q—um.
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6.4. Velocity of a (sub)band electron
Electronsin periodic structures have energy levels that form (sub)bands and the
corresponding wavefunctions have the form

{wl, = {w}exp[t ikxy] (6.4.1)

where X, = n adenotes points on a discrete lattice and {w}n Is a column vector of size

(Bx1), ‘B’ being the number of basis functions describing the unit cell.

Xne2 Xpe1 Xn Xm X2

—0-0-00-0-

‘T’

These wavefunctions thus have a unit cell component that is atomic-like in character in
addition to a free electron or plane wave-like ~ exp [ £ ikx] character. They are often
referred to as Bloch waves. When we we first discussed the Schrodinger equation, |
mentioned that an electron in a plane wave state exp [ £ ikx] could be associated with a
velocity of 7k/m, since the probability current was equa to this quantity times the
probability density (see Eq.(2.1.20)). What isthe velocity of an electron in a Bloch wave
Sate?

A plausible conjecture is that the velocity must be #k/m*, m* being the
effective mass. This is indeed true under certain conditions, but a more generd
discussion is called for, since not al bands / subbands can be described in terms of an
effective mass especialy in low dimensiona structures like quantum wires. Besides, it is
not clear that we should be looking for a single number. In general we could have a
velocity matrix of size (B x B).

Velocity matrix: To identify thisvelocity matrix, we start by noting that the Hamiltonian
for aquantum wire can be written in ablock tridiagonal form

(0 B O O O - |
B '« B O O - (6.4.2)
Hquantum = +
wire OB a B O
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which can be visudized as a 1-D array of unit cells each of which has a very large
number of basis functions, B equal to the number of atoms in a cross-section times the
number of basis functions per atom. The time-dependent Schrodinger equation for the
guantum wire can be written in the form

. d
'h% = oy, + Bupa + BTwna (6.4.3)

where the y’sare (B x 1) column vectors, while o3 are (B x B) matrices.
To discover the appropriate expression for the current, we need to look a the
time rate of change in the total probability density in a particular unit cell, say the nth

one. This can be written as (y}y,,) whichisa (1x1) matrix or a scalar number equal to

the sum of the squared magnitudes of al B components of y (note that v}, is not
suitable for this purpose since it is (BxB) matrix). From Eq.(6.4.3), we can write the

time derivative of (yhy,,) as

d
h Wi = VRBWma + WiBTVna — wiliBun — wiBtvn
(6.4.4)

Let us seeif we can write the right hand side as the difference in the current to the left of
the unit and the current to the right of the unit

d i w2 - Iman
dt‘l’n‘l’n = 3 (6.4.5)
In-@/2) Ini(1/2)
Xne2 Xp1| Xn | Xm1 X2
5B
Wy | @y

Supriyo Datta, Purdue University



Chapter 6/ Subbands 203

motivated by the fact that in a continuum representation, the continuity equation requires
that dn/dt = -—dJ/dx. Itisstraightforward to check that if we define the currents
as

+ ot +
p - ynb
Iz = Y P Wn — YnPWnt1 a (6.4.6)

then Eq.(6.4.5) isequivaent to (6.4.4). We can make use of Eq.(6.4.1) for a (sub)band
electron to express y,,1 in EQ.(6.4.4) in terms of y, to obtain

vz = i B exp(-ika)-B e+ ikd)] v (647)
suggesting that we define
[v(K)] = % [B* exp(~ika) — B exp(+ ika)] (6.4.8)

asthe velocity matrix for an electron a (sub)band state with agiven ‘k’. Now that we are
finished with the mathematical argument, let us seeif it makes physical sense.

Firstly we note that the energy eigenvaues are obtained by diagondizing the
matrix (this follows from the basic result, Eq.(5.2.4), underlying the caculation of
bandstructure)

[hK)] = o + Bexp(+ika) + P exp(-ika) (6.4.9)

It is straightforward to check that this Hamiltonian matrix is related to the velocity
matrix we just obtained (EQ.(6.4.8)) by therelation

da

o [n)] (6.4.10)

V)] =

S|

Thismeansthat if the two matrices ([h] and [v]) were simultaneoudly diagonalized, then
the eilgenvalues would indeed obey the relation
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k)= Vi Ey(K)

that we used to derive the maximum current carried by a subband (see Eq.(6.3.3)).

Can we diagondize [h] and [v] smultaneoudly? It is easy to see from the
definitions of these matrices (Egs.(6.4.8) and (6.4.9)) that the answer is yes if the
matrices [a] and [B] can be simultaneoudy diagonalized. We can visudize the
tridiagonal Hamiltonian matrix in Eq.(6.4.2) as a 1D array where the matrices [ o] and
[B] are each of size (B xB), B being the number of basis functions needed to represent

the cross-section of the wire.

Xn+1

A EOYE G,

Now if we can diagondize both [ o] and [ 3] then in this representation, we can visuaize
the quantum wire in terms of independent modes or subbands that conduct in parallel:

Z/v :><j) —x >

Quantum wire

Independent

transverse modes

The same representation will aso diagonaize the velocity matrix and its diagona
elements will give us the velocity for each mode. One good example of a structure where

thisispossibleis asmple square lattice:
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which we represent asa 1-D array of the form

[o]

(8] [B]

The matrix [B], [B"] represent the coupling between one column of atoms with the
corresponding ones on the next column and can be written as an identity matrix [I]. This
means that once we find a suitable representation to diagonaize [ o], the matrix [ ] wil also
be diagonal, since the identity matrix is unchanged by a basis transformation. Hence, we can
awaysdiagondize[a], [B], [h], [V] smultaneously and use this representation to visuaize
the quantum wire as collection of independent single-moded wiresin paraléel.

Mode density: We have seen in the last Section that the mode density M(E) plays an
important role in the physics of quantum wires, comparable to the role played by the
density of states D(E) for bulk semiconductors. If a wire of length L has eigenstates
catalogued by two indices (o, K) then we could define the mode density M(E) formally
as

1 dgg K

ME) = XD 3(E-gux) -~
o k

6.4.11
L ok ( )

This expression can be evaluated simply if the eigenvalues are separable in the two
indicesiey k. = €4 0+e(k). But this is possible only if the subbands can be
decoupled as discussed above.
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Exercises

E.6.1. Plot a parabolic E(k) relation with an effective mass of 0.12 m and compare with the
sp3s* bandstructure from Chapter 4 as shown in Fig.6.1.2.

E.6.2. Plot the dispersion relation for the two lowest subbands of a zigzag nanotube with
m= 66 and m=65 and compare with Fig.6.1.7.

E.6.3. Compare the dispersion relations for a 2D graphite sheet from Egs.(6.1.4) and
(6.1.11) asshownin Fig.6.1.8.

E.6.4. Compare the 3D density of states with the density of states for a 2D box (a) with
thickness 5 nm and (b) with thickness 20 nm as shown in Fig.6.2.1.

E.6.5. Compare the density of states of graphite with the density of states for a zigzag
nanotube with (a) diameter 15.4 nm and (b) with diameter 61.7 nm as shownin Fig.6.2.2.

E.6.6. Plot the energy dispersion relation for the four lowest conduction band subbands
(see Eq.(6.3.4)) in arectangular wire with Ly =L, = 10 nm, m,=0.25m and compare

with Fig.6.3.2.

E.6.7. Plot the energy dispersion relation showing the four lowest vdence band
subbands (see Egs.(6.3.5) and (6.3.6)) in a rectangular wire with Ly =L, = 10 nm,

m,, = 0.25 m. and compare with Fig.6.3.3.
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