Chapter 3/ Sdlf-consistent field 75

3/ Sdf-consistent Field

3.1. The self-consistent field (scf) procedure
3.2. Relation to the multielectron picture

3.3. Bonding

3.4. Supplementary notes. Multielectron picture

One of the first successes of quantum theory after the Hydrogen atom was to
explain the periodic table of atoms by combining the energy levels obtained from the
Schrodinger equation with the Pauli exclusion principle requiring that each level be
occupied by no more than one electron. The energy eigenvalues of the Schrodinger
equation for each value of * ¢’ starting from ¢ =0 (see Eq.(1.3.8)) are numbered with
integer values of ‘n’ starting from n = /+1. For any (n, /) there are (2¢+1) leves
with distinct angular wavefunctions (labeled with another index ‘m’) all of which have
the same energy. For each (n/m) therea is an up-spin and a down-spin level making
the number of degenerate levelsequal to 2(2/+1) for agiven (n, 7). The energy levels

look something like this
2(2€+1)
} degenerate

— levels
n=3 ——
n=2
n=

/=0 f =1 f =2
s - levels p - levels d - levels

The elements of the periodic table are arranged in order as the number of electrons
increase by one from one atom to the next, and their electronic structure can be written

as Hydrogen: ]sl, Helium: Jsz, Lithium: 152251, Beryllium: 132252, Boron: 1s?2s?

2p1 etc, where the superscript indicates the number of € ectrons occupying a particular
orbital.
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76 Quantum Transport: Atom to Transistor

How do we caculate the energy levels for a multielectron atom? The time-
independent Schrodinger equation

h2

V24 U(r
om VUM

Eq®o ()= Hop Py () where Hop =

provides afairly accurate description of the observed spectra of dl atoms, not just the
Hydrogen atom. However, multielectron atoms involve electron-electron interactions
which is included by adding a "self-consistent field (scf)”, Uscf(TF), to the nuclear
potential U ,o(T) 1 U(T) = Upye(T) + Uggr (T), just as in Section 1.4 we added an
extra potential to the Laplace potential U (see Eq.(1.4.1b)). The nuclear potentia
Unue: like U, isfixed, while Ugy depends on the eectronic wavefunctions and has

to be caculated from a self-consistent iterative procedure. In this chapter we will
describe this procedure and the associated conceptual issues.

3.1. The sdlf-consistent field (SCF) procedure

Consider a Helium atom consisting of two eectrons bound to a nucleus with
two positive charges '+2q'. What will the energy levels looks like? Our first guess
would be simply to treat it just like a hydrogen atom except that the potentia is

U (F)=-2q2/4megr instead of ~ U(F)=-q2/4megr

If we solve the Schrodinger equation with U(7) = - Zg2/ 4megr wewill obtain energy
levelsgiven by

En = —(z2/n?)Eq =-544¢eV/n2 (Z=2)

just as predicted by the smple Bohr mode (see Eq.(2.1.6)). However, this does not
compare well with experiment at al. For example, theionization potential of Helium is
~ 23.4 eV, which means that it takes a photon with an energy of a least 23.4 €V to
ionize aHelium atom :

He+ hy - > Het + e (3.1.1q)
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This suggests that the 1s level of a Helium atom has an energy of - 23.4 €V and not -
54.4 eV asthe ssimple argument would suggest. How could we be off by over 30 eV ?
It is because we did not account for the other electron in Helium. If we were to

measure the energy that it takes to remove the second electron from Het

the result (known as the second ionization potential) is indeed close to 54.4 eV. But
the (first) ionization potential is about 30 eV less indicating that it takes 30eV less
energy to pull an electron out of a neutral Helium atom than it takesto pull an electron

out of a Helium ion He' that has aready lost one eectron. The reason is that an
electron in a Helium atom feels a repulsive force from the other eectron, which
effectively raisesits energy by 30 €V and makesit easier for it to escape.

Fig.3.1.1. lonization of Free electron

a neutral Helium atom A B
takes approximately : :;3
23.4 eV of energy -

suggesting that the n=1

level has an energy of - —0—0— --:

23.4 eV.

In general, the ionization levels for multielectron atoms can be caculated
approximately from the Schrodinger equation by adding to the nuclear potentia
Unuce(T), a"sdlf-consistent” field U (T) dueto the other electrons (Fig.3.1.2):

U(T) = Upye(T) + Ugs (T) (312

For Helium, the nuclear potentia arises from the nuclear charge of '+Zq' located at the
originandisgivenby U c(T)=-Z q2 | 4megr. The self-consistent field arises from
the other (Z-1) electrons, since an electron does not feel any potential due to itself. In
order to calculate the potential Ug (r) we need the electronic charge which depends
on the wavefunctions of the electron which in turn has to be caculated from the
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Schrodinger equation containing Ug (r). This means that the calculation has to be

done self-consistently.

Step 1:
Step 2:

Step 3:
Step 4.
Step 5:

Guess electronic potential Uscf(T)

Find eigenfunctions and eigenvalues from

Schrodinger equation.

Calculate the electron density, n(T)

Calculate the eectronic potential Uscf(T).

If the new Uscf(T) is significantly different from last guess,
update Uscf(T) and go back to Step 2. If the new Ugcf(T) is

within say 10 meV of the last guess, the result has converged
and the calculation is complete.

(a) Nuclear charge Electronic charge
Z

r r=0 r

>
=0
Z-1
(b) Unuc(r) U (T)
~(Z-Dir

Fig.3.1.2. Sketch of the (a) nuclear charge density and the electronic

charge density, (b) potential energy felt by an additional electron due to

the nucleus,Upyc (r), and the other electrons, Ugys (r). The latter has to be

calculated self-consistently.
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Chapter 3/ Self-consistent field 79

For Step 2 we can use essentialy the same method as we used for the hydrogen atom,
although an andytical solution is usually not possible. The potential Ugscf(T) is in
general not isotropic (which means independent of 6,¢) but for atoms it can be
assumed to be isotropic without incurring any significant error. However, the
dependence on 'r' is quite complicated so that no anaytica solution is possible.
Numerically, however, it is just as easy to solve the Schrodinger equation with any
U(r) asit isto solve the hydrogen atom problem with U(r) ~ L/r.

For Step 3 we have to sum up the probability distributions for al the occupied
eigenstates:

fn(n)

2 2
=1 [Yim(6,0)]° 313

M= Y |e.®° - 3

occa occ. n,l,m

If we assume the charge distribution to be isotropic (independent of 6,¢), we can write

oM)= [rZsnodedoni)= Y [fum > (3.1.4)

occ n,l,m

For Step 4 we can use straightforward electrostatics to show that

7-1 q2 oo q2 L o(r)
Ugg(= — drcr+—idr—
") Z | Ameqr { ) Aneg | r (3.1.5)

The two terms in Eq.(3.1.5) arise from the contributions due to the charge within a
sphere of radius ‘r’ and that due to the charge outside of this sphere as shown below.

o O

First term in Second term in
Eq.(3.1.5) Eq.(3.1.5)
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80 Quantum Transport: Atom to Transistor

Thefirst termisthe potential at ‘1’ outside a sphere of charge which can be shown to
be the same asiif the entire charge were concentrated at the center of the sphere:

2 r
T Jaro(r)
Ameqr

The second term isthe potential a ‘r’ inside a sphere of charge and can be shown to
be the same as the potentid at the center of the sphere (the potentia is the same at dl
points inside the sphere since the electric field is zero)

2 '
9 g o)
47580 r r

Adding the two components we obtain the total potential.

To understand the reason for the factor (Z-1)/Z in Eq.(3.1.4), we note that the
appropriate charge density for each eigenstate should exclude the eigenstate under
consideration, since no electron feels any repulsion due to itself. For example, Silicon

has 14 electrons 152 252 2pb 3s2 3p2 and the self-consistent field includes all but one
of these electrons - for the 3p levd we exclude the 3p eectron, for the 3s levd we
exclude the 3s dectron etc. However, it is more convenient to simply take the tota
charge density and scde it by the factor (Z-1)/Z. This preserves the spherical
symmetry of the charge distribution and the differenceis usually not significant. Note
that the total electronic chargeisequal to Z:

0 occ. nl,m
since the radia eigenfunctionsare normalized : J dr|fa()|° = 1
0

Helium atom: Fig.3.1.3 shows the potential profile and the probability distribution
for the 1s state of Helium obtained using the self-consistent field method we have
just described. Also shown for comparison is the 1s levd of the Hydrogen atom,
discussed in the last chapter.
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Silicon atom: Fig.3.1.4 showsthe probability distribution for the 1s and 3p states of
Silicon obtained using the self-consistent field method. Also shown for comparison
isthe 1s leve of the Hydrogen atom. Note that the Silicon 1s dtate is very tightly
confined relative to the 3p state or the Hydrogen 1s state. This is typical of core states
and explains why such states remain well- localized in solids, while the outer electrons
(like 3p) get delocalized.
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82 Quantum Transport: Atom to Transistor

Fig.3.1.4. Self-consistent field
method applied to the Silicon
atom. Radial probability
distribution for Hydrogen
1s level, Silicon 1s

level and 3p level.

3.2. Relation to the multielectron picture

Multielectron Schrodinger equation: It is important to recognize that the self-
consistent field method isreally an approximation that iswidely used only because the
correct method is virtualy impossible to implement. For example, if we wish to
calculate the eigenstates of a Helium atom with two electrons we need to solve a two-
electron Schrodinger Equation of the form

2
E¥(R, K)= [— ;_m V2 +U(f) + U(F) + Ugg(Tr F2)] ¥(r, k) (3.2.1)

where 71 and 72 are the coordinates of the two electrons and Uee is the potentia

energy due to their mutual repulsion : Uee(f, B)= €°/4meq [l —To|. This is more
difficult thanitis to solve the "one-electron” Schrodinger equation that we have been
talking about, but it is not impossible. However, this approach quickly gets out of
hand as we go bigger atoms with many electrons and so is seldom implemented
directly. But suppose we could actualy calculate the energy levels of multielectron
atoms. How would we use our results (in principle, if not in practice) to construct a
one-electron energy levd diagram like the ones we have been drawing? The answer
depends on what we want our one-electron energy levelsto tell us.
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lonization levels and affinity levels. Our interest is primarily in describing the flow
of current, which involvesinserting an electron and then taking it out or vice versa, as
we discussed in our introductory Chapter. So we would want the one-electron energy
levels to represent either the energies needed to take an electron out of the atom
(ionization levels) or the energies involved in inserting an electron into the atom
(affinity levels).

Energy levels of Energy levels of

N-1 electron atom Lowest energy N+1 electron atom

level of N

electron atom

E,(N-D

E,(N+1)

lonization === Eg(N) ﬁnity

Fig.1.3.1. One-electron energy levels represent energy differences
between the energy levels of the N-electron atom and the (N-1) or the
(N+1) electron atom. The former, called the ionization levels, are the filled
states from which an electron can be removed, while the latter, called the

affinity levels, are the empty states to which an electron can be added.

For theionization levels, the one electron energies ¢, represent the difference between
the ground state energy Eg(N) of the neutral N-electron atom and the nth energy
levd, E,,(N —1) positively ionized (N-1)-€electron atom:

en = Eg(N)—E,(N-1) (3.2.29)

Theseionization energy levels are measured by looking at the photon energy needed
to ionize an electron in a particular level. Such photoemission experiments are very
useful for probing the occupied energy levels of atoms, molecules and solids.
However, they only provide information about the occupied levels, likethe 1slevel of a
Helium atom or the valence band of a semiconductor. To probe the unoccupied levels
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84 Quantum Transport: Atom to Transistor

like the 2slevel of aHedium atom or the conduction band of a semiconductor we need
an inverse photoemission experiment like (see Fig.3.2.2)

He+e ------ > He + hv

which measure the affinity of the atom for acquiring additional electrons. To caculate
the affinity levels we should look at the difference between the ground state energy
Eg (N) and the nth energy level, E,(N +1) negatively ionized (N+1)-€lectron atom:

gn = Ep(N+1)—Eg(N) (3.2.20)

Note that if we want the energy leves to correspond to optical transitions then we
should look &t the difference between the ground state energy Eg(N) and the nth
energy levd, E(N) of the N-electron atom, since visible light does not change the
total number of electronsin the atom, just excites them to a higher energy.

en = En(N)-Eg(N)

Thereisno apriori reason why the energy gap obtained from this caculation should
correspond to the energy gap obtained from either the ionization or the affinity levels.
In large solids (without significant excitonic effects) we are accustomed to assuming
that the optical gap isequal to the gap between the valence and conduction bands, but
this need not be true for small nanostructures.

Single-electron charging energy: As we have explained above, the straightforward
approach for caculating the energy levels would be to calculate the energies Eg(N)
and E,(N*12) from an N-electron and an (N+1) electron Schrodinger equation (cf.
Eqg.(3.2.1) which is a two-electron Schrodinger equation) respectively. This, however,
is usualy impossible and the only practical approach for large atoms, molecules or
solids is to include an effective potential Uscf(T) in the Schrodinger Equation as we
have been discussing.

How do we choose this effective potential? If we use Ug(N) to denote the
total electron-electron interaction energy of an N-electron system then the appropriate
Uscf for theionization levelsis equa to the change in the interaction energy as we go

from an N-electron to an (N-1)-electron atom:
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(Uset] ionization = Yee(N) = Uee(N—1) (3.2.39)

Similarly the appropriate Ugcf for the affinity levels is equa to the change in the
interaction energy between an N-electron and an (N+1)-electron atom:

[Usct] attinity = Uee(N+D=Uee(N) (3.2.30)

We could write the interaction energy approximately as the electrostatic energy stored

in a capacitor Uge(N) — q2N2/2CE, corrected to account for the fact that an
electron does not interact with itself:

2
Ugo(N) = quE N(N-1) (3.2.4)

From Egs.(3.2.3a,b) and (3.2.4) it is easy to see that

2 . 2
- 4a q
[USCf] ionization — FE(N_l) while [User ] affinity ~ ?EN (3'2'5)
Fig.3.2.2. The Vacuum
ionization levels A level
EA
include the repulsive P
potential from Z-1 v
electrons while the |
affinity levels include -
that of Z electrons, so O—O
that the latter is
higher in energy by o o
the single-electron lonization Affinity
Levels Levels

charging energy Up.
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86 Quantum Transport: Atom to Transistor

Thismeansthat to calculate the ionization levels of a Z-electron atom, we should use
the potential due to (Z-1) electrons (one electron for Helium) as we did in the last
section. But to caculate the affinity levels we should use the potential due to Z
electrons (two electrons for Helium). The energy levels we obtain from the first
calculation are lower in energy than those obtained from the second caculation by the

single-electron charging energy Ug = q2 /CE (see Eq.(3.4.2)) such that
Affinity levels= lonization Levels+ U (3.2.6)

As we discussed in Section 1.5, the single-electron charging energy U depends on
the degree of localization of the electronic wavefunction and can be severa eV in
atoms. Even in nanostructures that are say 10 nm or less in dimension, it can be quite
significant (that is, comparable to k,T).

One important consequence of thisisthat even if a structure has energy levels
that are very closely spaced compared to kgT,

it may not conduct well, because the one-electron charging effects will create a
“Coulomb gap” between the occupied and unoccupied levels:

]
Affinity Levels

|
| l'l | $UO
—————————————
onization Levels
_———

Of course, thisisasignificant effect only if the single-electron charging energy Ug is

larger than kgT.
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Hartree approximation: In large conductors (large R) Ugis negligible and the
distinction between Z and (Z-1) can be ignored. The self-consistent potential for both
ionization and affinity levels is essentially the same and can be written as (cf.
Egs.(3.2.38) and (3.2.3b)) Ugs = dUge/dN which can be generalized to obtain the
standard expression used in density functional theory (DFT):

Uy (T) = (3.2.8)

which tells us that the self-consistent potential at any point T is equa to the change in
the electron-electron interaction energy due to an infinitesmal change in the number
of electrons a the same point. If we use the standard expression for Uge from

classica dectrostatics

. q n(r)n(r")
= j dfr [ dF pry T (3.2.9)

Eq.(3.2.8) yields the Hartree approximation, U () for the self-consistent potential :

" . 2 n(F"
Up() = | dF LECT(_;' (3.2.10)

which is a solution of the Poisson equation —VZUH = q2 n/e in a homogeneous
medium. Device problems often require us to incorporate complicated boundary
conditions including different materials with different dielectric constants. It is then
more convenient to solve a modified form of the Poisson equation that alows a

gpatially varying relative permittivity:

~V.e, VUy)= g2 nleg (3.2.11)

But for atoms, there is no complicated inhomogeneity to account for and it is more
convenient to work with Eq.(3.2.10).
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Correlation energy: The actual interaction energy is less than what EQ.(3.2.9)
predicts because electrons can correlate their motion so as to avoid each other - this
correlation would be included in a many-electron picture but is missed in the one-
particle picture. Oneway to includeit isto write

1 o1 e n(F)n(f') [1- T, T
o afir ST
where g is a correlation function that accounts for the fact that the probability of
finding two electrons simultaneously at 7 and 7' isnot just proportiona to n(7) n(7")
but is somewhat reduced because eectrons try to avoid each other (actualy this
correlation factor is spin-dependent, but we are ignoring such details). The
corresponding self-consistent potential is also reduced (cf.Eq.(3.2.10)):

2 1l 1l
e n(r)[1-g(F,7)]
Ugs = |dF 3.2.12
« = | anelF— 7| (3212)
A lot of research has gone into estimating the function g(7,7) (generaly referred to
as the exchange-correlation "hol€").
The basic effect of the correlation energy is to add a negative term Uxc(7) to

the Hartree term UH(7) discussed above (cf. EQ.(3.2.10)) :

Uscf(T) = UH(T) + Uxce(T) (3.2.13)

One smple approximation, called the local density approximation (LDA) expresses
Uxc at apoint in terms of the electron density at that point:

2

Ure(M= = eI ™ (32.14)

Here, Cisa constant of order 1. The physical basis for this approximation is that an
individua eectron introduced into a medium with a background electron density n(r)
will push other electrons in its neighborhood creating a positive correlation “ hole”
around it. If we model this hole as a positive sphere of radius ry then we can estimate
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ro by requiring that the total charge within the sphere be equal in magnitude to that of
an electron:

n(r) 4Tcro3/3= 1 > rp= [n(r)]_1/3

1
C
C being a constant of order 1. The potential in EQ.(3.2.14) can be viewed as the
potential at the center of this positive charge contained in a sphere of radius ry:

q2
UXC(r) -7 41'580 o

Much work has gone into the self-consistent field theory and many sophisticated
versions of Eq.(3.2.14) have been developed over the years. But it is redly quite
surprising that the one-electron picture with a suitable self-consistent field often
provides a reasonably accurate description of multielectron systems. The fact that it
works so wdl is not something that can be proved mathematically in any convincing
way. Our confidence in the self-consistent field method stems from the excellent
agreement that has been obtained with experiment for virtudly every aom in the
periodic table (see Fig.3.2.3). Almost all the work on the theory of electronic structure
of atoms, molecules and solids is based on this method and that is what we will be
using.
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Fig.3.3.3. Energy levels as a function of the atomic number calculated
theoretically using a self-consistent field method. The results are in
excellent agreement with experiment (adapted from F. Herman and S.
Skillman, "Atomic Structure Calculations", p.3-9, Prentice-Hall (1963)). For
a hydrogen atom, the 's' and 'p' levels are degenerate (that is, they have
the same energy). This is a consequence of the ~ 1/ r dependence of the
nuclear potential. But this is not true of the self-consistent potential due
to the electrons and for multi-electron atoms, the 's' state has a lower

energy than the 'p' state.
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3.3. Bonding

One of the first successes of quantum theory was to explain the structure of
the periodic table of atoms by combining the energy levels obtained from the
Schrodinger equation with the Pauli exclusion principle requiring that each leve be
occupied by no more than one eectron. In Section 3.3.1 we will discuss the genera
trends, especialy the periodic character of the energy levels of individua atoms. Based
on this understan We will then discuss two mechanisms (ionic and covalent) whereby
apair of atoms, A and B, can lower their overall energy by bonding to form a molecule
AB (Sections 3.3.2, 3.3.3): B : E(AB) < E(A) + E(B).

3.3.1. Valence electrons

>
[

L20F e RPN R e

S30p L S

Energy (eV)

Fig.3.3.1. Energy of the outermost s- (x) and p-levels (o) of the first 86
elements of the periodic table excluding the d- and f-shell transition metals
(N = 21-28, 39-46 and 57-78). The numbers are taken from the Solid State

Table of the Elements in W.A. Harrison, Electronic Structure and the

Properties of Solids, Dover Publications (1989).

It isimportant to note that only the electronsin the outermost shell, referred to
as the vaence dectrons, participate in the bonding process. The energies of these
valence electron exhibit a periodic variation as shown in Fig.3.3.1 for the first eighty-
six atoms of the periodic table from Hydrogen (atomic number, N = 1) to Radon
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92 Quantum Transport: Atom to Transistor

(N=86), excluding the d- and f-shell transition metals (see Table 2.1). The main point
to notice is that the energies tend to go down as we go across a row of the periodic
table from Lithium (Li) to Neon (Ne), increases abruptly as we step into the next row
with Sodium (Na) and then decreases as we go down the row to Argon (Ar). This
trend is shown by both the's and 'p' levels and continues onto the higher rows. Indeed
this periodic variation in the energy levelsis a the heart of the periodic table of the
elements.

Table 3.3.1. First eighty-six atoms of the periodic table from Hydrogen
(atomic number, N = 1) to Radon (N=86), excluding the d- and f-shell
transition metals (N = 21-28, 39-46 and 57-78).

H He
(N=1) (N=2)

Li Be B C N 0] F Ne
(N=3) (N=4) (N=5) (N=6) (N=7) (N=8) (N=9) (N=10)
Na Mg Al Si P S cl Ar
(N=11) (N=12) (N=13) (N=14) (N=15) (N=16) (N=17) (N=18)
K Ca ...... Cu Zn Ga Ge As Se Br Kr
(N=19) (N=20) ....... (N=29) (N=30) (N=31) (N=32) (N=33) (N=34) (N=35)(N=36)
Rb S Ag Zn In Sn Sb Te I Xe
(N=37) (N=38) ....... (N=47) (N=48) (N=49) (N=50) (N=51) (N=52) (N=53) (N=54)
Cs Ba ...... Au Hg Tl Pb B Po At Rn
(N=55) (N=56) ....... (N=79) (N=80) (N=81) (N=82) (N=83) (N=84) (N=85) (N=86)
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3.3.2. lonic bonds

® 35

3
51 —@— —P 51
3p 3p
—00000— 123 000000 123
3s 3
-6 246 . 66— -24.6

Fig.3.3.2. Formation of Na*Cl- from individual Na and Cl atoms with a '3s'
electron from Na "spilling over" into the '3p' levels of Cl thereby lowering
the overall energy. This is only part of the story, since the overall
energetics also includes the electrostatic energy stored in the
microscopic capacitor formed by the two ions as explained in the text.

lonic bonds are typicaly formed between an atom to the left of the periodic
table (like Sodium, Na) and one on the right of the periodic table (like Chlorine, Cl).
The energy levels of Naand Cl ook roughly as shown in Fig.3.3.2. It seems natura
for the '3s electron from Nato "spill over" into the '3p' levels of Cl thereby lowering
the overall energy as shown. Indeed it seems “obvious’ that the binding energy,
Epin of NaCl would be

Epin = E(Na) + E(Cl) - E(Na'CI") =12.3-5.1=7.2eV.

But this argument is incomplete because we aso need to consider the change in the

electrostatic energy due to the bonding. The correct binding energy ismore like 4 eV,
The point is that the energy levels we have drawn here are al ionization

levels. The energy needed to create a sodium ion is given by its ionization potential

E (N&a") —E(Na) = IP (Na) =5.1 eV (3.3.1a)
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But the energy needed to create a Chlorine ion is given by the electron affinity of Cl
and this includes an extra charging energy Ug:

E(Cl)- E(CI") = EA(Cl) = IP(Cl) - Uy =12.3¢eV - Uy (3.3.1b)

Combining Egs.(3.3.1a) and (3.3.1b) we obtain

E(Na)+E(C)-E(Na")-E(CI") = 7.2eV- U (33.2)

However, this is not the binding energy of NaCl. It gives us the energy gained in
converting neutral Naand neutral Cl intoan Na“ and a CI~ ion completely separated
from each other. If welet an Na™ and a CI™ ion that are infinitely far apart come

together to form a sodium chloride molecule, Na™Cl™, it will gain an energy Ug' in
the process.

E(Na")+ E(CI")- E(Na'CI") = U,
so that the binding energy is given by
Enn = E(Na)+ E(Cl)- E(Na'CI") = 7.2eV-Up+U, (333

Ug—Ug' is approximately 3 eV, giving a binding energy of approximately 4.2 eV.
The details of this specific problem are not particularly important — the main point |
wish to make is that although the process of bonding by electron transfer may seem
like a smple one where one electron “drops” off an atom into another with a lower
energy level, the detailed energetics of the process require a more careful discussion.
In generd, care is needed when using one-electron energy leve diagrams to discuss
electron transfer on an atomic scale.

3.3.3. Covalent bonds
We have just seen how a lowering of energy comes about when we bring
together an atom from the left of the periodic table (like Sodium) and one from the
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right (like Chlorine). The atoms on the right of the periodic table have lower
electronic energy levels and are said to be more el ectronegative than those on the left.
We would expect electrons to transfer from the higher energy levels in the former to
the lower energy levelsin the latter to form an ionic bond.

However, thisargument does not explain covaent bonds which involve atoms
with roughly the same eectronegativity. The process is a little more subtle. For
example, it is hard to see why two identical 'H" atoms would want to form a H2
molecule, since no lowering of energy is achieved by transferring an electron from one
atom to the other. What happens is that when the two atoms come close together the
resulting energy levels split into abonding level (Eg) and an anti-bonding leve (Ep)
asshownin Fig.3.3.3. Both eectrons occupy the bonding levd which has an energy
lower than that of an isolated hydrogen atom: Eg < Ej

ao

—> —_—Ex
1s 1s
Eo@— —@— =
Eg=-136 eV -0-0-t:

Fig.3.3.3. Formation of Hp2 from individual H atoms with a bonding

level, EB and an anti-bonding level, Ep.

How do we calculate Eg ? By solving the Schrodinger equation :

2
Eq @y (7)= (— ;l_m V24U N(F)+Upn () +Ugy (F)] D, (T) (3.3.4)

where Up(r) and Uy (r) are the potentials due to the left and the right nucle

respectively and Ug (r) is the potential that one electron feels due to the other. To
keep thingssimplelet usignore Uy (r) and calculate the electronic energy levels due
to the nuclear potentials alone :
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2
Ego Pao(T)= [— V2 UN () + Uy (f)) Poo(7) (335)

In Chapter 3 we will show that the lowest energy solution to Eq.(3.3.5) can be written
approximately as

a+b
Egp= Eg+—
BO ot 1ts (336)
51 2R =
where a= - 2E, 1-(@+R)e , b= -2Eq(1+R) e
and s= eR@+R+(R2/3), R = R/a

R being the center-to-center distance between the hydrogen atoms

Let us now try to understand the competing forces that lead to covalent
bonding. The dashed linein Fig.3.3.4 shows Egg - Eq versus the bond length, R, as
given by Eq.(3.3.6). Experimentally, the bond length R for a H, molecule is .074 nm,
indicating that the overall energy is a minimum for this vaue of R. Since the energy
keeps decreasing as R is decreased, one might wonder why the two hydrogen atoms
do not just sit on top of each other (R = 0). To answer this question we need to
calculate the overall energy which should include the electron-electron repulsion (note
that Uscf(r) was left out from Eq.(3.3.6)) as well as the nucleus-nucleus repulsion. To
understand the overall energetics let us consider the difference in energy between a
hydrogen molecule, H, and two isolated hydrogen atoms (2H).

The energy required to assemble two separate hydrogen atoms from two
protons (N, N') and two electrons (e,€') can be written as

E(ZH) = Ue,N + Ue‘,N' =2 EO (3373)

The energy required to assemble an H2 molecule from two protons (N, N') and two
electrons (e,€) can be written as

E(Hp) = Uyn + Uge + Ugn + Ugn + Ugn + Ug e (3.3.7b)
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Eq.(3.3.6) gives the quantum mechanical vaue of (Ugn + Ugn ) aswell as (Ug

+ Ug ) as Epgp. Hence
E(H2) = Uyn + Uge +2 Epgg (3.3.70)

The binding energy is the energy it takes to make the hydrogen molecule dissociate
into two hydrogen atoms and can be written as

Eb|n = E(HZ) - E(2H) = 2 (EBO - EO ) + UN,N' + Ue,e' (3.3.8)

Thisisthe quantity that ought to be aminimum at equilibrium and it consists of three
separate terms. EQ.(3.3.6) gives us only the first term. The second term is easly
written down since it is the electrostatic energy between the two nuclel which are point
charges:

UN,N' = q2/4TE£0R (3393)

The el ectrostatic interaction between the two electrons should also look like g2 / 4negR
for large R, but should saturateto ~ g2 / 4negag @ short distances since the dectronic

charges are diffused over distances ~ag. Let us approximate it as

Uge = 0°/4megyR? +ag? (3.3.9)

noting that this is just an oversmplified approximation to what is in genera a very
difficult quantum mechanica problem - indeed, electron-electron interactions represent
the central outstanding problem in the quantum theory of matter.

The solid line in Fig.3.3.4 shows Uy ' (EQ.(3.3.99)), while the x's show

Uee (EQ.(3.3.9b)). The +'s shows the totad binding energy estimated from

Eq.(3.3.8). It has a minimum around 0.1 nm which is not too far from the
experimental bond length of 0.074 nm. Also the binding energy at this minimum is ~
45 eV, vary close to the actud experimental value. Despite the crudeness of the
approximations used, the basic physics of bonding is illustrated fairly well by this
example.
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Energy (eV) --->
| = = DN
o O o1 o 01 O

o
o

-15

Fig.3.3.4. Various energies as a function of the nuclear distance R
xxxx Approximate electron-electron repulsive energy (Ue ge')
Solid line Approximate nucleus-nucleus repulsive energy (UN,N')
Dashed line, (EBo-EQ) : Energy of the bonding level in a H» molecule
relative to the '1s' level in a hydrogen atom calculated approximately from
the Schrodinger equation without any self-consistent potential.
++++, Binding energy of a H2 molecule relative to two hydrogen atoms

estimated from 2(EBQ-EQ) + UN,N' + Ug,e".
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Vibrational frequency: The shape of the binding energy vs. R curve suggests that we
can visualize a hydrogen molecul e as two masses connected by a spring.

Fig.3.3.5. A Hydrogen molecule
can be viewed as two masses
connected by a spring.

An ided spring with a spring constant K has a potential energy of the form U(R) =
K(R- Rg)? /2. The binding energy of the hydrogen molecule (see Fig.3.3.4) can be
approximated as U(R) = U(R) + K(R - Rg)?/2, where the effective spring constant

K is estimated from the curvature [dZU/dRZ] - Indeed the vibrational frequency
=R

of the H-H bond can be estimated well from the resonant frequency /2K/M of the
mass and spring system where M is the mass of a hydrogen atom.

lonization Levels: Aswe have discussed, the energy levels of a multielectron system
usually denote the ionization levels, that isthe energy it takes to strip an electron from
the system. This means that in the present context the energy level Eg for a hydrogen

molecule should represent

Eg =  E(Hp) - E(Hp")
Since E(H,") = Unn + Uegn + Ug ', Wecan write using Eq.(3.3.9b),

Eg = Uege * Ugn + Uen' = Uge + Epo (3.3.10)
It is easy to check that for our model calculation (see Fig.3.3.4) Ep is nearly 15 eV
below Eg, but Eg lies only about 4 eV below Eg. If we were to include a self-
consistent field Uscf(r) in the Schrodinger eguation, we would obtain the energy Eg

which would be higher (less negative) than the non-interacting value of Egg by the
electron-electron interaction energy Ug g
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Binding energy: It istempting to think that the binding energy is given by
Epin=2(Eg- Eg) + Uy

since Ep includes the electron-electron interaction energy U . However, itiseasy to

see from EQs.(3.3.8) and (3.3.10) that the correct expression is
Ebin =2(Eg- Eg) + (Unn - Ugg)

The point | am trying to make is that if we include the electron-electron interaction in
our calculation of the energy level Eg then the overal energy of two electrons is NOT
2Ep, for that would double-count the interaction energy between the two e ectrons.
The correct energy is obtained by subtracting off this double-counted part: 2Eg -
Uge-
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3.4. Supplementary topic: Multielectron picture

As | mentioned in Section 3.2, the self-consistent field (SCF) method is
widely used because the exact method based on a multielectron picture is usualy
impossible to implement. However, it is possible to solve the multielectron problem
exactly if we are dealing with a small channel weakly coupled to its surroundings,
like the onellevel system discussed in the Prologue (see Section P.4). It is
ingtructive to re-do this one-level problem in the multielectron picture and compare
with the results obtained from the SCF method.

One-electron vs. multielectron energy levels. If we have one spin degenerate leve
with energy ¢, the one-electron and multielectron energy levels would look as
shown in Fig.3.4.1.Since each one-electron energy level can either be empty ('0’) or
occupied (‘1'), multielectron states can be labeled in the form of binary numbers
with anumber of digits equal to the number of one-particle states. ‘N’ one-electron

states thus give rise to 2N multidectron states, which quickly diverges as N
increases, making a direct treatment impractical. That is why SCF methods are so
widely used, even though they are only approximate.

One-electron energy levels Multi-electron energy levels

11 2e+ U,

0

00

Fig.3.4.1. One-electron vs. multielectron energy levels in a channel with
one spin degenerate level having energy €.

For a smal system with two one-eectron states, there are only four
multielectron states: 00, 01, 10 and 11 with energies 0, €, ¢ and 2e+Ug
respectively where Uy isthe electron-electron interaction energy associated with the
two-€electron system. The other states have either zero or one eectron and hence do
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not involve any interaction energy. In the one-electron picture each state has an
average occupation somewhere between 0 and 1.

Master equation: In the multielectron picture, the overall system has different

probabilities P, of being in one of the oN possible states oo and al the probabilities
must add up to one:

P, =1 5> Py + Py + Pg + Py =1 (341
o

We can calculate the individua probabilities by noting that the system is continualy
shuffled among these states and under steady state conditions there must be no net
flow into or out of any state.

2 RO@—PB)P, = 2R (3.4.2)
B B

Knowing the rate constants, we can calculate the probabilities by solving EQ.(3.4.2).
Equationsinvolving probabilities of different states are called master equations. We
could call Eq.(3.4.2) amultielectron master equation.

The rate constants R(ow — ) can be written down assuming a specific
model for the interaction with the surroundings. For example, if we assume that the
interaction only involves the entry and exit of individua electrons from the source
and drain contacts then for the ‘00" and ‘01’ states the rate constants are given by

01
€
' 1 ﬁ —_ I E — I
Ny Y2 ; (1-f) + h (1-2)
h h
00
where fi = fole—py) and f, = fole—pyp) (3.4.39)

tell us the availability of electrons with energy ¢ in the source and drain contacts
respectively. The entry rate is proportiona to the available eectrons, while the exit
rate is proportiona to the avalable empty states. The same picture applies to the
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flow betweenthe ‘00’ and the ‘10" dates, assuming that up- and down-spin states
are described by the same Fermi function in the contacts, aswe would expect if each
contact islocally in equilibrium.

Similarly we can write the rate constants for the flow between the ‘01’ and
the ‘11’ states

L28+ UO

%f{ + Y—hng B(1-1)+ 22 (1-15)

e h
01
where f; = fole+Ug—py) and f, = fo(e+Ug—1Lo) (3.4.30)

tell usthe availability of electronswith energy (e+ Ug) corresponding to the energy
difference betweenthe 01 and 11 states. This is larger than the energy difference ¢
between the 00 and 01 states because it takes more energy to add an electron when
one electron is already present due to the interaction energy 2U .

Using these rate constantsiit is straightforward to show from Eq.(3.4.2) that

Po _ Pun _ nfi+v2fo (3.4.42)
Poo Poo 7 (1— fl) +95 (1— f2)

and M1 - Puo_ o mhitwly gy

Pio Po1 " (1—fi' ) +7p (l—fz)

Together with Eq.(3.4.1), this gives us dl the individuad probabilities. Fig.3.4.2
shows the evolution of these probabilities as the gate voltage Vg is increased
holding the drain voltage V equal to zero. The gate voltage shifts the one-electron
levd ¢ —>e+U| (we have assumed U =—qVg) and the probabilities are
caculated from EQs.(3.4.4) and (3.4.1). The system starts out in the ‘00" date
(Pgo=1), shiftstothe ‘01’ and ‘10" states (Py;=P;p=0.5) once €+ U drops below
M, and finally goesinto the ‘11’ state ( P;1=1) when e+ U +2U drops below p.
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Fig.3.4.2. Evolution of the Gate, VG
energy levels of a channel with
one spin-degenerate level as
the gate voltage Vg is made
more positive, holding the drain

voltage Vp equal to zero. H 8+UL u
nu=0¢e=0.2eV,kgT =0.025eV

Upg=0.25eV ,U =—qVg

Source D[ain

£+U|_+U0
e+U
L Evolution of
u one-electron
energy levels
8+UL 8+U|_+Uo
00 11
1"'r=',, """""""""""""""""" .
ool . — S S . |
P | SRR o R Evolution of
do7p R e b e :
Bo.6 many -electron
go.s state with gate
g0 voltage
50.3
(@]

0.2
0.1

OG%\te vol?age VG(% volts ) - 8 1

Relation between the multielectron picture and the one-electron levels. As | have
emphasized in Section 2.2, one-electron energy levels represent differences between
energy levels in the multielectron picture corresponding to states that differ by one
electron. Trangtionsinvolving the addition of one eectron are caled affinity levels
while those corresponding to the remova of one eectron are caled ionization
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levels. For example (see Fig.3.4.2), if the system is in the ‘00" state then there are
two degenerate one-electron levels e + U representing

e+U| =E (10) - E (00) = E(01) — E (00) Affinity levels
Onceitisinthe ‘10" state there are two one-electron levels

€+U_ = E (10) - E (00) lonization level
and €+U_ +Ug=E (11) - E (10) Affinity level

Inthe ‘11’ state there are two degenerate one-electron levels
€e+U_ +Ug=E (11) - E (10) =E (11) - E (01) lonization levels

Affinity levelslie above i, whileionization levelslie below p as shown in Fig.3.4.2.
This is a very important general concept regarding the interpretation of the one-
electron energy levels when dealing with complicated interacting objects. The
occupied (or ionization) levels tell us the energy levels for removing an eectron
while the unoccupied (or affinity) levelstell us the energy levels for adding an extra
electron. Indeed that is exactly how these levels are measured experimentaly, the
occupied levels by photoemisson and the unoccupied levels by inverse
photoemission as mentioned in Section 1.1.

Law of equilibrium: Fig.3.4.2 represents an equilibrium calculation with both
source and drain contacts having the same Fermi function: f; = f,. Equilibrium
problems do not really require the use of a master equation like Eq.(3.4.2). We can
use the genera principle of equilibrium statistical mechanics which states that the
probability P, that the systemisin amultielectron state o with energy E, and N,
electronsis given by

1 (3.4.5)
Pu= &P (= (Eq~HNo)/kgT)
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where the constant Z (called the partition function) is determined so asto ensure that
the probabilities of al the states add up to one (Eq.(3.4.5)):

Z= 3, exp(-(Eq—uN)/KgT) (3.4.6)

o

This is the central law of equilibrium tatistical mechanics that is applicable to any
system of particles (electrons, photons, atoms €tc), interacting or otherwise [3.4].
The Fermi functionisjust a special case of this general relation that can be obtained
by applying it to a system with just asingle one-electron energy level, corresponding
to two multielectron states:

o N(x Eoc P(X
0 0 0 1/2
1 1 € (1/z) exp[(u—¢)/kgT]

sothat Z = 1+exp[(u—¢)/kgT] and it is straightforward to show that the
average number of electronsis equal to the Fermi function (Eq.(1.1.1)):

exp[(w—¢)/kgT]
1+ exp[(u—¢)/kgT]

N = ZNOLPOL = B = = fo[e—u]
o

For multielectron systems, we can use the Fermi function only if the electrons are
not interacting. It isthen justifiable to single out one level and treet it independently
ignoring the occupation of the other levels. The self-consistent field method uses the
Fermi function assuming that the energy of each level depends on the occupation of
the other levels. But this is only approximate. The exact method is to abandon the
Fermi function altogether and use Eq.(3.4.5) instead to calculate the probabilities of
the different multiparticle states.

One well-known example of this is the fact that localized donor or acceptor
levels (which have large charging energies Ug) in semiconductors at equilibrium are
occupied according to amodified Fermi function ( v: level degeneracy)

~ 1
= (1/v) exp((e—w)/kgT) (3.47)
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rather than the standard Fermi function (cf. Eq.(P.1.1)). We can easily derive this
relation for two spin degenerate levels (v = 2) if we assume that the charging energy
Uy is so large that the (11) state has zero probability. We can then write for the
remaining states

o Ng, Eo Fo.

00 0 0 1/2

01 1 € (1/2) exp[(u—g)/kgT]
10 1 € (1/2) exp[(u—¢g)/kgT]

sothat Z = 1+2exp[(u—¢)/kgT] and the average number of electrons is given
by

2exp[(u—¢)/kgT]
1+ 2exp[(u—¢)/kgT]

N = X NyPy, = Py+Pp =

1
1+ (1/2) exp[(e—p) /kgT]

in agreement with Eq.(3.4.7). Thisresult known to every device engineer could thus
be viewed as a special case of the general result in Eq.(3.4.5).

Eq.(3.4.5), however, can only be used to treat equilibrium problems. Our
primary interest is in calculating the current under non-equilibrium conditions and
that is one reason we have emphasized the master equation approach based on
Eq.(3.4.2). For equilibrium problems, it gives the same answer. However, it also
helpsto bring out an important conceptua point. One often hears concerns that the
law of equilibrium is a statistical one that can only be applied to large systems. But it
is apparent from the master equation approach that the law of equilibrium
(Eq.(3.4.5)) is not a property of the system. It is a property of the contacts or the
“reservoir”. The only assumptions we have made relate to the energy distribution
of the electrons that come in from the contacts. As long as the “reservoirs’ are
simple, it does not matter how complicated or how small the “ system” is.
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Current calculation: Getting back to non-equilibrium problems, once we have
solved the master equation for the individual probabilities, the source current can be
obtained from

i = —qX (£)Ry(a—>P)PR, (34.8)

i
‘“+ if B has one more electron than o

' if B has one less electron than o

where Ry represents the part of the total transition rate (R) associated with the
source contact. In our present problem this reduces to evaluating the expression

i = 2nf1Pyp - Yl(l—fl)(P01+P10)

+ 2nf (Pu+Po) - m(l-f1)Pu

Fig.3.4.3 shows the current-drain voltage (1- V) characteristics calculated assuming
that the Laplace potential (Eq.(P.4.1)) isgivenby U =—qVp /2 with Vg =0. The
result is compared with a calculation based on the restricted SCF method described
in the last Section. The two approaches agree well for Uy=0.1eV, but differ
appreciably for Ug=0.25€eV showing evidence for Coulomb blockade or single-
electron charging. An unrestricted SCF method (not shown here) shows better
agreement with the exact result, but the degree of agreement depends on the choice
of parameters.
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(@ Upg=0.25eV (b) Ug=0.1eV
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Fig.3.4.3. Current vs, drain voltage Vp calculated assuming Vg= 0 with
n=0e=02eV,kgT=0.025eV ,y; =7, =0.005eV ,U, =—qVp/2. The
two approaches (the self-consistent field and the multielectron master

equation) agree well for Ug=0.1€V, but differ appreciably for
Ug=0.25€eV showing evidence for Coulomb blockade or single-electron

charging.
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Exercises

E.3.1. Use the self-consistent field method (only the Hartree term) to caculate the
energy of the 1s leved in a Helium atom. (&) Plot the nuclear potential Uy (r) and the
self-consistent electronic potential U (r) (cf. Fig.3.2.1a). (b) Plot the wavefunction
for the 1s leved in Helium and compare with that for the 1s levd in Hydrogen (cf.
Fig.3.2.1b).

E.3.2. Use the self-consistent field method (only the Hartree term) to caculate the
energies of the 3s and 3p levels in a Silicon atom. (a) Plot the tota potentia
U(r)=U puc(r)+Ugs (r) and compare with that for a Hydrogen atom (cf. Fig.3.2.2a).
(b) Plot the wavefunction for the 1sand 3p levelsin Silicon and compare with that for
the 1slevel in Hydrogen (cf. Fig.3.2.2b).

E.3.3. Plot the approximate binding energy for a Hydrogen molecule as a function

of the hydrogen-hydrogen bond length, making use of Egs.(3.3.6) and (3.3.9) and
compare with Fig.3.3.4.
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